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ON SOME NON-LOCAL MOVING BOUNDARY VALUE PROBLEM 

1. In t rodac t ion 
We s h a l l deal with the following boundai*y value problem. 

Determine func t ions u1 = a ^ x . t ) , Uj, = Ugfx . t ) , s = s ( t ) , 
s a t i s f y i n g i n 

(1) fl = { (x , t ) : 0 < x < s ( t ) , 0 < t < t J 

the system of two d i f f e r e n t i a l equations 

( 2 ) 

and the boundary condit ions 

( 3 ) U a ( x , 0 ) = < p a ( x ) , 0 < X < S ( 0 ) 3 S 0 , 

( 4 ) a j s ( t ) , t ) = 0 , 0 < t < T, 

( 5 ) g-M = f ( t ) , 0 < t < T , o x lx=0 

(6) - A = g ( t ) , 0 < t < T 
x=s( t ) 
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J I 

where the functions ^ ( a ® 1,2) , f , g , and the constants 
sQ, d a j , X are given. 

The problem (2) - (7 ) may be treated as a generalization 
of the moving boundary value problem for the heat equation, 
the so-called Stefan problem. Problems of Stefan type have 
been considered f o r over a aentury. In particular, the one-
-dimensional Stefan problem concerning the melting of ice 
was discussed by many authors, chilsfly by A.Dacev [l], 
G.W.Evans [2], A..Friedman [4], A.Fasano and M.Primicerio [3], 
L.Rubinstein [6 J and the l i terature quoted here . 

In our paper we shall ch ie f ly base on the results of 
G.W.Evans [ loc .c i t . J , respectively modified, in view of the 
non-local boundary condition ( 6 ) . 

The probUem (2) - (7) arises in the theory of d i f fusion 
in three component systems ( f o r instance metal alloys [5]). 
Concentrations of two components are to be determined from 
the boundary data. Condition (7) results from the law of con-
servation of mass on the free boundary. 

Problem of the similar type was recently considered in 

M . [8 ] . 

2. Def init ion of solution and l i s t of assumptions 
Let us denote 

g 
(8) = c' ( t ) , c(0) s 0 . 

3 x lx=s(t ) 0 

D e f i n i t i o n . The set of functions j u ^ ^ . s j 
w i l l be called a solution of the problem (2) - (7 ) , i f : 

1° s i s non-negative and continuously d i f ferent iable 
in < 0 ,T ) , 
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2° u a (a= 1,2) are non-negative and continuous In 2 , 
3 2u 3 3u 

and ^ 2 » ft" 8 1 6 continuous in £ , besides dx are con-
tinuous for 0 < x <s(t), 0 < t < T, 

3° X c' (t) + g(t) < 0 in < 0,T), 
4° the equations (2) - (7) are satisfied. 
In order to solve the problem (2) - (7) we admit the fol-

lowing assumptions: 
I. The given square matrix D = [da-j]2X2 i 8 c o n a t a n * » 

det D > 0, daj > 0, ( a j = 1,2), 

II. The functions y>a (a = 1,2) are continuously differen-
tiable in < 0 , s 0 > , < P a > 0 in < 0 , s o > , and ^(sft)) = 0, 

m . the function f is continuous in <0,T) and f < 0 in 
< 0,T), 

IV. the function g is continuous in <0,T) and g < 0 in 
<0,T), 

7. the constant \ satisfies the condition A < 1 . 

3. Integral equations equivalent to the problem (2)-(7) 
To establish the existence of the solution of the problem 

(2)-(7) let us integrate the equations (2) over the domain ft 
taking into account the boundary conditions (3)-(7) and ad-
mitting that T = t is variable. 

Namely let us evaluate 

t s(r) . j2u 2 2
u . 

