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AN APPLICATION OF DIAGONAL OPERATION: 
DIRECT DECOMPOSABILITY OF HOMOMORPH1SMS 

The decomposition of homomorphisms of direct products of 
algebras was investigated in a number of papers dealing with 
the necessary or s u f f i c i e n t conditions for the d i rec t decompo-
ä a b i l i t y of homomorphisms (see , e . g . , [ 1 ] , [ 2 ] , [ 3 ] and [ i o ] ) . 
However, as f a r as we know, the complete character izat ion of 
t h i s phenomen appears comparatively rare ly in the mentioned 
bibliography. Thé aim of the present paper i s to f i l l th i s 
gap by giving necessary and s u f f i c i e n t conditions f o r the d i -
r e c t decomposability of homomorphisms (sect ion 2, Theorem 1) . 
Further, by applying t h i s theorem, some concrete conditions 
for d i r e c t l y decomposable homomorphisms are derived. 

1. Basic notions and preliminaries 
( i ) Direct ly decomposable homomorphisms 
Let &2* ®2 same type. I t i s 

a t r i v i a l f a c t that the d i rec t product of homomorphisms 
f A : a 1 — - a 2 and fg j —— $2* ί · β · t h e mapping f A x f ß : 
Î 6 t 1 X S l — a2X $2 defined by fAX f ß ( a , b ) = ( f A ( a ) , f ß { b ) ) 
for every (a ,b ) e A1 X B^, i s the homomorphism of algebra 
Ot̂  X into the algebra (L^ Χ 

Conversely, we introduce the concept of d i r e c t l y decompo-
sable homomorphismB as fol lows: 

D e f i n i t i o n 1. The homomorphism f : ( l ^ x S ^ — -
—"-ü^x cal led d i r e c t l y decomposable i f there are ho-
momorphisms f A ' C C . J — a n d f B : — s u c i l t i i a t f = f A x f B* 
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2 J .Dada 

Let OL, S) be a l g e b r a s of "the same t y p e . Then the symbol 
Hom(tt, 3>) denotes the s e t of a l l homomorphisms of α i n t o 
a . 

( i i ) Diagonal o p e r a t i o n 
D e f i n i t i o n 2 ( J . P i o n k a [ 9 ] ) . An a l g e b r a 

< A , d > i s c a l l e d an n-dimensional d iagonal a l g e b r a i f the 
n -ary operat ipn dj A n — s a t i s f i e s 

(D1) d ( a , . . . , a ) χ a f o r every a e A ; 

(D2) d ( d ( a 1 1 , . . . , a 1 n ) , . . . , d ( a f l 1 , . . . , a Q Q ) ) = d ( a 1 l , . . . , a n n ) 

f o r every a ^ e A, 1 s £ i , j ^ n . 
Every operat ion s a t i s f y i n g c o n d i t i o n s (D1) and (D2) w i l l 

be c a l l e d a diagonal opera t ion ( see [ 5 ] , [ 9 ] and a l s o [ 4 ] ) . 
I t i s well-known tha t on the C a r t e s i a n product ΑΧ Β of non-
empty s e t s A,Β a diagonal operat ion d: ( A X B ) — · - AXB can 
be def ined by d ( ( a , b ) , ( a ' , b ' ) ) = ( a , b ' ) f o r every ( a i , b ) , 
( a ' , b ' ) e A X B . Fol lowing S . F a j t l o w i c z [5 ] , the opera t ion d 
w i l l be c a l l e d the canonica l diagonal operat ion and the 2 - d i -
mensional diagonal a l g e b r a <AX B , d > w i l l be c a l l e d the c a -
n o n i c a l diagonal a l g e b r a . One e a s i l y checks tha t χ = d ( y , x ) 
i f and only i f p r ¿ x = pr ¿y and, d u a l l y , χ = d ( x , y ) i f 
and only i f pP-gX = prBy hold f o r every elements x , y of 
the c a n o n i c a l diagonal a l g e b r a < A X B , d > . 

