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ON SOME CLASS OF NONLINEAR PROCESSES 
WITH A MEMORY IN CONTINUOUS TIME 

Introduction 
In [ l ] we have introduced the notion of a (a,k)-co:nputa-

tion as a continuous function x : <0;+<x>)—|R sa t i s fy ing 
the condition 

k 
(1) x ( t ) = I a ( s )x ( t -k+s )d s for a l l t > k, 

0 

where a :IR —IR i s a non-zero polynomial and k denotes a 
posit ive number. (a,k)-computations seem to be useful in de-
scribing some l inear processes investigated in continuous time 
and which are characterized by a "memory" whose length i s k 
tine units . Such processes occur in many technical , economical 
and b io log ica l problems, e . g . in control theory, Renewal theo-
ry , in the description of c e l l s reproduction [2] e tc . Basic 
properties of (a,k)-computations were investigated by ¿akow-
ski in [ 3 ] , [4 ] . 

In th i s paper we introduce the notion of a CGPk-process 
as a continuous function x : < 0 ; + ° ° ) - » - R sa t i s fy ing some 
in tegra l , generally nonlinear condition (6) . CGPk-proces3es 
seem to be useful in the description of some c l a s s of cont i-
nuous processes, generally nonlinear, with "memory" whose 
length i s k. «7e have a l so considered some qual i ta t ive pro-
pert ies of CGFk-processes. 
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2 . Zakowsxi 

1. Bas ic notat ions and d e f i n i t i o n s 
Let IR dencte the s e t of a l l r e a l numbers and k denote 

an a r b i t r a r y p c c i t i v e nuT.ber. By A and A^ ws denote the 
fol lowing s e t s 

( 2 J A = { ( s , t , u j € |R3 : O i s 4 k A t > k A u £ r | 

and 

( 3 ) - A1 = { ( t , v ) € R 2 : t > k A v e R ) . 

Let F : A ——R and G s A1 — R be continuous f u n c t i o n s . 
'.Ve assume that there e x i s t pos i t ive numbers L-r, and LP sucfc. 
that for every s € < 0 ; k > , t > k, u, u € R and v,v c R the 
ineq u a l i t i e s 

(4 ) | F ( s , t , u ) - F ( s , t , u ) | < L p .|u-u| 

and 

(5 ) |G(t,v) - G(t ,v)| < L q .|v-v| 

hold. 
D e f i n i t i o n : The contiguous function 

x : < 0 ; + o o ) - ~ R f u l f i l l i n g for a l l t > k the condition 
k 

(6 ) x { t ) = G^t, f F ( e , t , x ( t - k + s ) ) d s ) 
0 

i s said to be CGFK-process (continuous GFk-prooess). 
I f G ( t , v ) = v and F ( s , t , u ) = a ( s ) * u , where a : - I R — R 

i s a non-zero polynomial, then CGFk-process i s a (a ,k)-compu-
t a t i o n introduced in [ j J . In t h i s case the condition (6) i s 
i d e n t i c a l with the condition ( 1 ) . Consequently, the notion 
of a CGFk-process i s a g e n e r a l i z a t i o n of the notion of 
(a ,k) -computaiion. Any CGFk-process describes some r e a l , con-
tinuous process which generally i s nonlinear and has a "me-
mory" of length k. 
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Soma class of nonlinear processes 3 

R e m a r k 1. Let f : <0;+ » ) —^ p be an arbitrary 
continuous function. For every k > 0 this function is a 
CaFk-process when for example F s 0 and G(t ,v ) = f ( t ) f o r 
a l l t > k and v e R . 

I f x : < 0;+o®)—-R , then the restr ict ion of x to the 
set U £<0;+«*>) is denoted by x|U. In particular, i f x 
is a CGFk-process, then x |<0;k> is called the i n i t i a l sta-
te of x. 

I f x : < 0;+ oo) — R and T > 0 then by x^ we denote 
the function <0;+«° )—— R such that 

(7) x T ( t ) = x ( t + T) for a l l t > 0. 

