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ON CERTAIN CLASSES OF ß-STABUKE AND QUASI-^-STARLIKE 
k-SYMMETRICAL HOLOMORPfflC FUNCTIONS 

J_. In paper [7] the author has introduced the family 
composed of f unc t i ons Ρ defined by the formula 

(1 .1) P(z) = 1 + p.jZ + p 2 z 2 + . . . 

holomorphic in the d isc K = j z : | z | < l j and s a t i s f y i n g 
the condi t ion 

<1·2» llfîhlĥ . ζ6Κ· 
where β i s a f ixed number of the i n t e r v a l ( 0 , l j . Let us ob-
serve t h a t and ¡P(D = ? , where ? i s the w e l l -
-known c l a s s of Caratheodory f u n c t i o n s . 

Let jp(y9,k), ke I , be the subclass composed of k-symme-
t r i c a l f unc t i ons of the c l a s s Ψ [β), t ha t i s of func t ions 
of the form 

k 2k (1,3) ?(z) = 1 + pkz + p2 kz + . . . 

which s a t i s f y condi t ion (1.2) in the disc K. By the d e f i n i t i o n 
of the family ? (/3,k) we have £ ( l , k ) = ψ w h e r e i s 
the subclass of k-symmetrical f unc t i ons of the c l a s s Ρ . I t 
i s easy to v e r i f y tha t i f Ρ e jP(ß,k) and 0 < ß < 1 , then 
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2 R.Mazur, A.Sieczko 

(1.4) P(z) 
1 -ίβ ' 

2β 
1 - ß ' 

Ζ £ Κ. 

In the same manner as in paper [5] one may establish the fol-
lowing lemmas: 

l e m m a 1. The function Ρ belongs to ?(ß,k) if 
and only if there exists a function co holomorphic in the 
disc Κ and satisfying the conditions ω (0) = 0, |ω(ζ)|¿ Iz| 
and 

*(•) - j ffiiîl » · β κ . 

L e m m a 2. The function Ρ belongs to 9 (ß,k) if 
and only if there exists a function ρ of the class such 
that 

ι * c.) ρ I„) _(1 +ft)p(z) + 1 -ft . , r n.b) P(z) =|-, .¿)p(sj + 1 +0 » z 6 K· 

Depote by zQ an arbitrarily fixed point of the disc K, 
and define the functional 

(1.7) Η : 9(ß,k) a Ρ — H ( p j = P(aQí. 

L e m m a 3· The range of the functional (1.7) is the 
closed disc with center c and radius 9 , where 

(1·8' ' - ] ifS- ' ' Τ ^ · Γ " Ι Ζ ° Ι · 

Let ß2(ß,k) denote the subclass of the family ${ß,k) 
composed of functions Ρ of the form (1.6) such that the 
function p e î ^ is defined by the formula 

(1.9) p(z) = 1-^ρ Ί(ζ) + p2(z), 
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Ji - s t a r l i k e funct ions 3 

where 
¡ς 

( 1 . 1 0 ) pB(«) = 1 + £ m Z
k , | f m | - 1 , » - 1 . 2 , 

1 "* 6 mz 

L e m m a 4. I f P e ? 2 ( / 9 , k ) , then for ζ = r e i ? > , 
0 ^ r < 1 , 0 « 9 ? < 2 j t , we have 

( 1 . 1 1 ) P(z) = c + ky, 

where | y | = 1 , 0 « k « ç f o and 9 being defined by f o r -
mulas ( 1 . 8 ) . 

L e m m a 5. I f Ρ € S ^ í y S . k ) , then for |z| = r < l 
we have 

( 1 . 1 2 ) z P ' ( z ) = k i î i | M - k - ξ [ ç 2 - | p ( z ) - c | 2 ] ? * , 

where 0, 9 are defined by formulas ( 1 . 8 ) and 

( 1 . 1 3 ) ? * = 7 7 ^ 2 T c ' 1 · 

2. Denote by S*(ß,k) the c l a s s of funct ions f defined 
by the formula 

( 2 . 1 ) f ( z ) = ζ + ; a n k + 1 z n k + 1 

OO 
& 

holomorphic i n the d i s c Κ and such that 

( 2 . 2 ) - S f í í f 1 - Ρ ( β ) , P e ^ ( y 8 , k ) . 

