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ON CERTAIN CLASSES OF f-STARLIKE AND QUASI-S-STARLIKE
k-SYMMETRICAL HOLOMORPHIC FUNCTIONS

1. In paper [7] the author has introduced the family
P(p) composed of functions P defined by the formula

(1.1) P(Z) = 1 + p1Z + p22.2 + oo

holomorphic in the disc K = {z : [zl< 1} and satisfying
the condition

(1.2) |§§' :_.H</5, z e K,
where B is a fixed number of the interval (0,1]. Let us ob-
serve that P{(B)c # and 2(1)=%? , where ® is the well-
~known class of Caratheéodory functions.

let ®(A,k), keXN, be the subclass composed of k-symme-
trical functions of the class 2 (B), that is of functions
of the form

(1,3) Blz) = 1 + pkzk + p2k22k + eee

which satisfy condition (1.2) in the disc K. By the definition
of the family # (B,k) we have 2 (1,k)= ?k, where 2, is
the subclass of k-symmetrical functions of the class #. It

is easy to verify that if Pe 2(p,k) and 0<p<1, then
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(1.4) p(z)-“g 12;2, z¢K.

In the same manner as in paper [5] one may establish the fol-
lowing lemmas: ,

Lemma 1. The function P belongs to Z(B,k) if
and only if there exists a function w holomorphic in the
disc K and satisfying the conditions w (0) = 0, Iw(z)ls_lzlk,
and

(1.5) p(z) = FEBelEl . 5 ek

Lemma 2., The function P belongs to % (B,k) if
end only if there exists a function p of the class 9k such
that

(1.6) P(z) =f28lplzl + L =B 5 ¢ 3

Denote by z, an arbitrarily fixed point of the disc K,

and define the functional

(1.7) . H:2(8,k) 5 P—H(P) = B(z ).

Lemma 3. The range of the functional (1.7) is the
closed disc with center ¢ and radius ¢, where

2 2k
(1.8) c = 1 +ﬁ L 2ﬁr r = Z .
P2 ey ) 120

Let #,(8,k] denote the subclass of the femily 2(8,k)
composed of functions P of the form (1.6) such that the
function pe .‘lk is defined by the formuls

(1.9) plz) = —2——p.i(z) + —1—'2'2‘ poylz),
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wherse
1+ &:mzk
(1-10) pm(z) =mf' |£m| =1, m= 1,2,
m

Lemma 4. If Pe 92(p,k), then for 2z = reip,
O<r<«<1, 0s99<27r, we have

(1.11) P(z) = ¢ + kg,
where |7| =1, 0sks ¢» © and ¢ being defined by for-
mulas (1.8).

Lemma 5. If Pe P,(B,k], then for |z| = r<i
we have

2 *
(1.12) 2P'(z) = k E—L%l:l - k-%§ [92 - !P(z)-c[%]g* ’

where o, ¢ are defined by formulas (1.8) and

k
(1.13) ¢'= —op f“r R VAERE

2. Denote by S¥(8,k) the class of functions f defined
by the formula

nk+1
(2.1) £(z) =2 + Z{ CIRTY
n=1
holomorphic in the disc X and such that

(2.2) %—S-)w P(z), Pe P(B,k).

Let us observe that S*(8,1) = S*(8), where S*(B) is the
family considered in paper [7]; s*(1,1) = 8%, S¥* veing
the well-known class of stariiks functions,

Theorem 1. If res™p,k), 0<B<1, then
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(2.3) Iank+1lﬂ ("1)n <-2!/]k>ﬁnz n=0’1t--‘99g

(2.3 ) lank+1l£ (-1)9-5 (—zr/lk) AP, n=p+1,p+24e00y

where p is a natural number from the interval

| 28 28+ k(1-8)"
(2.4) [w¥ar » 25t >

Proof. Iet fesS*AB,k). By Lemma 1 and by defini-
tion of the family S*(8,k) we have

sf(e) _ 1eBelal | 4(0) =0 ama |w(s)|< lalk.

Hence, taking account of (2.1), we get

mk+1
(mk + 2) Brriesq? .

