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1. Introduction 

In the present paper we give the solution of some nonlo-
cal problems for a parabolic system of part ia l d i f f e r e n t i a l 
equations. Nonlocal problems of the types (N1), (N2), (N3) 
admit broad physical interpretat ions , e . g . in diffusion pro-
cesses . These problems are closely related to some problems 
already investigated in l i t e r a t u r e , e . g . in [ l ] , [4] . The me-
thods used there consist in reducing the corresponding nonlo-
cal problem to a boundary problem in the half-plane for a sys-
tem of equations. 

The cardinal inconvenience of the method proposed by Eidel -
man [4] consists in the fac t that , even in the case of one 
equation, this reduction of the starting-problem leads to a 
l imit problem for a system of equations. 

The method presented in th is paper makes possible the r e -
duction of some nonlocal problems to a system of Volterra or 
Fredholm integral equations. We shal l make use of the r e s u l t s 
established by the author in papers [2] and [3] , in part icular 
of the construction and properti%£ of the matrix function 
M(x , t ) . We r e c a l l that i f D i s a matrix such that re A>0 
for any eigenvalue X of the matrix D, then by U(x , t ) for 
x t R, t > 0, we shal l understand the sum 
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l i . l iajchrowski 

(1 .1 ) M(x, t ) = 1 + 2 X 1 exp [-k2 jr2tD]cos k j r x . 
k=1 

The vector- funct ion u ( x , t ) iB said to s a t i s f y the system 
of equations (*) in i, i f 

where 

d u n 3 u . T» . , 
"Jt~= D + f i x ' t ) « 

D = [ d i o ] i , 3 = 1 » , 

" f ^ x . t ) " 

f ( x , t ) = 
f n ( x , t ) 

^ ( x . t ) 

L u n ( x , t ) 

in the domain Q = (0 ,1 )*{0,T) , T < «*>. 

The matrix D = [d^j] i s assumed to be such that the system 
of equations (*) i s parabolic in the sense of Pet rovsk i , i . e . 
that 

(1 .2) re K > 0 for any eigenvalue X of the matrix D. 

Introduce the fol lowing notat ions : 

t 
(1 .3 ) u ^ x . t ) = -D J M x (x , t -s )g ! j ( s )ds 

(1 .4 ) 

(1 .5 ) 

u"2(x,t) = D j M x ( x -1 , t - s ) g^ ( s )d s 
0 

1 

r 3 ( x , t ) = \ j [ l i (x -s , t ) -M(x+s , t ) ] r 3 ( s ) d s 
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Certain nonlocal problems 3 

t 1 
(1.6) r 4 ( x , t ) « J / / [ M( x-8, t - - M {x+e, t - y) J g ( s ,rf) ds dp 

0 0 

where g", g^, g"2, g^ are a one fixed functions. 

2. Solution of the problems (S1) and (S2) 
Consider the problem (HI ) : 
Find a vector-function u"(x,t) satisfying the system, of 

equations ( * ) in the domain Q, continuous in Q and suoh 
that 

(2.1) u"(0,t) = F ^ t ) t e (0,T) 

(2 .2) u(x,0) = r 3 ( x ) x e (0 ,1 ) . 

I t i s required, moreover, that at a point X e (0,1) the 
equalities 

u ( l , t ) - u ( * , t ) = h ( t ) 

( 2 .3 ) _ t e (0 ,T ) 
F 3 ( 1 ) - f 3 ( ? t ) = h (0 ) 

should hold, where f ( x , t ) , f ^ t ) , f 3 ( x ) , h ( t ) are given 
funct ions. 

