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ON DECOMPOSITIONS OF QUASI-LEIBNIZ D - R ALGEBRAS 

I n t r o d u c t i o n 
In the present paper we cons ider D-H a lgebras i n the s e n -

se of [2] and [ 5 ] , which s a t i s f y an a d d i t i o n a l cond i t i on , n a -
mely the so -oa l l ed Quasi-Leibniz condi t ion ( s h o r t l y : QL-oon-
d i t i o n ) . Ve have d i s t i ngu i shed th ree types of such a l g e b r a s , 
naaely B1, B2, B3 (see [ 1 ] , [ 2 ] ) . In t h i s paper we s h a l l i n -
v e s t i g a t e a lgebras of the type E3 and t h e i r s decomposit ions 
onto d i r e c t sums. Ve s h a l l cha rac t e r i ze such decomposit ions 
and give cond i t ions f o r t h e i r e x i s t e n c e . F i r s t l e t us r e o a l l 
some d e f i n i t i o n s . 

Let here and in the sequel X be a commutative a lgeb ra 
over a f i e l d K of s c a l e r s . Ve assume t h a t the m u l t i p l i c a -
t i o n i n X i s not t r i v i a l . Denote by L(X) the s e t of a l l 
l i n e a r opera to r s ac t i ng i n X. For a given operator Ac 1^1) 
i t s domain w i l l be denoted by (J)A i s a subalgebva of X). 
The s e t of a l l r i g h t i n v e r t i b l e opera to rs ac t ing in X w i l l 
be denoted by R(X) ( c f . [ 3 ] ) . 

D e f i n i t i o n 1 ( c f . [ 2 ] ) . A r i g h t i m r e r t i b i e 
opera tor A e L(X) i s sa id t o be a QL-operator i f t he re e x i s t s 
d € K such t h a t 

(1) D(x«y) = Dx«y + x«Dy + d*Dx«Dy f o r a l l x ,y e 

In [2] we have shown t h a t the constant d in (1) i s uniquely 
determined by D. Ve w i l l denote t h i s constant by d n . D»«o-
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2 Z.Dudek 

te by QL(I) the s e t of a l l QL-operators in X and by 
QL*(X) the s e t of a l l (¿¿-operators i n X, having t h e i r s un i -
v e r s a l constant dp d i f f e r e n t from ze ro , i . e . 

(2) QL(X) = | A e L(X): A i s a QL-operator i n x j , 

(3) QL*(X) = | A £ QL(X): d A e K # } , 

where K * » K \ { o } . 
I t i s easy t o show t h a t f o r each a e K* and DcQL(Xj we 
have ( c f . [2]) 

( 4 ) A DE QL(X), 

D e f i n i t i o n 2 ( c f . [ 2 ] ) . A m u l t i p l i c a t i v e 
opera tor AcL(X) i s said to be an M-operator i f i t s domain 

<Z>A i s a eubalgebra of X and (A- I )€H(X) , i . e . 

(6) A(x*y) = Ax«Ay f o r a l l x,yeaDA, 

( 7 ) 3 r t e L ( l ) f d D H = 1 and DR « I , 

where I denotes the i d e n t i t y opera tor i n X. 
Denote the s e t of a l l 11-operators i n X by M (X). 
I h e » r e n 1. There i s one-to-one correspondence 

between QL*(X) and A ( I ) < K ' given by the formulas 

(8) F « QL'(X)—jK(X) * K*, *(D) - ( I + dD«Df d D ) , 

(9) • "*« J ( X ) * K* — QL"(I) , • _ 1 ( A , d ) - J- (A - I ) . 
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Quasi-Leibniz D-R algebras 3 

P r o o f . Denote the components of the map $ by 
and $2 respectively. Ve have 

(10) *(D) - ( ^ ( D ) , * 2 (D)) = (I + dD.D,dD). 

Let now DeQL*(X) and x , y e £ c = (D)' T h e n w e obtain 

(11) • 1 (D)(x-y) = (I+dD*D)(x«y) = X'y+djjdJx^y+X'Dy+jdjj'Dx'Cy) = 

= * 1 (D)x .* 1 (D)y. 

Of Course, the operator $.j(D) - I • d^'D is right invertib-
le , which proves the f i r s t part of Theorem 1. 