The set of a l l real and continuous functions on the in-
terval <0;a > we denote by C < o . a > * 

2. Some properties of the CGPk-processes 
I t fol lows from the condition (6) that i f f is the i n i -

t i a l state of any CGPk-prooess then 

k 

T h e o r e m 1. I f the function t e ^<o*k> sat^-s~ 
f i e s the condition (8 ) , then there exists exactly one CGPk-pro 
cess x such that x |<0;Jc> = f . ThiB CGFk-process is a l i -
mit of the sequence (xQ ) of successive approximations, de-
fined as fol lows: 

(8) 

0 

(9) 
f ( t ) for 0 < t <k 

f ( k ) for t > k 

and 

f ( t ) for 0 < t 



4 W.iakcwski 

n = 1,2,... . The sequence (xn) is almost uniformly conver-
gent on the interval <0 ;+oo ) . 

P r o o f . Let <S denote an arbitrary positive number 
greater then k. We define the metric space: 

(11) € {
f
k '6 ) = {x 6 c < 0 ; 6 > S X | <0;k> = f ) 

with the metric 

( 1 2 ) o ( x , x ) = sup ( e X t | x ( t )-x( t ) I ) 
<0; 6 > 

where \ i s a negative number such that 

e * k - 1 (13) V L F • ^ < 1 ' 

The space (11) i s complete. On thi s space we define an opera-
tor A as follows 

(14) A[x( t ) ] = 
f ( t ) for 0 < t <k 

k 
G(t, j F( s , t , x ( t - k + s ) ) d s ) for k« ; t<<5. 

On the bas i s of (8) we observe that the operator A trans-
forms the space (11) into i t s e l f . 

In view of (14) , ( 4 ) , (5) and (12) we have for every 
t e ( k ; 6 > and for every i , x 6 c [ k , i | ! 

• W | A [ * ( t ) ] - A p ( t ) ] | < 

k 
< Lq'Lji j e X { k - 8 , e W t - k + 8 , | x ( t - k + s ) - 5 ( t - k + s ) | d s < 

k 
^ L q . ^ . ^ x J ) J e ^ k - B , d s = L g . L p . ^ x . x ) 

0 
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borne c lass of nonlinear equations 5 

This implies that for every x,x c 

§ (A[x ] t A[? ] ) < LG.Lp a * \ - 1 9 ( x , S ) . 

From th i s and flrom (13) , applying Banach's f ixed point theo-
rem, i t follows tjhat there ex i s t s exactly one function 
x# 6 such that x# = a [x # ] . Moreover, x„ = lim . xQ, 

where xn> n-= 0 , 1 , 2 , . . . i s defined by (9) and (10) for 
t e <0 ;6> . From (12) we note that the sequence (xQ) i s 
uniformly convergent on the interva l <0;£>. Because 6 de-
notes an arbi trary positive number greater than k, the proof 
i s complete. 

R e m a r k 2. The application of the metric (9) cau-
ses that there i s no contraints imposed on the numbers LQ 
and Lp in Lipschi tz ' s conditions (4) and (5) . 

T h e o r e m 2. If x i s an CGFk-process, and, more-
over, i f : 

1° there ex i s t s a continuous function 

Mp j { ( s . t U R 2 : 0 < s < k A t > k j —- <0;+ » ) 

such that for every (s , t ,u) e A (see (2)) the condition 

(15) |F(s,t,u)|< Mp(s,t)•|u | 

holds, 
2° there ex i s t s a function 

MQ :<k;+oo) _^<0;+oo) 

such that for every ( t , v ) t A^ the condition 

(16) |G(t,v)|<MG(t).|v| 

ho?.ds, 
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6 W.Zakowski 

3° there exists a number tQ> 0 for which the function 
x |<t 0;t Q+k> is nonnegative (nonpositive) and nonzero and, 
more over 

k 
(17) MQCt0+k)»j Mp(s,t0+k)ds < 1, 

0 
then the function x | < t Q ; t 0 + k > is not nondecreasing (or 
not nonincreasing, respectively). 

P r o o f . If the function x |^^ot^o+k> i s nonnega-
tive and nonzero, then in view of (6), (15) and (16) we have 

k 
x(tQ+k) < Mgit^k)./ Mp(s,t0+k)x(t0+8)ds. 