Let us observe that S*()3,1) = S*(ß) , where S*(j3) i s the 
fami ly considered i n paper [ 7 ] ; S * ( 1 , 1 ) = S*, S * being 
the well-known c l a s s of s t a r l i k e funct ions . 

T h e o r e m 1 . I f r & S * ( , ß , k ) , 0 < ß < 1 , then 

- 959 -



R.Mazur, A.Sieczko 

(2.3) | a n k + l | * { " 1 ) n η = 0 »1»· · ·»Ρ» 

* ( - 1 ) P | ("2nk) n=P+1 »P+2,· · ·» (2 .3 ) 

where ρ i s a na tu ra l number from the i n t e r v a l 

(O A\ Γ , 2 1 2FI + k(l-y3)\ ( 2 · 4 ) L k( 1-]β) » k(l-j9) ; · 

P r o o f . Let f e S*08,k). By Lemma 1 and by d e f i n i -
t i on of the family S*(j8tk) we have 

• Ì ffiffl , « ( 0 ) - 0 and | « ( . ) | * | . | k . 

Hence, taking account of (2 .1 ) , we get 

(2.5) £ mk a m k + 1 z m k + 1
 =βω(ζ) f ^ (mk + 2) 

m=o m=o 

Since a 1 = 1, the inequa l i ty (2.1) holds f o r η = 0. Let 
n > 0 ; then, making use of the method given in paper [2], 
we obtain 

n-1 
(2.6) ( n k ) 2 | a n k + 1 | 2 ^ ¡ T [ ( « Λ « ) 2 / 2 - (mk)2] | a n k + 1 | 2 . 

m=o 

Let us note tha t 

(2.7) [ ( n - l ) k + ¿ \ 2 β 2 - (n-1 ) 2 k 2 > 0 

i f and only i f n ^ p, where ρ i s a na tu ra l number from the 
i n t e r v a l ( 2 .4 ) . Making use of (2.6) we get by induction (2.3) 
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and ( 2 . 3 ' ) . The estimation (2.3) i s sharp. The function which 
r e a l i z e s the equality i s of the form 

f ( z ) = Z k P/k » Iε| = 1. (1 -efizk)2/k 

For k = 1 we get the estimate'given in paper [§] . Observe, 
moreover, that for yS= 1 the inequality (2.7) holds for every 
natural number n, hence the estimation (2.3) holds for 
n = 0 , 1 , 2 , . . . In the case where k = 1 we get the well-known r e -
su l t for s t a r l ike functions. 

T h e o r e m 2. I f f t S * ( / 3 , k ) , then for |z| = r , 
0 < r < 1, we have 

(2.8) i-pTç £i | f ( z ) | <: k 9/k · (1 + fir ) ' (1 -fir)' 
The estimates are sharp. Equal i t ie s hold at the point ζ = r e ^ 
for the functions 

( 2 * 9 ) f ' ( Z ) = (Ufie^W^ ' f** i Z ) ' Tuße^W* ' 

respect ive ly . 
P r o o f . Let f e S * 0 3 , k ) . From the def in i t ion of 

the family S*(j8,k) we draw direct ly 

<2-10) ^ - Ì • . 

whence 

1 
f ( z ) = Iz| exp f r e p t z t { " 1 d t , t i f i , 

0 
Uaking use of Lemma 3 we get 

1 - ß { r t ) l P ( « t ) < 1 . 1 +fi(rt)* 1 -ß(rt)* 
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Taking account of these i n e q u a l i t i e s i n (2.10) we obtain the 
a s se r t i on of the theorem. 

I t i s easy to check tha t the e q u a l i t i e s hold i n (2.8) f o r 
the func t ions defined by (2 .9 ) , r e s p e c t i v e l y . 

Let us now consider the func t i ona l r e 1 + \ z \ de-
L f (z)J 

f ined in the c lass S (ß ,k ) . We s h a l l prove the following 
theorem. 