Let now A e J t ( X ) and d e K*. Then the operator 
• ~1(A,d) = J- U - I ) i s right invertible, because A is an 
U-operator. 

Let x,y e J). , . Then 
A * _ 1 ( A , d ) 

(12) $ " 1 ( A , d ) ( x . y ) = J { A - I ) ( x . y ) = A ( x . y ) - x - y ) = }(Ax.Ay-x.y) = 

= ^-(Ax*Ay-x. Ay-Ax.y+x.y+Ax»y-x.y+Ay.x-x»y) = 

= J(Ax-x)(Ay-y) + J(Ax-x)y + }(Ay-y)x = 

» •" 1 (A t d)x.y + x.#"1(A,d)y + 

+ d*" 1(A,d)x.^" 1(A,d)y. 

D e f i n i t i o n 3 ( c f . [ 2 ] , [ 4 ] ) . I f D i s a 
QL-operator in the algebra X, then we say that the pair (X,D) 
i s a QL-algebra (or quasi-Leibnia D-R algebra). I f H i s a 
fixed right inverse of D, then the QL-algebra (X,D) will be 
denoted by (I ,D,R). We say that a QL-algebra (X,D) i s genera-
ted by an operator AeJI(X) i f 
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(13) D = * - 1 ( A , d D ) , 

where • i s as i n ( 9 ) . 
P r o p o s i t i o n 1. I f A € JH(X) i s a homomor-

phism of a s u b a l g e b r a J) ^ w i t h u n i t e i n t o Z and the 
QL-a lgeb ra (X,D) i s g e n e r a t e d by A, t h e n 

( 1 4 ) • De = 0 . 

P roof f o l l o w s immedia te ly f rom ( 1 3 ) . 
S ince now we s h a l l c o n s i d e r only such Q L - a l g e b r a s where 

<Dp i s a s u b a l g e b r a w i t h u n i t e of X. 
D e f i n i t i o n 4 . A g iven QL-a lgebra (X,D) w i t h 

u n i t e e dDD i s s a i d t o be of the type Reg i f 

(15) D ^ e <CD f o r i » 0 , 1 , 2 , . . . , k . 

I f a QL-a lgebra (X,D) i s of the type Regk f o r a l l k = 0 , 1 , . . . , 
t h e n we say t h a t (X,D) i s of the type R e g 0 0 . 

v 
Open q u e s t i o n : Does e x i s t a QL-a lgebra of the type Reg , 

which i s no t of the type Reg 0 0 ? 
For g i v e n s u b s e t s A, B of an a l g e b r a X we deno te by 
< A>b the se t 

n 
(16) <A>b = (y« X: 3 3 7 = 2H 

ncH a 1 , . . . ,aQeA 

I f A i s a f i n i t e s u b s e t of X, i . e . A * j a ^ , . . . , a a J , 
t h e n we w r i t e 

( 1 7 ) <A>b * < a 1 t . . . , a n > B . 

C o r o l l a r y . I f B = X and A - { a
0 } » *ken 

< a n > i s a two-s ided i d e a l g e n e r a t e d by a : i n o t h e r words O Y O 
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Q u a e ! - L e i b n i z D-R a l g e b r a s 5 

( 1 8 ) < a 0 > x = { z a 0 t z e x } . 

I f B = X t h e n we w i l l d e n o t e t h e s e t s h o r t l y by 

<* 0 >. 

D e f i n i t i o n 5 ( c f . [ 2 ] ) . A g i v e n Q L - a l g e b r a 

(X,D) i s s a i d t o be QQL-decomposable i f t h e r e e x i s t non t r i -

v i a l s u b a l g e b r a s X 1 , X 2 of X s u c h t h a t 

( 1 9 ) x = x 1 © Xg, J ) D = ( x 1 n j ) D ) © tf)Dn Xg) 

and 

( 2 0 ) D: Xj — ' ^ X j f o r j = 1 , 2 . 

A QQL-decomposable Q L - a l g e b r a (X,D) i s s a i d t o be QL-decompo-

s a b l e i f ) and ( ^ ' ^ X ^ a1"® Q L - a l g e b r a s . 

