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ON n - HAMILTON1AN GRAPHS OF MINIMAL SIZE 

Our terminology follows that of Harary [ 3 ] . We consider 
f i n i t e , undirected graphs without loops and multiple edges. 

Let G = (V,E) be a graph of p v e r t i c e s and 0 £ n < p - 3 . 
G i s said to be n-Hamiltonian i f f for every set U c V of 
at most n elements, the graph G-U i s Hamiltonian. 

n-Hamiltonian graphs were introduced and investigated 
f i r s t by Chartrand, Kapoor and Lick They proved in par-
t i c u l a r that the size of an n-Hamiltonian graph of the order p 
i s not l e s s than . Introducing for every p and n 
an n-Homiltonian graph of exact ly edges we s h a l l 
show that t h i s bound i s the best possible . 

T h e o r e m 1. For every p > 4 and n, 0 < n <p-3» 
there e x i s t s an n-Hamiltonian graph of the order p end of 

P r o o f . Let C be a graph with the set of v e r t i -

form . . . , p - 1 ( s l l arithmetic in V 
i s done modulo p), i . e . C i s 3 (simple J c^c.le of ths 

the size 

ces having as edges e l l paire of the 

length p. Clearly Cp i s O-Hamiltonian end has 
edges. 

Case 1. n = 1. 

[¿! e 
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One can e f f o r t l e s s l y convince h imse l f t h a t i n both cases 
G.|(p) i s 1 -Hami l ton ian and i t s s i z e equa ls 

P-2 p-1 

P i g . 1 

The k - t h power G of a graph G i s the graph ob ta ined 
from G by j o i n i n g a l l p a i r s of v e r t i c e s a t d i s t a n c e s a t 
most k i n G. 

Case 2. n i s even. 
Let n = 2k and denote GQ(p) = ( C p ) k + 1 . Clear ly Gn(p) 

i s 2k+2- regu la r and thus i t s s i z e equals 
For every two v e r t i c e s e Vp denote by d i s t ( i , j ) the 

j . Clear ly d i s t anoe i n C_ between i and 

d i s t ( i . j ) = m i n f i - j . j - i ) 

( i - j and j - i are c a l c u l a t e d modulo p) . Notice t h a t d i s t ( i , j ) = 
= i - j means t h a t t h e r e are e x a c t l y i - j - 1 v e r t i o e s of Cp 

se t a f t e r j and be fo re i i n the n a t u r a l c y c l i c o rde r ing 
For convenience we s h a l l wr i t e "between j and i " 

j and b e f o r e i i n the . . . e t c " . Notice 
t h a t "between j and i " and "between i and J" are d i f f e -
r e n t t h i n g s . 

= s > p-2k. Denote 

V 
i n s t e a d of " a f t e r 

= a 
Let us take a s e t A £ V , |A 

and assume 
1 s < a r < a . Let 

U = V - A. C lea r ly 
. 1 "2 ^ ' 

U | = p-s < 2k = n. '.Ve have to f i n d 
a spanning cycle i n Gn(p) - U. 

C betv/een every two consecut ive 
, P 

I f the d i s t a n c e s i n 
e lements of the sequence (a^ t & 2 * ' ' ' , a s , a 1 ^ 3 1 , 6 n o t £ r e a ^ e r 
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than k+1, then the sequence I tself is a spanning cycle in 
G^ip) - U. Suppose this is not the case and let dist(aLj,as) 
> k+1. Consequently, there are at least k+1 elements of U 
between ag and a1. Since |u|<2k, there are at most 
k-1 elements of U between a i and a„. Thus, for every 1 8 
i = 1,2, . . . ,s-2 we have distfa^ta^g) < k+1 and by defini-
tion of G2j£{p) â  is adjacent to ai+2* Now i s clear 
that the sequence ( a ^ , . . . , a 0 , . . . , a ^ , a 2 ) is a span-
ning cycle in Gfl(p) - U. 

Case 3. n is odd, n > 1. 
Let n = 2k+1 and denote G2k(p) = (vDiE2k^' Furthermore let 

•>-{{ • . L I J { M i l * ' I { i l l - i . " I I J - 1 M l i J - 2L1J|) • 
Notice that for even p's { o , [ | j | = { [ |J , 2[£j j . Hence 

|d| = ["̂ "j in both even and odd cases, and therefore the size 
of the graph G2k+1 Cp) = (Vp,E2kUD) equals [P( 2jj+3)]= [p(_g±gj"j 

G3 (12) 

Pig. 2 
Let us take a set A 5 V^, A 

s ^ p-2k-1 and a1 < a2 < . . . < ; 
two consecutive elements of the si 

g to 

G3(11) 

| a 1 , a 2 , . . . , a g I and assume 
I f s > p-2k or every 

uence ( a ^ , a 2 • • • • , a Q ) 
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are in Cp at the distance not greater than k+1, or fo r 
every i between 1 and 8-2 d i 8 t ( a i t a i + 2 ) < k+1» * 
Is 'the set of vertices of a cycle In G21c(p) and thus in 
G 2 k + 1 ( p ) , too, 

How, assume s = p-2k-l. Denote 0 - V - A. Clearly 
|U | = 2k+1. Suppose dist(aQ,a.j) = k+2 and for sons 1, 
d i s t i a ^ a ^ ) = k+2. 