By means of the subst i tut ion 

t t 

(2 .4 ) v ( x , t ) = u ( x , t ) - x I [ f ( l , s ] - f ( 0 , s ) ] d s - / f ( 0 , s ) d s 
0 0 

we reduce the problem to the problem (K1*)s 

(2 .5 ) = D ^ + ? ( x , t ) 

v.-ith the condit ions 

(2.61 v ( 0 , t ) = £ j ( t ) t e * (0 , T) 

(2 .7 ) v ( x , 0 ) = & 3 (x ) x £ ( 0 , 1 ) , 
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where 

( 2 . 8 ) 

g ( x , t ) = f ( x , t ) - x [ f ( l , t ) - f ( 0 , t ) ] - f ( 0 , t ) 

g ( 0 , t ) = g ( l , t ) = 0 
t 

g ^ t ) = £ j ( t ) - j f"(0,s)ds t e ( 0 , T ) 

g"3(x) = f 3 ( x ) x e ( 0 , 1 J . 

The c o n d i t i o n ( 2 , 3 ) takes the form 

( 2 . 9 ) v ( l , t ) - v ( x , t ) = H ( t ) t e ( 0 , T ) , 

where 
t 

H ( t ) = h ( t ) - ( 1 - * ) j [ f ( l , 8 ) - f ( 0 , s ) ] ds . 

By Theorem 8 of paper [3] the s o l u t i o n of t h i s problem can 
be set i n the form 

( 2 . 1 0 ) T ( x , t ) = D j M x ( x - 1 , t - s ) g ^ s j d s + P ( x , t ) , 
0 

where 

( 2 . 1 1 ) F ( x , t ) = -D j K x ( x , t - s ) g"̂  ( s ) d a + 
0 

1 

+ \ j [ U ( x - s , t ) - i K x + s . t j J g ^ s J d s + 
0 
t 1 

+ 2 J J [ l - i U - s , t - ? ) - l i ( x + s , t - 7 ) ] g ( s , 7 ) d s 
0 0 

( 2 . 1 2 ) g"2(t) = T ( 1 , t ) t e ( o , T ) 
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Certa in nonlocal problems 5 

provided t h a t the given func t ions s a t i s f y the r e s p e c t i v e 
assumptions. 

Hence we may s t a t e the fol lowing 
T h e o r e m 1. I f 

1° f ^ i t ) i s piecewise o f c l a s s C1 f o r t e ( 0 , T ) , 

2° h ( t ) i s piecewise of c l a s s C1 f o r t e ( 0 , T ) , 

3° f ^ ( x ) i s the sum of i t s F o u r i e r s e r i e s , x e ( 0 , 1 ) , 

4° F ( x , t ) i s of c l a s s C2 i n Q (hence g(x,t) s a t i s f i e s the 
assumptions of theorem 8 of paper [ 2 ] ) , then there e x i s t d a 
s o l u t i o n of the problem (H1). 

P r o o f . Combining formulas ( 2 . 9 ) and ( 2 . 1 0 ) we i n -
f e r t h a t the f u n c t i o n g 2 ( t ) most s a t i s f y the fo l lowing s y s -
tem of V o l t e r r a i n t e g r a l equat ions of second kind 

t 
( 2 . 1 3 ) g 2 ( t ) = d J M ^ j r - l . t - s ) g 2 ( s ) d s + 1 T ( t ) + ? ( * , t ) . 

0 

I t i s easy t o show t h a t i f A i s the operator mapping the 
space L 2 < 0 , T > i n t o i t s e l f , defined by the formula 

df * 
(A v ) ( t ) — D J M x ( * - 1 f t - s ) v T s ) d s , 

0 

then 

| u k v ) «||B s - s - } k ^ i T r I ' l l . 1 , 2 , . . . 

f o r some constant C > 0 . 
I t f o l l o w s that 

that i s 

l k ' I L , s i ^ f y r H i * " - 1 . 2 . — 

I ' M « T ^ T T 
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Hence we conolude that there e x i s t s axact ly one solut ion of 
the equpt 
the form 

o 
the equation (2 .13) in the space L < 0 , T > and i s given in 

(2 .14 ) g 2 ( t ) = i ( t ) + F ( * , t ) + «" (»(•) + F ( x , - ) ) ( t ) . 
k=1 

This solut ion i s continuous and piecewise of c l a s s which 
follows from assumptions i ° - 2 ° . By assumptions 3 ° - 4 ° and theo-
rem 8 of paper [3] i t follows that formula (2.10) defines a 
solut ion of the problem (N1*). Hence, by virtue of formula 
( 2 . 4 ) we get the solution of the proposed problem (N1), Q.E.D. 