T h e o r e m 2 . I f a Q L - a l g e b r a (X,D) i s QQL-decompo-

s a b l e onto a l g e b r a s X^ and Xg t h e n 

( 2 1 ) X = <e. j> © < e 2 > , 

whe re e ^ e 2 a r e u n i t s of X^ and X2 r e s p e c t i v e l y . 

P r o o f . S i n c e X = X1 © Xg, we have Z^'X^ =* 0 . 

We s h a l l show t h a t 

( 2 2 ) e = e 1 + e 2 . 

Assume t h a t e • c 1 + c 2 f o r son» e l e m e n t s o^e X^, c ^ X g . 

+ c 2 • e « 

2 . . 2 

2 2 2 2 2 
Then + ° 2 " 6 * ® + c 2 + 2 o 1 c 2 * °1 + c 2 

°1 0 c-| » c 2 " °2 0 n o t t i e r ^ ^ ^ w e b a v e t h a t f o r a l l 
e l e m e n t s z ^ Z ^ and XgCXg 

( 2 3 ) x 1 - x ^ e » x 1 » c 1 + x ^ C j • x ^ c - j , 

( 2 4 ) X j " x 2 * e " x 2 * ° 1 + x 2 * c 2 " 

- 749 -
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which implias tha t 

(25) c.| « e 1 and o 2 « e^ . 

I t fol lows from (23-25) tha t X 1 c < e 1 > end ïg c <«2>. 
For each x e X we have 

(26) x = x1 + * 2 , 

where x^ e , X g e X ^ which implies t ha t 

e ^ x = = € , «g.x = e 2 »x 2 = X g t l g , 

80 

< 0 ^ 0 x 1 t <e 2 > cXg and X1 = <e1>, X2 = <e2>. 

Of course, from Theorem 2, we have f o r both X̂  and X2 t h a t 

(27) X, = < e 1 > x = < e 1 > X i , 

(28) Xg * <e2>x = <a2>X2* 

P r o p o s i t i o n . I f the only ideaipotents i n 
a (¿L-algebrs. are e and 0 then (X,D) is not decompo-
s a b l e . 

F r o o f . Let (X,D) be WQL-decomposable onto X̂  
and ¿2 with uni ts e^ and e 2 r e s p e c t i v e l y . Then we have 

(2J) e = e 2 = e.,2 + e 2
2 = e.j + e 2 < 

Hence e^ * 0 or e 2 = 0, which c o n t r a d i c t s to our assum-
ptions that X.| end X2 are not t r i v i a l a lgebras , 

«n immédiate consequence of (1) i s the equa l i ty 

(30) D«(x + d'Dsc) • 0 fo r a l l x c ¿>D ( c f . [ l ] ) . 
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Quasi-Leibniz D-R algebras 7 

The equa l i ty (30) g ives three possible cases 
¿1 : De = 0, 

E2: D = - J I , 

E3: De / 0 and D / - g- I and De(x + d*Dx) = 0 
for a l l x e J)D . 

Let (X,D) be a QL-algebra. Denote by DE the set 

(31 ) IB = {y € Is De-y = 0 j . j 

P r o p o s i t i o n 3. For a given QL-algebra (X,D) 
the set DE i s a two-sided idea l in X. 

P r o o f . If X É Î , y e DE then (x'y)*De = 
= x(y.De) = 0. Also, i f x ,y e DE then (x+y) c. DB. 

T h e o r e m 3. If (X,D) i s a QL-algebra and 
DE = {o} then 

(32) D = - J- I . 

P r o o f . Since DB = {o} then from (30) we have 

(33) De = - J e . 

Let x e J)D . Then we obtain 

(34) Dx = D(x'e) = Dx«e + x»De + d.Dx-De = 

= Dx + x ( - g -e ) + d'Dx»[- f ®) " 

= D x - g - x - D x = - ^ - x . 

T h e o r e m 4. If (X,D) i s a C,L-algebra and 
DE = X, then 

(35) De =. 0. 

P r o o f . Since DE = X, we have for y = e , 

De*y « De » 0. 
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Since now we assume t h a t (X,D) i s a QL-algebra such t h a t 

(36) 0 / DB / X. 