T h e o r e m 3. I f f e S*(j3,k), than f o r every f ixed 
z, | z | = r , r e (0 ,1 ) , we have the sharp es t imat ion 

9f"ir\~\ ίηι(Γ»£) f o r r « ( ° . r J (2.11) re 1 + }*( > i 1 

L 1 | Î ( J U2(r,>S) f o r P6(r#,1), 

where 
r^. e (0,1) i s the unique root of the equation 

(2.12) M r , β ) = 0, 

(2.13) Air,β) = ( k + l ) ( l - r k ) 2 ( l - r 2 k ) - 2 k r k ( l - ^ ) ( l + y 3 r 2 k ) , 

( 2.14) m ( Γ , Λ ) = l - = - 2 Ü ± k L ^ r ^ £ r ! l , 
1 1 ->6 ¿ r ¿ K 

2 2k * 
(2.15) a u ( r t ¿ ) = V k ( R - 1 H2+k+kR) - k<1 + L· ^ , R = 2 >0(1 - r ) y 

f o r ç , ç* defined by the formulas (1 .8 ) , (1 .13) . 
In the es t imat ion (2.11) equa l i ty holds f o r the following 
func t i ons , r e spec t ive ly 

(2.16) f<|(ζ) = f^ (ζ ,β) = Z(1 - h ^ e - 1 ^ ) 2 / 1 1 , 

(3 .17, 
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1 ( 1 +ßv2)s. - ( 1 -β?2) 
;2 .18) d ( r î / 0 = i _ T _ n _ J _ T _ 5 T _ 

yk(p» - g ) 
29 + k ( ç * + 

(2.19) β1 = 

P r o o f . Let f e S*(/3, k). Then, by def init ion of the 
family S>*(y3;k), we have 

P(zT 

Making use of a theorem of Zmorovic [10] and of Lemmas 3-5 
we get 

re (1 + Z f " j z j ) > .min. G(s , t ) , 

where the function 

(2.20) G(s,t ) = 

( s , t ) 

(2 + k)s2 - k eke* 
2s ψ^ cost + (s\+ 1 )k 

5sç 

is defined in the domain 

(2.21) D = j ( s , t ) : c - p ^ s ^ c + Ç» -ψ(β) « t sg y ( s )J , 

2 
y ( s ) = arc cos , Oay>(s)g ψ(ΐ ) , 

c, 9 , ç* being defined by the formulas ( I . 8 ) , ( 1 . 1 ¡ 3 ) , res-
pectively. A direct calculation shows that the function 
G(s,t ) can attain a minimum in the domain D only on the 
diameter t = 0. Hence the problem of determining the mini-
mum of the function G(s,t ) in the considered domain D co-
mes to find the Jiinimum of the function G^fs) = G(s,0) in 
the interval [c-ç , c+ç]. The function G^s) attains at 
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the point s^, given by formula (2.19), its absolute minimum 
in the interval [c-Ç» c+çj if c - ç < s ^ , whereas if s^ ^ 
^c-ç, then G^(s) attains its absolute minimum in [c-ç,c+ç] 
at the point c-ç. Prom the above considerations follows the 
desired conclusion. It is easy to verify that the functions 
(2.16),(2.17) realize the equality in the estimation (2.11). 

A similar argument leads to the following theorem. 
T h e o r e m 4. I f f e S*(j3,k), then for any fixed 

z, |z| = r, r e (0,1), we have the sharp estimation 

(2.22) » zf"(z) 
Î M z T <: · 

m^ (rA - β ) for re(0,rÄJf) 
- β) for Γ6(γ„,1), 

where r Ä #e(0,l) is the unique root of the equation 

(2.23) A(r,-β) = 0. 

The equalities in.the estimation (2.22) hold for the function 
of the form, 

(2.24) f*(z) = f.,(z,-j8) 

(2.25) fj(z) = V 2 ' - ^ ' 

respectively, where f^(z,ye), fgiz.yfl) are defined by (2.16), 
(2.17). Set 

r(f) = sup ̂ r : re + 

As known, the number 

> 0, Iz| < r 

r.c. S*(>8,k) = inf |r(f) : f&S*()3,k)} 

is called the radius of convexity of the considered family. 
Since the family S*(jS,k) is compact, we draw from Theorem 3 
the following one. 
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T h e o r e m 5 . The r a d i u s of c o n v e x i t y of the f a m i l y 
S (j8,k) i s g i v e n by the formula 

r o 
r . c . S* ( / Î t k) =· 

1 + k - V2k+k2 

ß 

1/k 

f o r β 6 (0 ,>β-> 

f o r β e [ β χ , 1 ) , 

where r e ( 0 , 1 ) i s the unique r o o t of the e q u a t i o n 

( l - j 3 ) ( H £ r 2 k ) [ ( 2 + k ) , 0 ( l - r 2 k ) + k ( l - £ 2 r 2 k ) ] = k ( l + ß 2 r 2 k ) : 

and 

(1 + k - V2k + k 2 ) (i¡2k + k 2 - + 6k + 2k 2 ) 
2 + k 

Por k = 1 we g e t the r e s u l t e s t a b l i s h e d i n paper [ 7 ] . 