Consider now the problem (N2): 
Find a vector-funct ion a[x,t) sa t i s fy ing the system of 

equations ( * ) in the rectangle Q, continuous in i t s c losu-
re Q, such that 

(2 .15 ) ^ ( 0 , t ) = ^ ( t ) t t (0 ,T) 

(2 .16 ) u(x ,0) = f ( x ) x € ( 0 , 1 ) 

( 2 .17 ) u ^ d . t ) - u ( a f t ) ^ ( t ) - h ( t ) ( 0 , 1 ) , 

where h ( t ) i s a given vector- funct ion and ^i ( t ) i s a given 
s c a l a r function. 

Applying, as in the case of problem (N1), the subs t i tu t ion 
( 2 . 4 ) we reduce our problem to the problem (N2*): 

( 2 .18 ) - | r = ® ( x » t ) 

with the conditions 

(2 .19 ) T ( 0 , t ) = g ^ t ) t t (0 ,T) 

(2 .20 ) v ( x , 0 ) = g 3 ( x ) x e ( 0 , 1 ) , 
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where 

g U . t ) = f ( x , t ) - x [ f d , t ) - f ( 0 , t j ] - f (0 ,t) 

6(0,t) = 6^(1,t) = 0 
_ t _ 
& 1 ( t ) = £ , ( t ) - J [ f ( l , s ) - F(0,s)]ds, t € (0,T) 

0 

e"3(x) = f"3(x) x e (0,1 ) . 

The condition (2.17) takes the form 

(2.21) v ^ O . t J - ^ ( t ) 7 ( * , t ) « ÏT(t), 

where 
t 

(2.22) H(t) = h(t) - (1 - ¡¿(t)x) j [ f ( l , s ) - f(0,s)]ds + 

t 
- fi{ t) j f (0,s)ds. 

0 

By Theorem 9 of paper [3] the solution of the problem 
(N2 ) can be set i n the form 

t 
(2.23) v"(x,t) = D f M(x-1 , t - s ) g 2 ( s ) d s + F ( x , t ) , 

where 

(2.24) P(x,t) - -D f H U . t - s J g ^ s J d s + 

1 
+ j f [M(x-s,t) + ¡¿(x+s,t)] ? 3 ( s ) d s + 

0 
t 1 

+ T / / [M(*-s,t-^)+i.I(x+8,t-^)] g( s , /?)ds drj, 
0 0 

&2[t) = o ^ d . t ) , t e (0,T) 
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provided t h a t the g iven f u n c t i o n s s a t i s f y the r e s p e c t i v e a s -
sumptions* 

Let us now s t a t e the 
T h e o r e m 2. I f 

1° f ^ f t ) i s piecewise of c l a s s C1 f o r t e (0,T) 

2° h ( t ) i s piecewise of c l a s s C1 f o r t e (0 ,1) 

3° fi[ t ) i s cont inuous and bounded f o r t « (0,T) 

4* f ^ ( x ) i s the sum of i t s F o u r i e r s e r i e s , x e (0 ,1 ) 

5° f ( x , t ) i s of c l a s s C2 i n Q (hence ~g(x,t) s a t i s f i e s 
the assumptions of Theorem 9 of paper [ 2 ] ) , 

then t h e r e e x i s t s a s o l u t i o n of the problem (N2). 
P r o o f . Combining formulas (2.21) and (2.23) we f ind 

t h a t the f u n c t i o n g ^ ( t ) must s a t i s f y the equa t ion 

t 
(2 .25) I 2 ( t ) = / i ( t ) D / M ( * - 1 , t - s ) g 2 ( s ) d s + f ( * , t ) + H ( t ) . 