T h e o r e m 5. I f (X,D) i s a QL-algebra and 
0 t DE 4 X then 

(37) DE = <e + d De > , 

(38) ker D c DB, 

(39) DE i s an a lgeb ra wi th un i t (e + d De), 

(40) <De> i s an a lgebra with u n i t ( - d De), 

(41) <De> i s a two-sided i d e a l i n X, 

(42) X = <De> © De. 

P r o o f . I n order to prove formula (37) suppose t h a t 
y € <e + d De > . Then De^y = x«(e + d De)De = 0 f o r an x , 
which imp l i e s y e DB. 

Let now y € DE. Then y = y e = y ( e + d * D e - d « D e ) = 
= y(e + dDe). I n order to prove formula (38) suppose t h a t 
x € ker D. Then from (30) we have De»x = De(x + d»Dx) = 0 . 
I n order to prove formula (39) observe t h a t DB i s closed w i th 
r e s p e c t t o the opera t ions in X. Hence i t i s enough to show 
t h a t 

(e + dDe ) 2 = (e + dDe). 

Prom (30) we have f o r x = e t h a t 

(43) De = - d (De) 2 . 

Thus 

(44) -dDe = (-dDe) 2 
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and 

(45) (6 + dBe)2 = e 2 + 2dDe + d2(De)2 = (e + dDe). 

In order to shoj formula (40) , observe that <De> i s closed 
respect to operations in X and apply (44)* Formula (41) f o l -
lows jus t from the de f in i t i on of <De>. 

For the proof of.formula (42) consider an arb i t rary x € X. 
Ve have the decomposition 

(46) x = + *2» 

where x^ £ <De>, x 2 € DE and 

(47) x1 = x.(-dDe), 

(48) x 2 = x«(e + dDe). 

Henoe 

(49) I = <De> + DE. 

Let now y £ <De> fl DE. Then 

(50) y = y.(-dDe) = y . ( e + dDe) = y . ( -dDe) . (e + dDe) = 0, 

so <De > n DE = jo} and 

(51) X = <De> © DE. 

P r o p o s i t i o n 4. If (X,D) i s a QL-algebra 
of the type Reg^ then 

(52) J )n 0 DS = <e + dDe>j) , u ^D 

(53) ¿>Dn <De> = <De>i) . 
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P r o o f . To prove formula (52) suppose that 
y e < e + dDe > j j . Then y = x* (e + dDe ) f o r an x e <Dn. 

D u 

Since e,De,e + dDe e «Dp, we have x » ( e + dDe) e «D^. Thus 
y e DE fi i ) D and < e + d D e > c á ) D 0 DB. The converse i n c l u -
s ion i s obv ious. In the same way we prove ( 5 3 ) . 

T h e o r e m 6. I f (X,D) i s a QL-algebra of the 
type Reg1 and O i DB / X then (DB, D|D£¡) i s a QL-a lgebra 
wi th unit (e + dDe) . 

P r o o f . Theorem 5 imp l i e s that DB i s an a lgebra w i th 
unit (e + dDe) . Prom P r opos i t i on 4 we have that 

<flD n DE = < e + dDe>oBD ^ d ) ^ 

To prove Theorem 6 i t i s enough to show that D and i t s r ight 
inverse ß are invariant on DE s 

(54 ) D: D B — - DE 

and 

(55 ) R: DB ——DB. 

I f x €<0DnDE then from (30) we have 

0 = De(x + dDx) = De x + De dDx = d De Dx. 

There fo re Dx e DE and (54) i s t rue . 
Putting in (30) Rx . instead of x we have 

0 = De Rx + d DRx = De Rx. 

Then Rx ç DE and (55) i s t r u e . 

T h e o r e m 7. Let (X ,D) be a QL-algebra of the 
type Reg1 and 0 ¿ DE + X. Then (X,D) i s QL-decomposable 
onto QL-algebras of the types E1 and E2 i f and only i f 

( 56 ) D2e = - 4- De. 
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P r o o f . Neces s i t y . I f X = I 1 © Xg, e = e 1 + e 2 

and ( X ^ D I j ) i s of the type E1, ( X ^ D j ^ ) i s of the type 

E2 t hen 

(57) D2e = D(De1 + De2) = D(0 + De2) = d ( - J- e 2 ) = 

= ' I ^ 2 = " i De* 

S u f f i c i e n c y . Let D2e = - j" De. 