[V]z

(2.5) Z mk amk+1zmk+1 =pw(z)
m=o0

B
0]

0

Since a, =1, the inequality (2.1) holds for n = 0. Let
n>0; then, making use of the method given in paper [2],
we obtain

n-1

(2.6) (nk)QIank+1|2éz: [(mk+2)2,62 - (mk)z] lank+1|2'
m=0 '

Let us note that

(2.7) [(n-ﬂk +2]28% - (n-1)%2 > 0

if and only if n<p, where p 1is a natural number from the
interval (2.4). Making use of (2.6) we get by induction (2.3)
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and (2,3‘). The estimation (2,3} is sharp. The function which
realizes the equality is of the form

2

(1 -eBz

flz) =

kz7e e lel= 0

For k=1 we get the estimate given in paper [5]. Observe,
moreover, that for A= 1 the inequality (2.7) holds for every
natural number h, hence the estimation (2.3) holds for
n=0,1,2,+.+ In the case where k = 1 we get the well-known re~
sult for starlike functions,

Theorem 2. If fes™p,k), then for |z} =,
O<r«<1, we have

(1 +8r%)°2 | (1 -;Csrﬁ)EJE
The estimates are sharp. Equalities hold at the point z = reip
for the functions
(2.9) £%z) = z £*%(z) = z ’
(1+pe’ik9’zk)2/k ’ (1_pe-ik'92k)2/k

reapectively.
Proof. Let feS*(B,k). From the definition of
the family S%(8,k) we draw directly

(2.10) zfiz) 1. Rla)-1,

f(2 Z

whence

1
£(z) = |2| expfre 2_(2_%_-_1“’ teR,
0

Making use of Lemma 3 we get

1 +8(ot)E <ve Plati< 1 -p8(rt)k°
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Taking account of these inequalities in (2.10) we obtain the
assertion of the theorem.

It is.easy to check that the equalities hold in {2,8) for
the functions defined by (2.9), respectively.

Let us now consider the functional re [1 + _L—zgl (:;] de-

fined in the class 5™(B,k). We shall. prove the following
theorem,
Theorem 3. If fec*(B,k), then for every fixed

z, |z2] =, re(0,1), we have the sharp estimation
" [m (r,p) for re(0,r,)
(2.11)  re [1+%]>- 15 1T
Imz(r,ﬁ) for re(r,,1),
where

r, € (0,1) is the unique root of the equation

(2.12) A(r,B) = 0,

(2.13)  &(z,8) = (k+1)(1- 5)2(1-02%) 2kr¥(1-p) (14p2%%),

1 - 2(14k) B X 4 p2p%k

{2.14) m1(r,,a) = ] —ﬁerk ’
k(1 + 8202k "
(2.15)  my(z,B) = Vk(R-1)(2+k+kR) -_/JG(T-L-Ek—)l , R=%
-7

for ¢, ¢%* defined by the formulas (1.8), (1.13).
In the estimation (2.11) equality holds for the following
functions, respsctively

(2.16) £,(z) = £,(2,p) = 2(1 + pe-ike k) 2/

2petPyllae N0 o
1-(1+8) de 2K P5E, e ~21kp,2

2
(2.17) 2,(z)=2,(2,8) =2 oxp [
0
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1(1+ﬁr%s1-(1-ﬁr%
{2.18) d(r;B) =3 T +B_)B1 - {1 - ) ’

. —
29+ k(g*+9)
Proof. ILet feS*(B,k). Then, by definition of the
family S*(ﬁ;k), we have

1+ -?—(—I-Zf','(‘;) = P(z) + 2 P; 2) » Pe Z(B,k).

Making use of a theorem of Zmorovié [10] and of Lemmas 3-5
we get

re(1 +5§—,H > mln G(s,t),

where the function

(2 + k)82 -k cke* (s 4+ 1)k
(2-20) G(s,t) -[ 55 - T?_} cost +_72+_S.9__

is defined in the domain

(2.21) D={Huﬂ‘:c-gsssc+9,-vh)$tsvﬁﬂk

8°+1

y(s) = arc cos 35—, O<y(s)svy(1),

¢, 9, ¥ Dbeing defined by the formulas (1.8), (1.13), res-
pectively., A direct calculation shows that the function
G(s,t) can attain a minimum in the domain D only on the
diameter t = 0., Hence the problem of determining the mini~
mum of the function G(s,t) in the considersd domain D co-
mes to find the ainimum of the function G (8) = G(s,0) in
the interval [c -0 c+9] The function G (s) attains at

- 963 -



8 R.Mazur, 4.Sieczko

the point s,, given by formula (2.19), its absolute minimum
in the interval [c-g, c+q:j if C~ 9 <84, whereas if 8y <
<c-9, then G1(s) attains its absolute minimum in [}-9,c+ﬂ
at the point c¢-¢. From the above considerations follows the
desired conclusion. It is easy to verify that the functions
(2.16),(2.17) realize the equality in the estimation (2.11).