0 

By an argument s i m i l a r t o t h a t of Theorem 1 we e a s i l y show 
t h a t t h e r e e x i s t s a unique s o l u t i o n g ^ ( t ) , piecewise of 
o l a s s C 1 , of the e q u a t i o n ( 2 . 2 5 ) . This s o l u t i o n d e f i n e s , by 
means of fo rmulas (2 .23) and ( 2 . 2 4 ) , a s o l u t i o n of the prob-
lem (H2). 

3 . S o l u t i o n of the problem (H3) 
Consider the problem (H3): 
Find a v e c t o r - f u n c t i o n u ( x , t ) s a t i s f y i n g the system of 

equa t i ons (») and such t h a t 

(3 .1 ) u ( 0 , t ) = l im u ( x , t ) = f , ( t ) f o r t e (0,T) 
x - 0 + 1 

(3 .2 ) u ( l , t ) = l i m u ( x , t ) = f 0 ( t ) f o r t e ( 0 , T ) . 

I t i s r e q u i r e d , moreover, t h a t f o r a f i x e d TQ e (0,T) the 
eq u a l i t y 
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( 3 . 3 ) u ( x , 0 ) - / ¿ ( x ) u ( x , T 0 ) = h ( x ) f o r x t ( 0 , 1 ) 

should h o l d , where f , f 1 , f ^ , IT a r e g i v e n v e c t o r - f u n c t i o n s 
and fi (x) i s a s c a l a r f u n c t i o n such t h a t 

( 3 . 4 ) 0 < | u ( x ) < 1 . 

T h e o r e m 3. I f the e i g e n v a l u e s of t he m a t r i x D 
a re r e a l , t h e n the problem (N3) h a s a t most one s o l u t i o n . 

P r o o f . I f IT| ( x , t ) and u ^ ( x , t ) were d i s t i n c t 
s o l u t i o n s of the problem (N3), t h e n "u (x , t ) = i T j ( x , t ) -
- u ^ ( x , t ) would be a s o l u t i o n of t he f o l l o w i n g homogeneous 
problem: 

= D - ^ p , ( x , t ) 6 Q 
a t ax 2 

u ( 0 , t ) - u ( l , t ) = 0 

u"(x,0) - ¿i(x) tT(x,T0) = 0 . 

Let K be a r e a l n o n s i n g u l a r m a t r i x such t h a t the m a t r i x 
B = K D K~1 i s of the c a n o n i c a l J o r d a n f o r m . S e t t i n g K TT = T 
we f i n d t h a t v"(x, t ) i s a s o l u t i o n of t h e f o l l o w i n g problem: 

v"(o, t ) = T ( i , t ) = o 

v fx .O) - f i ( x ) V(x ,T 0 ) =. 0 . 

C o n s i d e r i n g one b look of t he m a t r i x B we have 
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3t 

• 

3v n 
3t 

% 1 

X 1 

1 
3x2 

32v n 

. 3 x 2 -

I f v k ( x ,0 ) ^ 0, then i t would fol low from condition (3.4) 
that vk (x,TqJ > v k ( x ,0 ) f o r x e ( 0 ,1 ) . But this i s in con-
tradiction with the maximum principle applied to the last equa-
tion in this block. Therefore v^ ix . t ) s 0. Substituting 
v^ ix . t ) = 0 into the last but one equation in this block, 
we f ind, applying once more the maximum principle for the 
heat equation, that ( x , t ) = 0. Repeating this argument 
as many times as necessary we in fe r that 7 ( x , t ) = 0, whence 
uTx,t) = v"(x,t) s 0, which completes the proof of the 
theorem. 

T7e now turn to the problem of existence of a solution of 
problem (N3). 

T h e o r e m 4. Assume that: 

1° f ( x , t ) i s of class C2 in Q, f ( 0 , t ) = f ( l , t ) = 0 

2° f ^ i t ) , f ^ ( t ) are piecewise of class C2 for t e ( 0 ,T ) , 

3° h (x ) is the sum of i t s Fourier trigonometric ser ies , 

4° f i (x ) is continuous and of bounded variation. 