Put 

(58) X1 = <e + dDe> , 

(59) X2 = < - dDe>. 

( X 1 f D | x ) and (X 2 ,D | J ' a r e Q L - a l 8 e b r a s w i th u n i t s , which 

f o l l o w s from (56 j .and Theorems ( 5 ) - ( 6 ) . Prom Theorem 5 we have 
t h a t X = X1 + X2 which proves s u f f i c i e n c y . 

T h e o r e m 8 . Let (X,D) be a QL-algebra of the 
type Reg00 and ker D t [ o j and | o } / DE i X. Then 
(X,D) i s QQL-decomposable onto a l g e b r a s X1 , XT, wi th u n i t s 
t x 

e , e-f r e s p e c t i v e l y , such t h a t 

( 6 0 ) 

( 6 1 ) 

( 6 2 ) 

P r o o f . 

(63) 

e ( 1) = e + ' 

(6A) e ( l ) = -dt)e, 

ker D ) x I = { o j , 

ker D c XT, 

( X I t D | x ) i s a QL-algebra . 

Define the fo l lowing sequences : 

X ( 1 ) = DB = < e ( l ) > i , 

X ( 1 ) = <De> = < e ( l , > x , 

- 755 -
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(65) •(k+1) = e ( k ) + d I * ( k ) f o r k x 1 « 2 . « " 

(66) » -dDefk) for k = 1 , 2 , . . . 

(67) I ( k ) - < e ( k ) > I ( k _ i ) for k - 2 , 3 , . . . 

(68) X ( k ) - < e ( k ) > v for k = 2 , 3 , . . . 
(k-1) 

Prom the assumption we have that X 4 ^ which 
impl ies that a lso X / X1 y |o|. 

I f = { 0 } f o r a k * 1 t l i e n f r o m T i i e o r e m 3 we 

have that D« - j l on i ( k j » which impl ies that kerD = j o j . 

I f = ^(ic) then from Theorem 4 we have that De^ j = 
= ( o ) and putting 

(69) X1 = © X ( J ) , 

¿«1 

(70) 1 , = I ( k ) 

we obtain the required decomposition ( c f . [ 3 ] ) . 

Let now 4 j o j and Xj k j / X(k+1) f o r 0 a c h 

k = 1 , 2 , . . . . Putt ing OO 
(71) X1 - © X ( k ) , 

k=1 

00 
(72) Xj = n * (k ) 

k-1 

we obtain the desired decomposition ¡ ( c f . [3 ] )* The uni ts i n 
X1 aod Xj a rs 

OO 

(73) e 1 - © . { k ) , 
k-1 
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(74) e j = e - e 1 , 

r e s p e c t i v e l y . 

REFERENCES 

[ l ] z . D u d e k : Some proper t ies of Wronskian in D-R 
spaces of the type QL,I, Demonstratio Math. 11 (1978) 
1115-1130. 

^2 J Z. D u d e k : Some proper t ies of Wronskian in D-R 
spaces of the type QL,II , Demonstratio Math. 13 (1980) 
987-993. 

[3] Z. D u d e k : Right i nve r t i b l e operators in non Leib-
niz r i ngs (Po l i sh ) , Ph.D. Thesis , IM PW, Warszawa 1979. 

[4] D. P r z e w o r s k a - R o l e w i c z : Algebraio 
theory of r i g h t i n v e r t i b l e opera tors , Studia Math. 48 
(1973) 129-144. 

[5] D. P r z e w o r s k a - R o l e w i o z : In t roduc-
t i on to a lgebraic 'analysis and i t s app l ica t ions ( P o l i s h ) , 
Warszawa 1979. 

[6] D. P r z e w o r s k a - R o l e w i c z : On t r i g o n o -
metric i d e n t i t y fo r r i g h t i nve r t i b l e opera tors , Comment. 
Math. 21 (1978) 267-278. 

[7] D. P r z e w o r s k a - R o l e w i c z , H. von 
T r o t h a : Right inverses in D-R algebras with unit 
(submitted to p r i n t ) . 

INSTITUTE OF MATHEMATICS, TECHNICAL UNIVERSITY OP WARSAW 
Received May ¡31, 1980. 

757 -