( i i i ) Nonindexed product 
The concept of nonindexed product of a l g e b r a s ( o f varying 

s i m i l a r i t y type) was introduced by W.Narkiewicz (unpubl i shed) , 
and i n v e s t i g a t e d or used by S . F a j t l o w i c z , A.Goetz [ 7 ] , G .Grä tz -
n e r , W.D.Neumann, W.Taylor and o t h e r s , For the sake of comple-
t e n e s s , we r e c a l l 

D e f i n i t i o n 3 · By the nonindexed product 
of a l g e b r a s Λ , Φ i s meant the a l g e b r a whose universe 

i s the C a r t e s i a n product of the s e t s A,B, and which has an 
n-ary operat ion g corresponding to each pa i r of n -ary po-
lynomials ρ and q of OL and S , r e s p e c t i v e l y , where 
g i s def ined by 
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Application of diagonal operation 3 

g ( ( a 1 , b 1 ) , . . . , ( a n , b n ) ) = ( p ( a 1 , . . . , β η ) , q(b1 b f l)) 

for every n-tuple ^ i ^ i t y u n 6 ( Α Χ Β ) ΰ · 
The following two statements are ea s i ly ver i f i ed : 
I f (Á ŷ a^e algebras of thç same type then 

6Ï.J ® ^ i s of the same type as α 2 ® . 
o 

I f e. denotes the i - th t r i v i a l operation, i = 1,2, then 
ρ ? 

the operation d of Λ® ® corresponding to the pair (e . j ,e 2 ) 
i s the canonical diagonal operation on the set AXB. 

( iv) For any mapping f : A ——Β and every equivalence re-
la t ion θ on A the binary re la t ion {(f (a.j ) , f ( a 2 ) ) ; 
( a 1 , a 2 ) e θ | Ç Β2 i s denoted by f x f ( ô ) . Further d e t a i l s of 
fXf(S) can be found in [12]. 

2. The decomposition theorem 
T h e o r e m 1. Let « 2 , 3 2 be algebras of 

the same type. Then for any homomorphism f e Hom(or̂  X iB^, 
Ct^x the following conditions are equivalent: 
(1) f i s -d i rec t ly decomposable; 
(2) f e Hom(«1 β a 2 ® S 2 ) ; 
(3) f e HomfcA^ B 1 t d> , <A2XB2 ,d>); 
(4) fXf (Ker pr. j £ Ker pr. ^ and fXf(Ker pr,, ) ç Ker prR . 

1 2 1 û 2 
P r o o f . ( 1 ) = > (2 ) . Assume f = f ¿ X f ß for homo-

aiorphisms f A : α ^ — a 2 and fg : —— d>2 (notice that f A 

and fg are uniquely determined whenever they e x i s t ) . Ob-
viously, f A preserves every polynomial of algebra (X̂  and, 
independently, fg preserves every polynomial of Summa-
r i z ing , the mapping f = f A X f ß preserves every operation 
of the nonindexed product U^ 9 

(2 )—> (3) I t follows direct ly from the remark in sec-
tion l ( i i i ) . 

( 3 )= î> (4) Apparently, i t s u f f i c e s to prove the f i r s t 
inclusion. Thus, assume (a ,b) e f x f (Ker prA ) . Then the-
re are elements u,v e Α,̂ Χ B^ such that a = f ( u ) , b = f (v ) 
and (u,v) 6 Ker pr ¿ . By section 1 ( i i ) , we get u » d(v,u) 
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4 J.Duda 

and thus, using the hypothesis, f (u) = d ( f ( v ) , f ( u ) ) . This 
means that a = d(b,a) and hence pr. a = pr. b or, equiva-

«2 2 
l e n t l y , ( a , b ) e K e r pr. , which was to be proved. 

2 
( 4 ) = > ( 1 ) Choose arbitrary element ( r . s J e A ^ B ^ By 

applying the hypothesis, one easi ly checke that the following 
two assignements a κ—- pr A f ( a , s ) , for every a e A1, and 

b η-— prß f ( r , b ) , for every b e B ^ represent mappings f ¿ ( a ) = 

= prA f ( a , s ) and f B ( b ) = prß f ( r , b ) . Since elements r , s 

were chosen a r b i t r a r i l y , we have also f A ( a ) = prA f ( a , b ) 

and f B ( b ) = prß f ( a , b ) for any ( a . b J e A ^ B ^ proving that 

f ( a , b ) = ( f A ( a ) , f B { b ) ) , i . e . f = f A * f B · I t remains to verify 
that f A and f-g are homomorphisms; we omit the easy proof. 