0 0 \ dx dx / 

f 8 iV / a S 3u2\ (10) / / (d21 d22 d T = u 
0 0 x d x d x ' 

with boundary conditions (3)-(7). 
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After changing the order of integration and remarking 
that from (7) and (8) 

3tt-, | -e'(t) - d 1 2 c'(t) 

« Ix-a(t) = "" J 1 1 

3 u01 ^L= 6(t) + (t)' 
we get the system 

8(t) 
(11) s(t) + d 1 2 X c(t) = s 0 + d 1 2 f <p.,(x)dx -

0 
t t s (t) 

- d 1 1 / f(t)dt - d 1 2 j g(t)dt - Jf u^x.tjdx, 

(12) s(t) + [d22(X-1) + c(t) - ^ 2 1 s 0 + 

d d s ( t ) * 
+ [d22tt-1J ^ - ^ I c o + / ?2(x)dx ' d21 / f < t , d t -

1 1 0 0 
t 8 ( t ) 

- d 2 2 J g(t)dt - f a2(x,t)dx. 
0 0 

According to the suppositions I, V, the determinant of the 
system (11), (12) is not equal to zero, thus we get from 
( 1 1 ) , ( 1 2 ) 

s(t) s(t) 
(13) s(t) = a 1 / u^x.tjdx + f u2(x,t)dx + P ^ t ) , 

0 • 0 
s(t) e(t) 

(14) c ( t ) = a 2 / u.,(x,t)dx + p2 J u2(x,t)dx + F2(t), 
0 0 
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where we have denoted: 

' 15) 

- d 1 2 d 2 1 - d n d 2 2 ( * - p d i i d i 2 
a i = (A-1 ) det D » ' { 1 -1 } det D 

d21 A "d i-| 
a 2 = ( J l - p det D » *2 = (A-1) det D 

and , Fg are given continuous functions defined by the boun-
dary data 

fa, f". E. d a j . c 0 to.3 = P 2 ) . 

4. Approximating solut ions to the problem (2) - (7) 
Let us define 

(16) s ( l , ( t ) = s 0 , c ( l , ( t ) = c 0 , 

and by induction 

(17) s ( n + 1 , ( t ) - a , J u\n){x,t)dx + ^ f u i £ , (x , t )dx+ 
s ( n , ( t ) s ( n , ( t ) 

+ f y p , 

s ( n > ( t ) s ( n , ( t ) 
(18) c ( n + 1 , ( t ) - a 2 v f a\n)(x,t)dx +f>2 J ¿*}(x,t)dx + 

0 0 

+ P 2 ( t ) , 

(n = 1 , 2 , . . . ) , where u211 ' denote the solution of the 
problem (2) - (6) in fln 

(19) 2 n = { ( x , t ) : 0 < x < s ( n , ( t ) , C X t d } , 
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with [ c ( n ) ( t ) J in the boundary condition (6) i . e . 

2 a 2 ui n ) dJa> 
<20> 2 Z d a j g r - = 0 i n ffln' 

j= i a x 

(21) i ^ n , ( x t O ) = <pa(x), 0 < x < s ( n , ( 0 ) = sQ 

(22) a l a D ) ( s l a ) ( t ) , t ) = 0 , 0 < t < T, 

dul 
(23) 

(24) 

a 

, ( n ) 
= f ( t ) , 0 < t < T, 3x x=0 

3a (n) 
2 

I F = g ( t ) r c ( n , ( t ) i ' , o < t < T. 
x=0 L J 

L e m «1 a 1. Under the assumptions I - V there ex is ts 
the unique solution of the auxi l iary problem (20) - (24) , 
s ( n ) , being supposed to be given. 

P r o o f . According to the supposition I the matrix D 
has eigenvalues Ag, which are posit ive and s ingle . Thus, 
similarly as in [ 7 ] one can transform the system (20) into two 
separate equations of heat conduction type with boundary con-
dit ions being l inear combinations of the conditions (21 ) - (24 ) . 
existence and uniqueness of such problems follolws e .g . from 
the results of A.Pasano and M.Primicerio [ l o c . c i t . ] . Thus, 
there exists a solution t t i e a u x i l i a r 7 problem 
(20)- (24) and i s unique. 

L e m m a 2. I f 

(25) u a ( x » t ) = l i n t 4 n , ( x t t ) ] » ( c t = 1 ' 2 ) 

n •»•o» 

form a solution of the problem (20 ) - (24) with 

(26) 8 ( t ) « lim [ e ( n > ( t ) ] , 
n — ~> 
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(27) ¡ ' ( t ) = l im [ c ( n , ( t ) ] ' , 
n—oo 

then the boundary c o n d i t i o n (7) i s s a t i s f i e d . 
P r o o f . Taking i n t o account t h a t u 1 , u2 s a t i s f y 

equa t i ons (20) we may d i f f e r e n t i a t e equa t ions (13) , (14) wi th 
r e s p e c t t o t and f i n d t h a t 

3u, 

0=1 
x = s ( t ) 

= - s ' ( t ) , 

wi th 

= g ( t ) + A , c ' ( t ) . 
x=0 

L e m m a 3. I f the f u n c t i o n s u a ( a = 1,2) as the 
l i m i t s of i t e r a t i o n s ( 2 5 ) , w i th s and c ' being the l i m i t s 
( 2 6 ) , ( 2 7 ) , form a s o l u t i o n of the problem (20)-(24J > then 
u form the s o l u t i o n of the problem ( 2 ) - ( 7 ) i n the sense of (a 
d e f i n i t i o n . 