Then the problem (N3) has a solution. 
P r o o f . Prom Theorem 8 of paper [ 3 ] i t follows that 

i f there exists a solution of the problem (N3) such that 
u(x,0) = f ^ ( x ) is the sum of i t s Fourier trigonometric series 
and i f the given functions f , f 1 , f 2 sat is fy assumptions 

then this solution may be represented in the form 1 ° - 2 ° 

(3.5) u"(x,t) = u^ix.t ) + u^ (x, t ) + !Tj (x,t ) + u"4 (x,t), 
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where u ^ i x . t ) , i=1 ,2 ,3 ,4 » <̂ re defined bv formulas ( 1 . 3 ) -
- ( 1 . 6 ) f o r g = i", g.̂  = f ^ i =1 ,2 ,3 . ^ o n the nonlocal 
condit ion ( 3 .3 ) w€ i n f e r ~c!iat f ~ ( x ) s a t i s f i e s the f o l l ow ing 
system of Predholm in teg ra l equations of second kind: 

1 

( 3 . 6 ) f 3 ( x ) = l / i ( x ) / [ L i ( x - e , T 0 ) - i : ( x + s , T 0 ) ] r 3 ( s ) d s+F ( x , T 0 ) , 
0 

where 

( 3 . 7 ) F ( x , t ) = f i ( x ) [ u ^ x . t j + i l ^ x . t j + i l ^ x . t ) ] + "h(x). 

Formula ( 1 .1 ) implies that 

oo 
M(x -s ,T 0 ) -M (x+s ,T 0 ) = 4 ^ ^ exp [-k2Jr2T0D]sin krtx-sin kJTs 

k=1 

thus, the kernel of the system of equations (3 .6 ) i s con t i -
nuous and bounded. For the system of equations (3 .6 ) to have 
a so lut ion in the space of veotor - funct ions continuous f o r 
x £ < 0 , 1 > i t i s necessary and s u f f i c i e n t that the system of 
eq uations 

1 

( 3 . 8 ) p ( x ) = ^ / i ( x ) / [ m ( x - s , T 0 ) - U ( x+s ,T 0 ) ] p l s ) d s 
0 

should have only a nul l so lu t ion . 
In f a c t , assume that p"(x) i s an i d en t i ca l l y nonzero so-

lu t i on of the system of equations ( 3 . 8 ) . Then the formula 
1 

u"(x,t) = 1 f [ t ; ( x -8 , t ) - M(x+s , t ) ] p is )ds 
0 

de f ines an i d en t i ca l l y nonzero so lut ion of the problem (N3), 
where f " = 0, f^ = 0 , f ^ = 0, h" = 0. This f o l l ows from equa l i -
ty ( 3 .8 ) and from the propert ies of the matrix funct ion M ( x , t ) . 
However, th i s i s in contradict ion with the above established 
Theorem 3. This means that the unique so lut ion of the 
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system of equations (3 .8) i s the zero so lut ion . This proves, 
too, that there e x i s t s a unique continuous solution f-^x) 
of the system (3.6) for arbi trary given functions f , f 1 , f 2 , 
I t i s easy to see that , under the adopted assumptions, t h i s 
solut ion determines a solut ion of the problem (N3). Taking 
into account (3.6)» the uniform convergence of the s e r i e s 

1 
1 J [ lI(x-s tT 0) - M(x+s,To)] f j ( s ) d s = 

0 
1 _ 

= 2 ^ exp [-k2 2 T q d] s in kirx j f ^ ( s ) s in ktfs ds , 
k=1 0 

as well as the properties of the i n t e g r a l s u^ (x , t ) , u ^ ( x , t ) , 
u^(x , t ) establ ished by the author in paper [3]» and the a s -
sumption 4 ° , we infer that f^(x) i s for x e < 0 , 1 > the sum 
of i t s Fourier trigonometric s e r i e s . Hence formula (3 .5) r e -
presents the solut ion of the problem (N3). 
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