An immediate consequence of the preceding theorem i s the 
following 

C o r o l l a r y 1. Let a , 'S be algebras of the sa-
me type. Then the following two conditions are equivalent: 
(1) Every endomorphism of the product C*X$ i s d i rec t ly de-

composable ; 
(2) The congruence re la t ions Ker prA and Ker prB are fu l ly 

invariant . 
Combining Theorem 1(2) with, e .g. , , ( [l l|] ; Lemma 1 .13 ) , we 

obtain the following connection between direct ly decomposable 
homomorphisms and direc t ly decomposable congruence re la t ions 
(see [δ] for th i s conoept). 

C o r o l l a r y 2 . The kernel of d irec t ly decompo-
sable homomorphism i s a djirectly decomposable congruence. 

Notice that the converse i s f a l s e , see the example below. 

3. Applications to some concrete c lasses of algebras 
F i r s t l y , we apply Theorem 1 to the c lass of algebras i n -

vestigated by G.A.Eraser and A.Horn [6] and, independently, 
by H.Werner [12] . 

C o r o l l a r y 3. Let a ^ , « 2 , ®2 be algebras 
of the same type with two binary polynomials + and · , and 
constânts 0 and 1 such that the i d e n t i t i e s χ·1 = x+0 = O+x = χ 
and x.O = 0 hold in OL^, OL2, S^ Then a homomorphism 
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Appl ica t ion of d iagonal opera t ion 5 

f e Hornla^X S^fOL^X Sg) i s d i r e c t l y decomposable i f and only 
i f f ( l , 0 ) = (1 ,0) and f ( 0 , 1 ) = ( 0 , 1 ) . 

P r o o f . The "only i f " par t being t r i v i a l , assume now 
t h a t f ( l , 0 ) = (1 ,0) an<3 f ( 0 , l ) = (0 ,1) h o l d . Then, thanks 
to the express ion of the canonica l d iagonal opera t ion (see 
[12] ) , we get 

f ( d < x , y ) ) = f ( ( x . ( l , 0 ) ) + ( y . ( 0 , 1 ) ) ) = ( f ( x ) . f ( l , 0 ) ) + ( f ( y ) . f ( 0 , 1 ) ) = 

= ( f ( x ) . h , 0 ) ) + ( f ( y M 0 , 1 ) ) = ( p r . f ( x ) ,0) + (0 ,p r R f(y) ) = 
2 2 

= ( p r . f ( x ) , p r R f ( y ) ) = d ( f ( x ) , f ( y ) ) 
2 2 

f o r every x j e A ^ B ^ By applying Theorem 1 (3 ) , the conclu-
s ion f o l l o w s . 

R e m a r k . Apparent ly , Corol lary 3 g ives us nece s sa -
ry and s u f f i c i e n t cond i t ions f o r the d i r e c t l y decomposable 
homomorphisms of 

( i ) l a t t i c e s wi th 0 and 1 : A homomorphism f e 
6 Hom(a^X ®2) i s d i r e c t l y decomposable i f and only 
i f f ( l , 0 ) = (1 ,0) and f ( 0 , D = ( 0 , 1 ) ; 

( i i ) r i n g s with 1 : A homomorphism feHom(Of^ X , ( l^x 'b^) 
i s d i r e c t l y decomposable i f and only i f f ( l , 0 ) = (1 ,0) or 
f ( 0 , D = ( 0 , 1 ) . 

The fo l lowing example shows t h a t f o r a r b i t r a r y homomor-
phism of d i r e c t product of r i n g s with 1 the cond i t ion 
" f ( l , 0 ) = (1 ,0) or f ( 0 , l ) = ( 0 , 1 ) " need not be f u l f i l l e d . 
Consider the Galois f i e l d GF(2) with two elements 0 and 1, 
and l e t f be the mapping f : GF(2)XGF(2)—-GF(2)XGF(2) 
def ined by f ( 0 , 0 ) = ( 0 , 0 ) , f ( l , 0 ) = ( 0 , 0 ) , f ( 0 , l ) = ( 1 , 1 ) , 
f ( 1,1) = ( 1 , 1 ) . C l e a r l y , f i s the homomorphism of 
GF(2)xGF(2) i n t o GF(2)XGF(2) such t h a t f ( l , 0 ) / (1 ,0) 
and f ( 0 , D φ ( 0 , 1 ) . 