A similar argument leads to the following theorem.

Theorem 4. If feS*(B,k), then for any fixed
z, |zg} = r, re(0,1), we have the sharp estimation

" m,(r, - pB) for rel(O,r,,)
(2.22) [1 x2utd] Z)]s T
Te + = ),

my{ry - B) for rel(r,,
where x,. € (0,1) is the unique root of the equation

(2.23) Alr,-B) = 0.

The equalities in.the estimation (2.22) hold for the function
of the form, '

(2.24) £¥(z) = £,(z,-p)

(2.25) £5(2)

f2("z,-ﬂ) )

respectively, where f1(z,p), fz(z,,e) are defined by (2.16),
(2.17). Set ‘

r(f) = sup{r : re [1 + zg z ]>0, |z'|<r} .

As known, fthe number

r.c. S%(B,k) = inf {r(f) : fe S*(ﬂ,k)}

is called the radius of convexity of the considered family.
Since the family S*(}S,k) is compact, we draw from Theorem 3
the following one.
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Theorem 5, The radius of convexity of the family
s¥(8,k) 1is given by the formula
T, for Bel(0,B8,>
IPeCe S*(p,k) = ‘

[ ) .‘(__—‘2 1/k
[1 + Kk - ﬂ2k+k] for ﬁe(ﬂ*,ﬂ,

where T, € (0,1) 4is the unique root of the equation

(1-ﬁ)(1+ﬁr2k)[(2+k)p(1-r2k) + k(1-,62r2k)] = k(1+p202K)2

and

B.- (1 + % - VYox + 2) (Yox + 12 - Ya + 6k + 2k°)
*= 2+ k *

For k¥ = 1 we get the result established in paper [7].
Theorem 6, If feS*(8,k), then for |[z]| = T,
O0<r<1, we have

(2.26) alr)< | £ (2)] < N(z),
wherse

(1—,61'1()(1+/3rk)'(2"'k)/k for 1 € (0, vx>
n{r) =

(1-ﬁr}:)(1+,Brf)'(2+h")/k.exp R(r) for 1 el(r,, 1),

3 ) - 1
R(x) =f ————m1(rﬁ dr,
T

and ‘

(1+prk)(1-ﬁrk)'(2+k)/‘{ for T e (0,r,,>

N(r)

(1+ﬁr}f*)(1-ﬁrf*)'(’2+k)/k exp S(r) for T elr,,1),
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(,“)"‘1
S(r):f i.1—1—]:‘———i‘i——c11',

Txx

Tys Tue €(0,1) being the unique roots of equations (2.12)
and (2.23), respectively.
Proof. Let feS*(8,k). Then

log £'(z) = log lf'(z)l + i arg(f’(z)).

Setting =z = rel? we get

2 / 2f”(2)
r 37 log ,f (z), = re “Fig7V °

Taking account. of Theorems 3 and 4 we get the stated conolu-
sion. The functions realizing the equalities in (2.26) are
given by formulas (2.16), (2.17), (2.24), (2.25).

3. Let GMQB,k) denote the family of quasi-p-starlike
holomorphic k-symmetrical functions g defined by the equa-~
tion

(3.1) flg) = i £(z),  zeK,

where feS¥(B,k) and M is a fixed number from the inter-
val [1,e). By the sdopted definition it is seen that
GM(1,1) = GM, where GM is the well~known class of holo~
morphic quesi-starlike functions.

Set M = et, O<t< oo and let g{z,t) be a holomorphic
quasi-B-starlike function defined by the -equation

-t

(3.2) f(g) =e™" £lz), zekK, feS*(B,k), O<t<oo,

Then, by an argument similar to that of paper [4], it can be
proved that
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(3.3) lim e glz,t) = f{z).

t e

From the definition (1.1) it follows that if Pe®(B,k), then
%— is also a function of the class #(B,k). Using this remark
and the definition of the family GM(ﬁ,k) an argument analo-
gous to that of paper [1] leads to the following theorem.

Theorem Te The function g belongs to the fa-
mily GM(ﬂ,k) if and only if g(z) = g(z,T), where g(z,t)
is a solution of the equation

(3.4) 2828 - g(z,¢)p(g(z,8)), O0<t<D, Pe®(B,k

satisfying the initial condition g(z,0) = z.

