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ON THE OSCILLATORY SOLIHION 
OF CERTAIN NONLINEAR INTEGRAL EQUATION 

In t h i s paper we w i l l consider the osc i l l a to ry propert ies 
of a so lu t ion of the i n t eg ra l equation 

t 
(1) x ( t ) - J K(t ,s)xo c(s)ds = f ( t , x ( t ) ) , 

*o 

where 

f : < %Q,OO)X R — 

Κ : < t 0 , o«» ) 2 ——R 

are continuous funct ions and K( t , s ) > 0 fo r t ^ s > t Q f 

and K(t , s ) < K(r ,s) f o r t > r , « =-5. ; m,n = 1 , 3 , 5 , . . . 
By a regular solut ion of the i n t eg ra l equation ( t ) we un-

derstand every solut ion χ : <. t Q , oo) —«- R fo r which 

mes j t : x ( t ) = oj = 0. 

We w i l l consider only the regula r so lu t ions . 
A regula r solut ion of the in t eg ra l equation (1) we c a l l : 
a . nonosci l la tory , when i t has a constant sign fo r 
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2 I.Poltyúska 

b. osci l latory, when i t has at least one zero point fo r 

c. bounded, i f there is such a constant c, that 

j x ( t ) | « c for t ï * t 0 , 

d. tending to zero when t—-eo , i f lim x ( t ) = 0. 
t — -

Furthermore we introduce the following assumptions: 

( 2 ) 
χ f ( t , x ) > 0 for ï / 0 

f ( t , 0 ) = 0. 

(3) I f x 1 < x 2 t h e n f (-b,x2 ) . 

There exists a sequence of numbers I»n such that 

(4) L„ = min f { t , L J > 0 for 
t » t Q 1 n - 1 1 

where 

and 

L0 = ±1 

lim > 0. 
n-—oo 

There exists a positive constant N, such that 

(5) | f ( t , x ' ) - f { t , x " )| é n| x' - x"| . 

Under these assumptions we get the following theorem. 
T h e o r e m . The divergence of the integral 

t 
lim Ç K(t ,s)ds = \ 
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O s c i l l a t o r y s o l u t i o n 3 

i s a necessary and s u f f i c i e n t cond i t i on of o s c i l l a t i o n of a 
bounded s o l u t i o n of the i n t e g r a l equa t ion ( 1 ) . 

P r o o f of s u f f i c i e n c y . Let us suppose t h a t the s o -
l u t i o n x ( t ) of the equa t ion (1) i s n o n o s c i l l a t o r y . Por the 
proof we accept t h a t x ( t ) > 0 f o r t>tQ. 

Prom the assumption t h a t the s o l u t i o n i s bounded i t f o l -
lows t h a t 

τ b 
c > x ( t ) = £ K ( t , s ) x e ( s ) d 8 + f ( t , x ( t ) ) > J K i t . s J x ^ s J d s 

t h a t i s , t h a t 

and 

x ( t ) > J K ( t , s ) x a ( s ) d s 

x e ( e ) > 
a 

J X(3,ν)χ*(ν)άν, 
a 

We mul t ip ly both s i d e s of the l a s t i n e q u a l i t y by 
K ( t t s ) 

J Κ(β,ν)|χα(ν|)ς[Τί 

and next we i n t e g r a t e i t over < t Q , t > . Hence f o r a = -jj- Φ 1 

j , 1 ' , ' W * > J « , t . . n . , 
*o « Ί Λ Ι Λ υ Μ Τ Ι 

Beoause K ( t , s ) i s a nondecreasing f u n c t i o n of the f i r s t 
v a r i a b l e , then 

Γ g ( t , ¿ )*" (B)dB Γ K ( t ) d s 

t P s I a i Χ ο \ ζ K(t ,v)x«(v}dv Έο 
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and 

( 1 
- Κ . 

K(t,v)x*(v)âv 
« - 1 

t t 

O O 

j* K ( t , s ) d e . 

The l e f t s ide of th i s inequal i ty i s f i n i t e , when t — - <*> . 
However, the r ight side i s , from the assumption, divergent. 
Hence, we get a contradict ion. 

S imilar ly fo r α = -g- = 1, i t fol lows from the assumption 
that the so lut ion of the equation (.1) i s bounded, that 

c > x ( t ) = J K ( t , s ) x ( s ) d s + f ( t , x ( t ) ) > J ^ K ( t , s ) x ( s ) d s 

that i s , that 

(s)s8.J* K(s ,v )x(v)dv . 

Next we multiply both s ides of the above inequal i ty by 

K ( t , s ) 

f K(s ,v)x(v)dv 

and we integrate i t from tQ to t . Henoe 

Ü 

/ 
K ( t , s ) x ( s ) d s 

It 
K ( t , s ) x ( s ) d s 

t / K(t ,v)x(v)dv t n 7 K(s ,v)x(v)dv t 
t „ t 0 

O u0 

f K ( t , s ) ds 

and 

In J K(t ,v)x(v)dv ^ J K ( t , s ) d s , 
t t 

•t t n o 0 
leads a l so to a contradiction for t — . 
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In this way, we show that in the case when o< Φ 1 and 
when oc = 1, the bounded solution of the integral equation 
(1) i s osc i l l a tory . 