0 

Henoe we get 

(18) x(t +k) < 
<*o 

& 

sup x«Mp(t +k)»/ lL(s,t +k)ds. 
;t o +k> ^ 0 0 

If 
k 

MQ(tQ+k) = 0 or f Mp(8,tQ+k)d8 = 0 

then we have x(tQ+k) = 0. This implies that the function 
x | <t 0;t Q+k> is not nondecreasing. In the case if 

k 
MG(tQ+k) f Mp(B,tQ+k)d8 > 0 

0 
the inequality 

x(t +k) < sup x 
< t 0 ; t 0 + k > 

holds on the basis of (17) and (18). On the other hand, there 
exists a number c € <t ;t +k> such that x(c) = sup x, 

< W k > 
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Some c l a a e of non l inea r j p rocesses 7 

whence I t f o l l o w s t h a t x( t Q +k) < i ( o ) , which completes the 
proof f o r the case of nonnegative and nonzero f u n c t i o n 
x | < t Q ; t Q + k > . I n the case when t h i s f u n c t i o n I s nonpos l t l ve 
and nonzero , t h e proof I s antilogous. Q.E.D. 

T h e o r e m 3. I f x I s an CGFk-prooess and the 
hypotheses 1° and 2° of Theorem 2 hold and, moreover, f o r 
every t > k the c o n d i t i o n 

k 
(19) M q ( t ) . / Mp(8, t )ds < 1 

0 

h o l d s , t h e n t h e r e e x i s t s a number c e < 0 ; k > such t h a t f o r 
every t > 0 

(20) | x ( t ) | < | x ( c ) | . 

P r o o f . The CGFk-process x i s a l i m i t of the s e -
quence (xQ) of success ive approximat ions , def ined by . equa -
l i t i e s (9) and ( 1 0 ) , where f = x | < 0 ; k > . Let M = sup | x ( t ) l . 

' <0;k > ' 
On the b a s i s of (15) and (16) we have f o r every t > k and 
n = 1 , 2 , . . . 

k 
(21) | x n ( t ) | < M g i t ) . / H p ( s , t ) | x n _ 1 ( t - k + s ) | d s . 

0 

We observe (see (9 ) ) t h a t | x 0 ( t ) | < M f o r every t > 0 . From 
t h i s and from i n e q u a l i t i e s (19) and (21) apply ing mathemati-
c a l i n d u c t i o n we g e t | * n ( * ) | f o r every t > 0 and 
n = 0 , 1 , 2 , . . . . Pass ing i n t h i s i n e q u a l i t y to the l i m i t wi th 
n + oo we ge t l^f*)) every t > 0 . Obviously, 
t he re e x i s t s a number c € < 0 ; k > such t h a t | x ( c ) | = M, so 
we ge t i n e q u a l i t y ( 20 ) . Q.E.D. 

C o r o l l a r y 1. I f hypotheses 1° and 2° of Theo-
rem 2 and the c o n d i t i o n (19) h o l d , then any CGPk-process i s 
bounded on the i n t e r v a l < 0 ; + o o ) . 
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8 V.Zakowski 

Theorems 2 and 3 g e n e r a l i z e sooe analogous theorems of 
the paper [ 3 J . 

T h e o r e m 4 . I f z i s an CGPk-process- and i f 
therg e x i s t s a f i n i t e l i m i t 

(22) l im x ( t ) - g 

and, moreover, i f P ( i 8 , t , g ) converges f o r t to the 
f i n i t e l i m i t P ( s ) , uniformly with s e < 0 ; k > , i . e . f o r 
every £ > 0 there i s a 6 > k such tha t f o r every s e < 0 ; k > 

(23) t > ¿ = > | P ( s , t , g ) - F ( s ) | < c , 

then 

(24) g = l im o f t , I P ( s ) d a V 
t - + ~ V J ) 

P r o o f . Prom the cond i t ion (22) we have f o r every 
t > k 

k 
g + £ ( t ) = c ( t , / P ( s , t , g + 1 ( t - k + e ) ) d s j , 

0 

where t ( t ) — 0 i f t + • • . Henoe , in view of ( 4) and ( 5) 

k 
g + £ ( t ) = c ( t , f F ( s , t , g ) d s ) + ^ ( t ) , 

0 

where fi{ t ) 0 i f t — + 0 0 . The assumptions imply tha t 
the f u n c t i o n P i s continuous on the i n t e r v a l < 0 ; k > . Con-
s e q u e n t l y , by (5) and (23) we have 

a. 

(25) g + £ ( t ) = d(t, f P ( s ) d s ) + / I ( t ) , 
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Dome class of nonlinear processes 9 

where ji(t)-~0 i f t —- +0«. Passing to the liaiit with 
t — + 00 in equality (25) we get condition (24). Q.ii.D. 