We shall now give an application of this theorem. To this
aim observe that the equation (3.4) is eguivalent fto the sys-
tem of equations

(3.5) d log |g(z,t)| = -re P(g(z,t)) dt,

{3.6) d arg glz,t) = -im P(glz,t))dt.

Making use of these equations we shall prove the following
theorem.

Theoremn 8, If ge-GM(p,k), then for |z} =T
we have the sharp estimation

(3.7) x(r) < |glz)l< x (z),

where

.k k % 1/k
(3-8) X(I‘) = [:in(%ﬁlk‘—) (’I+}3rk -\/;[+ﬂrk)2_ fl’ﬁﬁ_\ - '_;_]
/

28°r M
X k . i -11/1\:
(3.9) x(r) = H(1=pr ) <1—,e..~~”* -%\/{‘l»— rKj2 _ AT > + lJ )
2p°r® » 1K A
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Proof. From Lemm

a 3.wae draw

k k
(3.10) 1 =82 < re P(z)su%

1 +81

1 - pr~

Using equation (3.5) and inequality (3.10) we get

Lok

(3.11) - 1HBX gt<a
1 -px

where x = If(z,t)l, z e K,

T = log M and taking accou
£(z,0) = 2 we find

( le(z)l ®

k

log xs-—1—'££rdt,

1 +A8X

Integrating {3.11) from 0 to
nt of the initial condifion

k

(1+8]2(2)] &

(3.12) $
lf(2)| k

1 r
T .
)2 Mk (1 +,Brk)2

K

(1-8|£(2)] *

v

where f(z) = f(z,T), lz| =
The inequalities (3.12) imp

< ,
12T ME (1 - prE)?

T
1y fthe assertion of the theorem.

The estimation (3.7) is sharp. In fact, the equalities hold

in (3.10) for the functions

B, (z) = 1L =Bez

1 1 + Bez
respectively, with ¢ = 1o
tion of the family GY(B,k)
dulus of a quasi-B-starlike

k 1+ﬁ£zk ,

P.(z) =

2 1 -Bez

. From (3.11) and from the defini-
we infer that the maximum of mo-
function is attained for the func-

tion satisfying the eguation
£k _ 1 2K
- L
(1 -8£52 " F (1 - paF)?
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whereas the minimum is attained for the function satisfying

the equation

k k
f _1 2
(1 +,BfK)‘2 T (1 +/!'»zIE)2

For k=1 and B= 1 we obtain the ¢stimation of the modulus

of a quasi-starlike function ([1], [3]). In the case where

k=1 and Be(0,1} we get the result established in [6].
PTheorem 9. If geGl(B,k), then

k k
1 -Blgl®, 1 +8r . 2] =

(3.13) |arg £0211c 1 10
I 2z l .E- 1 +ﬁlg'k 1 -ﬁrk

where the equality holds for the functions g defined by the
eguations

3.14) L 2 ’

( " (1 ~-Bg )2 N{ - iﬁzk)zlk

(3015) = 1 [
(1 +/3g ky2/k Moy, iﬁzk)27k

Proof., From equations (3.5) and (3.6) we obtain

(3.16) d arg g(z,t) = %g—&%:—%—;—%— d|1log alz,t)|,

where Pef®(B,k).
From Lemmas 1-5 we get

sk k
(3.17) —2pr” _ _im P(z) 2B 2| = o,
Bk <Te Blz] < _ o2k

The estimation (3.5) is sharp; the maximum is realized by the
function
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Xk
(3.18) P, (z) =_l"iliééﬁ_,
1 - Biz

whereas the minimum is attained for the function

.k
(3.19) Py(z} = 1 - piz for |z| = T.
1 + Biz
Prom {3.16) and {(3.17) we get
k k
(3.20) ;:ﬁgiﬁﬁ-d log x<d arg g(z,ﬁ)s;;:zg§2k d log x,

with x = lg(z,t)

Integrating (3.20) from 0 to T = log M and taking into
account the condition g(z,OD =z we get {3.13).

From (3,18) and (3.19) and from the definition of the fa-
mily GM(ﬁ,k) we conclude -that the functions g realizing
the equalities in (3.13) are of the form (3.14) and (3.15),
respectively, which completes the proof of the theorem. For
k = 1 we obtaip the result established in [6]., Taking k
and A= 1 we get the case considered in' [3].

1
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