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CLASSIFICATION OF THE SPACES 
WITH AFFINE CONNECTION OF COSSU TYPE 

1. I n t r o d u c t i o n 
We o a l l spaoe wi th a f f i n e connect ion L„ of Cossu type 

1 
a space Lfl such t h a t the curva ture t e n s o r R^-jk s a t i s f i e s 
( [ 4 ] , [7] ) the cond i t i on 

« i j k 1 - ñ§T A W j . ( n > D . 

In paper [2J I have proved t h a t the a b s t r a c t curva tu re 
t e n s o r of type (1) i s s t r i c t l y equ iva len t t o the a b s t r a c t R i c -
c i t e n s o r R ^ · . The η coord ina te s of the R i c c i t e n s o r R ^ can 
be expressed i n terms of the e s s e n t i a l coo rd ina te s of the c u r -
va ture t e n s o r as fo l lows 

(2) Rjjj. = U - 1 ^ i j k 1 ' 1 ¿ i . j . k = 1 

(where i i s a f ixed index) and bes ides t h a t the fo l lowing 
cond i t ion i s s a t i s f i e d 

(3) R i j k 1 = Ü, f o r 1 ¿ i , 1 = 1 , . . . , n . 

To f i x the i d e a s , when d e f i n i n g R ^ by means of formula 
( 2 ) , we take the va lues of the index i poss ibly l e a s t ; by 
means of. the remaining va lues of the index i we then get 
corresponding e q u a l i t i e s f o r R ^ k 1 · 
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L.Bieszk 

2«-Canonical forms of the curvature tensor 
We c a l l f i r s t canonical form of the curvature tensor in 

the space Lfl of Cossu type the form of corresponding 
by formulas (2)-(3) to the caùonical form of the Rioci tensor 

Defining the following blocks 

(4) ' iá • Μ · i . J . k . l = 1 o. 

where i , j are fixed and 1 i s a row index we can write the 
coordinate matrix C of the curvature tensor R^j^1 in the form 
of a block-antisymmetric matrix 

0 C« 

(5) c - [c i 3] -

12 · 

-°12 0 

"C1n "C2n ' -C n-1 ,n 

Ί η 
32n 

'n-1,η 
0 

T h e o r e m 1. 
1 

The coordinate matrix C of the 
curvature tensor R·!-.!/1' of the space L_ of Cossu type i s ele-l j κ η 
mentarily equivalent to the following block-diagonal matrix 

( 6 ) C ~ 

M 
M 

o 

[ V ] J 
P r o o f . Taking into account formulas (2) and (4) 

and performing elementary operations on the l ines of the ma-
t r i x (5) we get the right-hand side of formula (6) . 

C o r o l l a r y 1. By' means of (5) and (6) we get 
the following formule for the rank of the matrix C 
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Classification of the spaoes 3 

(7) r(C) = n.r{[R3k]), 

We call second canonical form of the curvature tensor 
R^^"1· of the space I ß of Cossu type the right-hand side of 
formula (6) written for the canonical form [9] of the Ricci 
tensor Hjjj· 

Formula (7) enables us to divide the curvature tensor 
R^jj^ of the space L Q of Cossu type into types (and the spa-
ce L q itself into classes) according to the rank of the ma-
trix C. 

3* Classification of the two-dimensional space 
For η = 2 we have by (5) and (6) 

(7) 

or 

(8) 

C = ' 1 2 

- °12 ° 
C12 

R21 R 22 

• R 1 1 " S 1 2 

M 0 

ο [ ν ] 
, Ó,k=1,2. 

From [3] we infer that the Ricci tensor R^k has twelve 
canonical forms which we can write in the following condensed 
form 

(9) 

R 1 -
O O 
0 o 

4,5,6 

R7 = 

R 2,3 
O O 
ο ε 

a) ε = 1 
b) ι = -1; 

£1 0 

Ο e. 
a) t1 = ε2 = 1, 
b) ί-J = -£2 = 1 » 
c) ε1 = t2 =-1 ; 

a 10 

ο 1 
L-1 ο J 

Ο 1 + α 
I - o c Ο 

®8,9 = 

, « φ 0; 

1 £ 

-ε ε J 

R ΙΙ512 
e φ 

-tß e 
. ß* o, 
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a) e = 1, 
b) e = -1; 

a) t = 1, 
b) ε = -1. 
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The otíbits of the tensor R j k (or thô tensor R^^"1") cor -
responding to the canonical forms (9) we denote by TO^ , . . . 

— τ f o r the tensor R., , r e e -• · . t 3ït ρ ( or by ï ï lg , . . · , lux- una isubui- '"'ijlt 

pec t ive ly . The exact c h a r a c t e r i s t i c of the o rb i t e has been 
given in paper [3] . 

