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CLASSIFICATION OF THE SPACES
WITH AFFINE CONNECTION OF COSSU TYPE

1. Introduction

We ocall space with affine connection Ln of Cossu type
a space L_ such that the curvature tensor Rijkl satisfies
([4], [7]) the condition

1 2 1
(1) Rijk =n'_—1-A[iRjkﬂ’ (n>1).

In paper [2] I have proved that the abstract curvature
tensor of type (1) is strictly egquivalent to the abstract Ric-
ci tensor Rjkg The n2 coordinates of the Ricci tensor Rjk can
be expressed in terms of the essential coordinates of the cur-~
vature tensor Rijkl as follows

(2) Ryp = (n=1)Ry 57, 143, 1,3,k = 1,.00,n,
(where 1 is a fixed index) and besides that the following
condition is satisfied

(3) Rijkl = 0, fOI‘ l # i, l = 1,0-0,11-

To fix the ideas, when defining Rjk by means of formula
(2), we take the values of the index i possibly least; by
means of, the remaining values of the index 1 we then get
corregsponding equalities for Rijkl'
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2 L.Bieszk

2.-Canonical forms of the curvature tensor

We call first canonical form of the curvature tensor in
the space I.n of Coasu type the form of Rijkl corresponding
by formulas (2)-(3) to the cahonical form of the Ricci tensor

Rjk, [9].
Defining the following blocks

(4) Ciy = [Regrt]s 13,1 = 1,eu00m,

where 1i,j are fixed and 1 is a row index we can write the
coordinate matrix C of the curvature tensor Rijkl in the form
of a block-antisymmetric matrix

[0 Cipe v Cin ]
€12 0 .. Con
(5) ¢ = [oy] = E . .
Che1,n
[=C1n C2n ¢ ¢+ Cnoq,n 0 _

Theoren 1. The coordinate matrix C of the
curvature tensor Ri kl of the space Ln of Cossu type is ele-
mentarily equivalent to the following block-diagonal matrix

Ryl © -« O 7
[Rjk] “ e

(6) R i I

LECC IS SRR SR B B I A A BN B )

0 « e Eajk] |

Proof. Taking into account formulas (2) and (4)
and performing elementary operations on the lines of the ma-
trix (S5) we get the right-hand side of formula (6),

Corollary 1. By means of (5) and (6) we get
the following formule for the rank of the matrix C
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Classification of the spaces 3

(7) r(C) = n-r([Rjk] )e

We call second canonical form of the curvature tensor
Rijkl of the space Ln of Cossu type the right-hand side of
formula (6) written for the canonical form [9] of the Ricei
tensor R'k’

Formula (7) enables us to divide the curvature tensor
Rijkl of the space Ln of Cossu type into types (and the spa-
ce Ln itself into classes) according to the rank of the ma-
trix C.

3. Clessification of the two~dimensional space
For n = 2 we have by (5) and (6)

; 12 21 %22
(7) C = P Cip = o
12 11 Bqp
or
R, ] 0
(8) c~ LK J.k=1,2.

9
R,
0 [ Jd
From [3] we infer that the Ricci tensor R. ik has twelve
canonical forms which we can write in the follow1ng condenasd

form
' 0 0
R: R =OO a)£=1
"o of 23 "o ¢ BlE=-1
R 6 - 51 0 , a) 61 = {2 = 1,
4,5, 0 52 b) £1 = -52 =1,
c) 51 = €2 ==1;

-

wn
1
-—

(9){ R, = [ ° 1} - [ ! ‘] a) ¢
1575 L o BTl ] e

a [ 0 1+o(} y
= o # 03
10 PR '

& €8
Riq, = ’ /6# o,
11312 ,:-6}3 C]

o'

™
[

-

.
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4 L.Bieszk

The oxrfbits of the tensor RJk (or the tensor Rijkl) cor~
responding to the canonical forms (9) we denote by Ty s oeo

ooo,m

.

Ry, (or by muR1,...,auR for the tensor Rijk ), res-

12
pectively. The exact characteristic of the orbite has been

given in paper [3].