H e m a r k 3 . In the case i f G (t ,v ) = v and 
F ( s , t , u ) = a ( s ) ' U , where a : R — R is a non-zero polynomial, 
i . e . in the case i f an CGFk-process i s a (a,k)-computation, 
the condition (24) has the form 

k 
g = J a ( s ) gds . 

0 

I f g J 0, then this equality is equivalent to the equality 

k 
J a ( s ) d s = 1 
0 

given in the papers [ 1 ] and [ 3 ] . 

3 . Relations between CGPk-processes and k-computable 
functions 

T h e o r e m 5. I f x i s CGFk-process and i f there 
exists a number T > 0 such that fo r every t > k , s £ < 0 ; k > , . 
v e R and u e R 

(26) G(t+T,v) = G ( t ,v ) and Ffs j t+T.u ) = F ( s , t , u ) 

then the function xT (see (7 ) ) i s also a CGFk-process. 
P r o o f . The function x ,̂ i s obviously continuous. 

In view of (6) we have fo r every t > k 

k 
x (t+T) = G^t+T, J F(s,t+T:, x(t+T-k+s) )ds j . 

Hence, in virtue of (26) and (7) 

k *P<t) = ¿ ( t , J F ( s , t , x T ( t - k + s ) ) d s ) 
0 

for a l l t > k, which completes the proof. 
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10 W.fcakowski 

T h e o r e m 6. I f x^ and x2 81,0 CGFk-processes 
and the condition (26) holds for T = T^ and T = T2, then 

(27) [ (x 1 |<T1 ;T1+k> ) = (x2 | <T 2 ;T 2 +k> ) J = > 
T1 T2 

= i> [ ( x 1 |<T 1 ; + oo)) = ( x 2 | < T 2 ; + ~ ) , ] . 
±2 

P r o o f . According to (7) we have 

h ^ t ) = ( * 1 |<T 1 ;T 1 +k> ) ( t ) = x ^ t + T ^ for t e < 0 ; k > 
T 1 

h 2 ( t ) = (x 2 |<T2 ;T2+k> ) ( t ) = x 2 ( t+T 2 ) for t e <0;k > 
T2 

H ^ t ) - ( * 1 |<T 1 ; + -o ) ) ( t ) = x^t+T., ) for t e <0 ; + ~ ) 
T 1 

and 

H 2 ( t ) = ( X 2 | < T 2 ; + OO)) ( t ) = x 2 ( t+T 2 ) f o r t e < 0 ; + o » ) . 
T 2 

I t fol lows from Theorem 5 that the function H1 i s an CGFK-pro-
cess with the i n i t i a l state h^ and the function H2 i s 
an CGFk-process with the i n i t i a l state hg. Consequently, in 
virtue of Theorem 1, the equality h^ = h2 implies H1 = H2. 
Q.E.D. 

I f the conditions (26) hold for a l l T > 0, i . e . i f the 
functions F and G are constant with respect to the va-
r iab le t then from Theorem 6 we get fo r any CGFk-process x 
the following conditions 

(28) [ ( x |<T 1 ;T 1 +k> ) = (x |<T2 ;T2+k> ) ] = > 
T1 T2 

= > [ ( x | < T l S + « o J ) = (x |<T2 ;+oo) ) ] 
T 1 T 2 
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Some c l a s s of nonlinear processes 1 1 

for every 0 and Tg> 0. This condition i s a necessary 
and s u f f i c i e n t condition of k-computability in the sense of 
the paper [5 ] . Consequently, we have 

C o r o l l a r y 2. I f the conditions (26) hold for 
a l l T^O, then any CGFk-process x i s k-computable. 

We observe that in the l inear case, i f G(t,v) = v and 
P ( s , t , u ) = a ( s ) * u where a:IR-"-IR i s a non-zero polynomial, 
the conditions (26) obviously hold for a l l T > 0. Hence any 
(oc>k)-computation i s k-computable. 

The k-computable functions posses many interest ing proper-
t i e s (see [5])» In the specia l case when the function P and 
G are constant with respect to the variable t i t follows 
from Corollary 2 that CGPk-processes possesses a l so these 
propert ies . 

Note that inves t igat ions , given in papers [6] and [7] , 
concerning (Z,Q)-computability a l so concern k-computability 
because any k-computable function i s (Z,Q)-computable in the 
case i f Z = <0 ;k ) and Q = < 0 ; + oo). . 
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