T h e o r e m 2. There ex i s t twelve types of the spa-
ce Lj' of Cossu type corresponding to the canonioal forms (7) 
and (9) of the ourvature tensor R ^ ^ 1 · Moreover, f o r R1 we 
have r(C) = 0; f o r R2 y r(C) = 2; whereas f o r R ^ , . . . , R 1 2 

(α φ 0, +1, β Φ 0 ) , ç(cî = 4. 

4. C l a s s i f i c a t i o n of the three-dimensional space 
For η = 3 we have by (5) and (6) 

0 C12 C13 
(10) c = -C12 0 C23 » 

_- ° 13 - c 2 3 0 

where the e s s e n t i à l blocks have the form 

1 
= 1 

R21 R22 R23 
C12 

1 
= 1 -R11 -R 1 2 "R13 

. 0 0 0 

R31 R32 R33 
(11) C13 

1 
~ 2 0 0 0 

_-R11 -R12 "R13. 
" 0 0 0 

C23 
1 = 2 R31 R32 R33 

_"R21 -R22 "R23 «J 

By Theorem 1 we have 
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C l a s s i f i c a t i o n of the spaces 5 

(12). 

[ H . J 0 0 

0 [ R . J 0 

. ° ° ftkjj 

= 1 , 2 , 3 . 

By [β] the R icc i tensor R ^ has th i r ty one canonical forms 
which can be written in the following condensed form 

R 1 = 
0 0 0 
0 0 0 
0 0 0 

2 , 3 

~0 0 0 
R 4 , 5 , 6 = 0 £ 1 0 

_0 0 

" ε 1 0 
R 7 , 8 , 9 , 10 = 0 £ 2 

0 0 

~0 0 o ' 
R 1 1 - 0 0 1 » 

.0 - 1 0_ 

"o 0 0 
r H = 0 0 1 -<* r H = 

_0 Ι--Ot 0 

"o Ο 1" 
R 1 7 = 0 0 - 1 1 

1 1 0 

0 1 o" 
R 20 ,2 1 = - 1 0 0 

0 0 ε_ 

0 0 0 
0 0 0 
0 0 0 

a) ε = 1 , 
' b) ε = -,1s 

a) t 
b) ε 
c) ε 

o 
0 
ε. 

R 

a) 
, b) 

c) 
d) 

'2 
= - I 

tp = 1 , 
2 = 1 . 

= - 1 ; 

= e2 = ε 3 = 1 , 
= £ 2 = " £ 3 = 1 ' 

- £ 2 = - £ 3 

1 2 , 1 3 

, « í¿0; 

= ε 2 = e 3 

0 0 0 
0 0 ε 
0 - t t 

1 , 
= - 1 ; 

a) ε = 1 , 
b) ε = - 1 ; 

R 1 5 , 1 6 

0 0 0 
Ο ε ι β 
ο - φ t -

a 
b 

¿ = 1 , 

R 1 8 , 1 9 

Ο Ο ε 
Ο ε ε 
ε - ι Ο 

a) ε = 1 , 
b) ε = - 1 ; 

a) 6 = 1 , 
b) ε = - 1 ; 
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" 0 ε 1 0 " 
ÏÏ22'23,24 ,25 = - t 1 ε 1 0 » 

0 0 £2. 

"ε 0 0 

R26,27 = 0 0 1 + <x » « Φ 0 R26,27 = 

_o 1- « 0 J 

~ e i 0 0 

R28,29,30 ,31 = 0 ε2 ε 2/3 , β 
0 -¿2 ß f2 

a) 
b) 
c) 
d) 

= £ 2 » 1 > 

= 1, ε1 = -£2 
" "¿g = ~1, 

£1 = = -1 ; 

a) e = 1, 
b) ε = -1; 

Φ O 
a) 
b) 
c) 
d) 

£1 = 

ε„ = 
ε* = 

í 2 = 1» 

- t 2 = 1 , 

- t 2 = 

ε 2 = -1 · 

Jîjk (or the curvature tensor R-y^1) corresponding to the cano-
nical forms (13) we denote by , . . . , (or by IK „ 

η 1 31 1 
for the tensor ) , respectively. The exact 

31 i j k 
chsracteristic of the orbits may be found in paper [β ] . 

T h e o r e m 3. There exist thirty one types of spa-
al forms 

Moreover, 
ce I-, of Cossu type corresponding to the canonic 

j .χ. „.u. * * o 1 (10)-(11) and (13) of the curvature tensor R. i j k 
for R1 we have r(C) = 0; for R2 y r (C) = 3; for S^ 5 g, 

• · • - ' · - • • · - ( c j = 6; R 11' "12,13' R14 H15,16 { * * 17' 
for the remaining canonical forais of the tensor R ^ we have 
r(C) = 9. 
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