Theorem 2. Thers exist twelve types of the spa-
ce Lg‘of Cossu type corresponding to the canonical forms (7)
and {9) of the ocurvature tensor Ri kl. Moreover, for R1 we
have ©(C) = 0; for R, 3 r(C) = 2; whereas for R4,...,R12
(« # 0, 41, B#0), z(c)’= 4

4. Classification of the three-dimensional space
For n = 3 we have by (5) and (6)

0 c C

12 O3
(10) C=|-C,p O Cpsl,
-C43 ~Cp3 0
where the esgssentidl blocks have the form
( -~
Ry Bpp  Bp3
-1t o -
Ci2 =3 |Ryy ~Ryp Ry3}>
Lo 0 0
' -
B e =
(11) { cy=%]0 0 o |,
| -Rqq1 -Ryz2 -By3 ]
[ o 0 0
- 1
Co3 =3 | B3y B3yp RBazi-
| "R21 Bap B3|

By Theorem 1 we have
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Classification of the spaces 5

[Rjk] 0 0
(12). cC~ | 0 [RﬂJ 0 ik = 1,2,3,
0 0 [Rij

By [8] the Ricci tensor R, has thirty one canonical forms
which can be written in the following condensed form

0 0 0 0 0 0 )
= _ a £E =1
Ry =|0 0 0}, Ry3=]0 0 0f, gj (Il
0 0 0 0 0 0
0O 0 O a) £, = £, = 1,
R4,5,6 =10 &, 0 . b) €y = =ty = 1,
0 0 ¢, c) £ = &5 = -1;
€4 5 0] a) €y = €5 = 53 =1,
R7,8,9,10 5] O fo O [, b) & =€y = -t =1,
0 63 C) 51 =-€2=—£3" 1,
d) c1=£2=53=-1;
[0 0 0 0 0 0 )
_ _ a) ¢ =1
(1319 Byqg =0 0 14, Rig,3 =10 0 &b p) ¢ = -3
| 0 -1 0 ~¢ ¢
[0 o0 0 0 0 0
R14 =0 0 1ma] o, o #03; R15,16 0 ¢ epl, B#0,
| 0 1~ 0 0 ~¢f ¢
al) £=1,
b) £#-1
[0 0 1 0 0 ¢ )
- - - a8 &:1
Rig =|0 0 -1}, Rig,19 =] 0 € ¢h ) ¢ - -],
(1 1 0 £ -¢ 0
01 0 )
a) € =1
Bop,21 =t 0 O} b) £= -1;
0O 0 ¢

- 803 -



6 L.Bieszk

0 &, 0 8; €4 % €5 = 1,
: = |~ b) ¢, = ~65 = 1
Bopros,oa,25 < T4 8q 0 s 2t T2t
0 ¢ €5 1= € = ,
d) 51 = £2 = —1’
€ 0 0 )
= a £ =1
Rogo7 =0 0 x|, «#0 ) 73,
0 1-« O
& 0 o a) &y = ¢, = 1,
R28,29,30,31 = 0 62 Czﬁ > ﬂ# 0 b) 61 = _52 = 1’
\ O =t8 &, c) € = =ty ==1,
d) 61 = 52 = "‘1.

The orbits (or families of orbits) of the Ricci tensor
Rjk {(or the curvature tensor Rijkl) corresponding to the cano=-
nical forms (13) we denote by zuR1,...,muR ] (or by‘ﬁiR1,...

ces, MW for ths tensor Rijkl)’ respectively. The exact

R
31
chsracteristic of the orbits may be found in paper [8].

Theorem 3, There exist thirty one types of spa-
ce L, of Cossu type corresponding to the canonical forms
{(10)-(11) and (13) of the curvature tensor Ri'kl° Horeover,
for R, we have r{C) = 0; for R2,3, r(C) = 3; for R, 5,6°
Rips Bypoq3s Ry (o # £1), Ryg g (B# 0), Ryq, x(C) = 6;
for the remaining canonical forms of the tensor Rjk we have
r(C) = 9
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