Ne ver the lie s s , in the case of i n t e g r a l domains, i t can be 
e a s i l y seen t h a t f ( l , 0 ) = (1 ,0) or f ( l , 0 ) = (0 ,1) i s t r ue f o r 
every homomorphism onto, i . e . , every s u r j e c t i v e homomorphism f 
i s d i r e c t l y decomposable or the composition Jr®f, where π i s 
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6 J .Dada 

the permutation ar{ a 2 , b 2 ) = ( b 2 , a 2 ) e v e r 7 ( a 2 , b 2 ) e A2xB2, 
i s à i r e c t l y decomposable. 

In the case of a r b i t r a r y l a t t i c e s , the d i r e c t l y decomposa-
ble homomorphisms are character ized by the following 

C o r o l l a r y 4. Let a ^ , á^ , a 2 , be a r b i t r a r y 
l a t t i c e s . Then a homomorphism feHom(a^ X U^x S^) i s d i -
r e c t l y decomposable i f and only i f f preserves the operations1 

(V,A) and (A , V ) . 
P r o o f . I t fo l lows d i r e c t l y from the f a c t that the 

csnonica l diagonal operation d on the product Ct®£ of l a t -
t i c e s OL , £ can be expressed as fol lows 

d¡( ( a , b ) , (a ' ,b ' ) ) = ( (a,b)/\(ava ,bAb' ) )v( ( a ' ,b ' )A(aÁa' ,bVb' ) ) 

f o r every elements ( a , b ) , ( a ' , b ' ) 6 A X B . 
How we turn our a t t e n t i o n to the d i r e c t l y decomposable ho-

momorphisms of unitary R-modules. Let OL be a unitary R-modu-
le over a r i n g R with unit element 1, and l e t | λ Γ : Α — » - A ; r e R j 
be the set of fundamental unary operations of OL . Obviously, 
the nonindexed product a ® £ of two unitary R-modules OL , £ 
has unary operations λ Γ S:AXB—»-AXB, r , s e R , defined by 
λ„ _ ( a , b ) = (Ä„(a) ,Ä Q (b) J f o r every ( a , b ) e A X B . Using t h e -Γ}0 χ D 
se operations we c h a r a c t e r i z e the d i r e c t l y decomposable homo-
morphisms of unitary R-modules. 

C o r o l l a r y 5 . Let OL.(f , « 2 , be unitary 
R-modules. Then f o r any homomorphism f 6 Hom^X £ v a 2 x £ 2 ) 
the fol lowing three condit ions are e q u i v a l e n t : 
(1) f i s d i r e c t l y decomposable; 
(2) f preserves the unary operations λ_ f o r every r , s e R ; r , Β 
(3) f preserves the unary operat ions λ^ 0 and Aq -j. 

P r o o f . The canonical diagonal operat ion d on the 
product of two unitary R-modules OL , Î can be expressed i n 
the form d ( ( a , b ) , ( a ' , b ' ) ) = 0 ( a , b ) + λ 0 ^ [ a ' ) f o r every 
( à , b ) , (a ' ',b') 6 AXB; the r e s t of the proof i s t r i v i a l . F i n a l l y , 
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Appl ica t ion of d iagonal convexes 

the fo l lowing " c l a s s i c a l " theorem can a l so be derived from 
Theorem 1 or , b e t t e r t o say, from the preceding a s s e r t i o n . 

C o r o l l a r y 6. Let α < x 2 , be vec to r 

spaces wi th bases | a ! j , . . . , a ¿ j , | b ! j , . . . , b ^ , 

j , r e s p e c t i v e l y . Then a homoaiorphism f e 

6 Homfa^X , a 0 X Ά ^ ) i s d i r e c t l y decomposable i f and only 
i f the matr ix r e p r e s e n t a t i o n ( f · ^ ) of f i n the bases 

• ( a i [ , 0 ) , 0 ) , ( 0 , b : [ ) , . . . , ( 0 , b £ ) i=1 ,2 , has two 

b locks , i . e . f ^ k = 0 i f k > n 1 or j > n 2 , k ^ n ^ 
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