There are two cases to be considered: 
(a) there exists 1, 1 < l < s - 2 , such that d i s t ( a l t a 1 + 2 ) = 

= k+2 and 1 < d i s t ( a l t a l + 1 ) < k+1. See f ig.4a. 
(b) there exists 1 such that d i s t i a ^ a ^ g ) = k+2 and 

dist<a, ,a, .J = k+1. See f ig.4b. 

Fig.<a Fig.4b 

In the case of ( a ) , d i s t ( a l + 1 < k+1 and there are 
no elements of U e i ther between â  and a^, or between 
a l+2 an<^ V "'ithout loss of general i ty assume a^-a^ < 

< as " a l+2* 
Since k+1 < both a1 + [-|J and a1 + [ - ^ J belong 

to the set { a i + 2 , a l + 3 ' ' ' * , a s } ' least one of them i s adja-
cent to a.j (thanks to an edge from Dj. Denote that one by a^. 

Consider the sequence 
C1 = ^ a l ' a d ' a d + 2 ' ' ' ' , a s * ' ' ' , a d + 3 ' a d + 1 , a d - 1 , a d - 2 , a d - 3 t ' * ' , 3 1 ' ' 
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I t s s e t of e lements equa l s A snd every element (except a 1 ) 
occura in i t only once. I f ad i a i + 2 t h e n C. i s a c y c l e 
in ^'ok+i^P'* ad = a l + 2 t h e n » s ince d i s t ( a l + 1 , a 1 + 2 ) < 
< k+1 and d i s ' t ( a i + 2 » a l + 3 ^ * 1» w e h a v e d i s t ( a l + 1 ) ^ 
< k + 1 . Thus, a l + 1 i s adjacent to a i + 3 i n G2k+1^p' anc* 
tile sequence 
C2 = , a l + 2 ' a l + 4 ' ' ' ' , a s ' * ' ' , a l + 5 ' a l + 3 , a l + 1 » a i » ' • • ' a i ' 
i e a cyc le i n G2ic+1 ( p) . 

Now, suppose fb) i s the ease . Then there are no e lements 
of U between a^ and a^, nor between a n d a s* 
• i t h o u t l o s s of g e n e r a l i t y assume a i ~ a i ^ a s ~ a l + 1 ' i n 

the cst8e of (a), there e x i s t s a v e r t e x a^, a i + i <"as> 
adjacent to a^ in G2k+1 ^ ' ad ^ a l + 1 ^ e n ^ i s 

a 6ycle i n r e q u e s t . I f a^ = then by the d e f i n i t i o n 
6f D = a g - a ^ + 1 . Consequently a^ or a d j a -
cent t(7 a g i n ®2k+1 ^ P̂  • Denote 
Cy m ( S.j i • • • , Sg f , » al_2 ' * * * 5 S2 ' ^ ^^ 

= ^ ®"f ' a d + 1 ' * *"' a s * a l - 1 ' a l ' a l - 2 ' a l - 3 ' * *" ' a1 ^ * 
I f a^ i e adjacent to a g then c l e a r l y C^ i s a cyc l e i n 

a n d a l - 1 i s a d j a c e n t t o a
8 then C^ i s 

a c y c l e . Q.E.D. 
The f o l l o w i n g simple c o r o l l a r y i s a consequence of the 

Theorem, case 2. 
C o r o l l a r y 1. For every Hamiltonian graph G 

k+1 
and f o r every i n t e g e r k > 1 G i s 2k-Hamiltonian. 

Further obvious r e s u l t s of s i m i l a r nature can be obtained 
using well-known theorems of Sekanina ( t he cube of every con-
nected graph i s Hamiltonian) and F l e i s c h n e r ( t he square of 
every 2-connected graph i s Hamil tonian) . 

C o r o l l a r y 2. For every connected graph G and 
f o r every i n t e g e r k > 1 i s 2k-Hamiltonian. 

C o r o l l a r y 3. For every 2-connected graph C plU+1) and f o r every i n t e g e r k > 1 G v ' i s 2k-Hamiltonian. 
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