P r o o f of necessity . We show, that when 

lim I K(t ,s )ds< ο» , 
t—o xo 

then the equation (1) has a bounded nonoscillatory solution. 
The existence of a bounded continuous solution i s estab-

blished by the method of succesive approximation. We consider 
the sequence { ^ ( t ) } defined in the following way 

x 0 ( t ) = L0 = 1 for t e <tQ , oo) 

b 
xQ(t) = f ( t ,x n _ . , ( t ) ) + J K(t,s)x®_^ (is)ds for n>1. 

o 

The elements of the sequence { x a ( t ) j ma7 estimated from 
below. By induction we get 

x 1 ( t ) > f ( t t 1 ) > n i n f ( t , 1 ) * L* 1 ***o 
x n ( t ) - f ( t , x n _ . , ( t ) ) + / K(t,s)x« ^ e j d s * 

> f ( t , I a - 1 ) > g n f i t . L · ^ ) = Ln. 
* o 

He noe 

x n ( t )>L n for η = 1 , 2 , . . . 

what proves that the elements of the sequence of the sucoesi-
V6 approximation are nonoscillatory· 
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We have now to ¿show that there i s a l imit of the sequen-
ce 

(6) x { t ) = lim x n ( t ) for t e < t Q , <») 
n—oo 

ahd that th i s l imit s a t i s f i e s the equation ( 1 ) . 
To show the existence of the l imit (6) of the sequenoe 

Xn{t)j i t i s enough to prove the convergence of the ser ies 

(7) x o ( t ) + [ x 1 ( t ) - x o ( t j ] + [ x 2 ( t } - x 1 ( t ) ] + . . . + - [ * n ( t ) - x n - 1 ( t ) ] + . 

We estimate the absolute values of terms (7) 

t 
| x n ( t ) - x 0 ( t ) | | f ( t , x o ( t ) ) - x o ( t ) | + \ J X ( t , s ) x 0 ( s ) d s | ^ M 

for a suf f i c ient large t . 

| x 2 ( t ) - x 1 ( t ) | ^ Ν max | x1 { t )-xQ( t )j + 
t» t Q 

t 
+ cxcC("1 max I χ, ( t ) - x f t )| f K( t , s )ds , 

t > t 1 1 0 1«? 'o t 

M(H + « 0**"%) for* t 

Fn ( t ) - x n _ 1 ( t ) | M(K +«^c 0 <- ' !K)n- 1 . 

In the case when cx = 1 we get the estimation of the se-
r i e s (7) in the form 

| x 1 ( t ) - x 0 ( t ) | K, j x 2 ( t ) - x 1 ( t j | < M(N+K), » . . . 
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Every element of the ser ies (7) (without the f i n s t element 
x Q ( t ) ) i s in absolute value smaller than or equal to the 
adequate element of the numerical ser ies with positive e l e -
ments: 

(8) M + M(N+«ow"1K) + MiH+fKC^K)2 + . . . + MÍN+ac® ~ 1 K) n " 1 + . . . 

I t i s a geometrical ser ies where the qualfcient q = Κ + <xcot~^K. 
I f now Ν t o o " K < 1 , then the numerical ser ies (8) i s con-
vergent. 

Similarly in the case when « = 1, every element of the 
ser ies (7) i s in absolute value smaller than or equal to the 
elements of the geometrical ser ies 

(9) M + M(H+K) + M(H+K)2 + . . . + M(N+K)n~1 + 

where the quatient q = N+K, I f in th is case N+K < 1, then 
the numerical ser ies (9) i s also convergent. 

The elements of the ser ies (7) are smaller than or equal 
to , in absolute value, the elements of the numerical conver-
gent s e r i e s , hence the ser ies (7) i s on the basis of Weier-
s t r a s s ' s c r i t e r ion uniformly convfergent. 

M i 
Hence when N+«c K<1 and N+K<1 there i s a l imit 

( 6 ) . Every element of ser ies (7) i s a continuous function of 
the variable t . Therefore the l imit (6) i s also a cont i -
nuous function of the variable t . 

We shal l prove that the function x ( t ) s a t i s f i e s the in-
tegral equation ( 1 ) . Prom the uniform continuity of the func-
t ion f ( t , x ( t ) ) i t fol lows,that for arbitrary e > 0 

I f ( t » x n - 1 ( t , ) " |< e · 

for suf f i c ient great n. 
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Furthermore 

- Ì X f l(t) - f { t , x ( t ) ) - J Κα,Βίχ^ίβΙάΒ 

*0 
t 

^ | f ( t , x f l 1 ( t ) ) - f ( t , x ( t ) ) | + | J ' K ( t , s ) [ x £ -jl(s);-xa(s)J d s | ^ 

t 
Ä'6 + l J (e)-x c ,(s)J d s j . 

t _ o 

Now i f η —- οβ , we get 

» 

J x( t ) - f ( t , x ( t ) ) - J K( t , s )x° f ( s )de ε . 

Prom the a r b i t r a r i n e s s of the number ε i t fo l lows t h a t x ( t ) 
i s the s o l u t i o n of the i n t e g r a l equa t ion ( 1 ) . 

The proof of our theorem i n the case when x ( t ) < 0 i s 
analogous. 

We fur thermore remark t h a t i n the s p e c i a l case when 
2 

K ( t , s ) = t - s , and ^ - f - = 0 we get Atkinson 's r e s u l t s [ 1 ] 
3t - 1 

f o r the d i f f e r e n t i a l equat ion x " + f x ¿ ' = 0. 
S imi la r r e s u l t s were obtained by Iajumowa [2] f o r the 

d i f f e r e n t i a l equat ion u" + f ( t , u ) = 0 . 
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