P r o o f . I t i s ev iden t t h a t u a ( a - 1,2) s a t i s f y 
the d i f f e r e n t i a l e q u a t i o n s (2) and the boundary c o n d i t i o n s 
(3) - (6) because they s a t i s f y equa t ions (20) - (24) i n the 
l i m i t i n g case s ( t ) = l im s * n , ( t ) , wi th c ( t ) = l im c * n , ( t ) . n ——- oo 
The f u l f i l m e n t of the boundary cond i t i on (7) was proved i n the 
Lemma 2. 

I t remains t o show t h a t the f u n c t i o n s u a and s are 
nonnegat ive and s a t i s f y c o n d i t i o n s 1°, 2° of the d e f i n i t i o n , 
and the f u n c t i o n c ' s a t i s f i e s the cond i t i on 3°« Non-nega t i -
veness of the f u n c t i o n s u a r e s u l t s from the maximum p r i n c i p -
l e app l ied t o the system (2) t ransformed i n t o two hea t conduc-
t i o n e q u a t i o n s [ 7 ] . The i r o t h e r p r o p e r t i e s are e a s i l y proved. 

Non-negai iveness of the f u n c t i o n s and cond i t ion 3° r e -
s u l t from e q u a t i o n s ( 1 3 ) , (14) and 

0U2 
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s ' = lim [ 3 ( n ) ] ' , c' = l in [ c ( n , j ' . 
n —oo n ->-oo 

The continuity of tine functions s' and c' i^ also evident. 
The proof of existence of approximate solutions defined 

by (17), (13) and of their convergence does not d i f f e r essen-
t ia l l y from that of G.W.Svans [2] and from the general prin-
ciples of the method of successive approximations. This re-
sults from the fact that the type of equations (13), (14), 
is the same as the type of the equation obtained by G.W.ivans. 

Thus we can formulate the following 
T h e o r e m . I f the assumptions I - V are sat is f i ed , 

then there exists for suf f ic ient ly small t a soluticu of 
the problem (2) - (7) in the sense of def init ion formulated 
in part I I . 

REFERENCES 

[1] A. D a c e v : On the linear problem of Stefan, Dokl. 
Akad. Nauk SSSR 58 (1947) 563-566. 

[2] G.W. E v a n s : A note on the existence of a solution 
to a problem of Stefan, Quart. Appl. Math. 9 (2) (195D 
185-193. 

[3] A. F r i e d m a n : Free boundary problems for para-
bolic equations, J. Math. Mech. 8 (1959) 499-518. 

[4] A. F a s a n o , M. P r i m i c e r i o : General 
free boundary problems for the heat equation, J. Math. 
Anal. Appl. 57 (1977) 694-723. 

[5] J. K i r k a l d y : Diffusion in multicomponant metal 
systems, Canad. J. Phys. 35 (1956) 435-440; 36 (1953) 
899-925. 

[ 6 ] l . R u b i n s t e i n : The Stefan Problem, A.M.S., 
Transl. Math. Monographs, Vol. 27, Providence 1971. 

[7] J. V o l s ' k a - B o c h e n e k , L. von W 0 1 -
f e r s d o r f : On some generalized free boundary 
value problem for a system of one dimensional di f fusion 
equations - in print Z. Angew. Math. Mech. (1981). 

- 790 -



Boundary value problem 9 

[~83 J . W o l s k a - B o c h e n e k : On some S t e f a n - l i k e 
problem f o r the system of one-dimensional d i f f u s i o n equa-
t i o n s , B u l l . Acad. Polon. S c i . Se'r. Sc i . Math. Aetronom. 
Phys. (1981). 

INSTITUTE OP MATHEMATICS, TECHNICAL UNIVERSITY OP WARSAW 
Received November 4, 1980. 

- 791 -