T h e o r e m 6. I f f e S*(y3,k), then f o r | z | 
0 < r < 1, we have 

= r , 

( 2 . 2 6 ) 

where 

n(r ) . = 

a ( r U | f ' ( z ) | ^ N ( r ) , 

( l - ^ r k ) ( l + > 6 r k ) " ( 2 + k ) / k f o r r e (0 , r „ > 

R(r) f o r r e ( r * , 1 ) , 

R(r) •I 
m^(r,ß) - 1 

dr , 

and 

K(r ) 
(Ußrk)(l-ßrk)~(2+k)/k f o r r e ( 0 , r ^ > 

exp S ( r ) f o r r e ( r „ , 1 ) , 
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ß m (τ,-β) - 1 
S(r) = J -J dr, 

r * » r * * 6(0,1) being the unique roots of equations (2.12) 
and (2.23), respectively. 

P r o o f . Let f eS* ( j3 ,k ) . Then 

log f ' ( z ) = log |f ' ( z )| + i a r g ( f ' ( z ) ) . 

Setting ζ = r e 1 ' ' we get 

r log |f ' (z )| = r e ^ l f j . 

Taking account, of Theorems 3 and 4 we get the stated conclu-
sion. The functions real iz ing the equalit ies in (2.26) are 
given by formulas (2.16), (2.17), (2.24), (2.25). 

_3. Let GM(/S,k) denote the family of quasi-£-starlike 
holomorphic k-symmetrical functions g defined by the equa-
tion 

(3.1) f ( g ) = f f ( z ) , ζ eK, 

where f eS* ( j8 ,k ) and M is a f ixed number ftom the inter-
val [ 1 , 0 0 ) . By the adopted def in i t ion i t i s seen that 
G'M(1,1) = GM, where GM i s the well-known class of holo-
morphic quasi-starlike functions. 

Set Μ = θ"6, 0«gt-< oo and le t g ( z , t ) be a holoimorphic 
quasi-^-starlike function defined by the equation 

(3.2) f ( g ) = e _ t f ( z ) , ζ e K, f e S*(jÖ, k) , O s s t c « . 

Then, by an argument similar to that of paper [4], i t can be 
proved that 
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: 3.3) lim βΈ g ( z , t ) = f ( s ) . 
t—- °° 

From the definit ion ( 1 . 1 ) i t follows that i f PeS?(^ ,k) , then 
1 i s also a function of the c lass $(ß,k). Using this remark 
and the definit ion of the family GM(>3 ,k) ari argument analo-
gous to that of paper [1] leads to the following theorem. 

T h e o r e m 7. The function g belongs to the f a -
mily GM(j3,k) i f and only i f g(z) = g ( z , T ) , where g ( z , t ) 
i s a solution of the equation 

( 3 . 4 ) 8 g ( g ^ t ) = - g ( z , t ) P ( g ( 2 > t ) ) , 0 < t « I , P 6 * ( j B , k ) 

sa t isfying the i n i t i a l condition g ( z , 0 ) = z . 
We shal l now give an application of this theorem. To th is 

aim observe that the equation ( > . 4 ) i s equivalent to the sys-
tem of equations 

(3.5) d log j g ( z , t ) j = -re P ( g ( z , t ) ) dt , 

(3.6) d arg g ( z , t ) = -im P ( g ( z , t ) ) d t . 

Making use of these equations we shall prove the following 
theorem. 

T h e o r e m 8 . I f g 6 G M ( ^ , k ) , then for |z| = r 
we have the sharp estimation 

(3.7) 

where 

X ( r ) é |g(z)|s£ X ( r ) . 

( 3 . 8 ) X ( r ) = 

!3.9) X(r) = U k ( l - ^ r k ) 
2ß 2 r k ^ 4 k, 2 4/3r 

M' 

-i1 /k 
+ ß 
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P r o o f . Prom Lemma 3. we draw 

(3.tO) 
k 1 + á r k 

1 - Ρ * ^ re P(z ) ^ •—ΤΓ 
1 +y8rK 1 - βνκ 

Using equation (3.5) and inequality (3.10) we get 

(3.11) - 1 + ß x l d t<d log x ^ - 1 dt, 
1 - ß x * 1 + β χ 

Where χ = | f ( z , t ) | , ζ e Κ. Integrating (3.11') from 0 to 
Τ = log M and taking account of the i n i t i a l condition 
f ( z , 0 ) = ζ we find 

l f ( z ) l k , 1, 

(3.12) 

( l+^|f (z )| k ) 2 Mk (1 + /3rk)2 

If (z)i 
( l-j8|f(z)| M11 (1 - j 6 r k ) 2 

where f ( z ) = f ( z , T ) , |z| = r . 
Thö inequalities (3.-12) imply the assertion of the theorem. 
The estimation (3.7) i s sharp. In fact , the equalities hold 
in (3.10) for the functions 

B-| (z ) = βιζ 
1 + ßtz TT * P 2 ( z ) = 

1 + ßtz 
1 - ß t z 1 

respectively, with e. = e - 1 ^. Prom (3.11) and from the def ini-
tion of the family G (β we infer that the maximum of mo-
dulus of a quasi-^-starlike function is attained for the func-
tion satisfying the equation 

f 1 
IFT2 = 

(1 - j 8 f * r i r ( ι - ß z FT? 
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whereas the minimum i s a t t a i n e d f o r the f u n c t i o n s a t i s f y i n g 
the· equa t ion 

f k
 = 1 z k

 f 

(1 + j S f k ) E " (1 + j 3 z k ) 2 ' 

Por k = 1 and β = 1 we ob ta in the e s t i m a t i o n of the modulus 
of a qua i s i - s t a r l i ke f u n c t i o n ( [ l ] , [ 3 ] ) . In the case where 
k = 1 and >0 6 ( 0 , 1 ) we get the r e s u l t e s t a b l i s h e d i n [6] . 

T h e o r e m 9. I f g e G M ( ß , k ) , then 

(3.13) a r g i l | l w U i ^ . . | z | = r , 
k 1 +ß g k 1 -β* 

where the e q u a l i t y ho lds f o r the f u n c t i o n s g def ined by the 
eq ua t ions 

(3|.14) 
( T - > 8 g k ) 2 / k = ~®f(l - i £ z k ) ^ k ' 

( 3 ' 1 5 ) (1 + M k ) 2 / k = ^ ( l + i / z k ) 2 / k ' 

P r o o f . Prom equations (3 .5) and (3 .6) we obtain 

(3.16) d arg g ( z , t ) = £ f i l l e t ) ! d l l o & 6 ( * , t ) | , 

where P e i P f ^ k ) . 
Prom Lemmas 1-5 we get 

T ^ ^ I H f î f - T ^ r . w - r . 

The est imation (3*5) i s sharp; the maximum i s rea l i zed by the 
funct ion 
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(3 .18) ΈΛΖ) 
1 1 - β ± ζ Κ 

whereas the minimum i s attained for ttie function 

k (3.19) Po(z) = 1 ~ ß i \ for I ζ | = r . 
¿ 1 + βίζΆ 

Prüm (3.16) and (3.17) we get 

(3 .20) d log x « d arg g ( z , t U d log x, 
1-fi¿x¿* !-β χ 

with χ = I g ( z , t ) I . 
Integrating (3.20) from 0 to Τ = log M and taking into 

account the condition g(z,0|) - ζ we get ( 3 . 1 3 ) . 
Prom (3.18) and (3 .19) and fröm the def ini t ion of the f a -

mily GM(/3,k) we conclude that the functions g rea l iz ing 
the equal i t ies in (3 .13) are of the form (3 .14) and ( 3 . 1 5 ) , 
respect ively , which completes the proof of the theorem. Por 
k = 1 we obtai|i the resu l t established in [6] , Taking k = 1 
and β - λ we get the case considered in [ 3 ] . 
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