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SMOOTH MAPPINGS OF SPACES WITH THE SMOOTHNESS

In the present raper we consider the properties of smooth
mappings in the category of spaces with smoothness in the
Postnikov sense., The smooth mappings are the morphisms in this
category.

‘Definition 1. Let (M,topM) be a certain topo-
logical space. A family ¥ (M) of real functions defined on
the set M and fulfilling the following conditions:

1. if w : RE — R 1s the function of the class C= and
Qyreeesly € F(M), then the function w(a1(-),...,ak(-b):ld —R
belongs to ¥ (M);

2, any function coinciding in a certain neighbourhood of
any point p e ¥ with the function ¥ (M) belongs to F(M);
will be called the smoothness in the Postnikov sense on the
topologioal space (M,topM).

Definition 2. The triple A = (M,topM,¥(M))
will be called the space with the smoothness in the Postnikov
sense (briefly - the_épace with smoothness), where ¥ (M) is
the smoothness in the Postnikov sense on the topological spa-
ce (M,topM).

Definition 3. 1let CcRY be any family of
functions defined on the set M. Then we denote by scC
the set defined by the formula

8cC = {f:f = cp(a1(°),....ak(°)). ®qse-es0y € C and ¢eC°°(Rk)}.
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2 S.Borowik

Definition 4. Let ¢ c RY and (M,topM) be any
topology on the set M. A function p belong to Cu(topﬁ) if snd
only if- f: M —R and for every point p € M there exists
Ue topM and function @ € C such that p ¢ U and B|U =alU.

let M and & be spaces with smoothness. A mapping ¢
of the set M into the set K fulfilling the following condi-
tions:

(a) £ maps topM into topN continuously;

{b) pof € F(M) for every function pe #(N),
is called a smooth mapping of the space M into the space S .
We will write

(1) £: M—Nor £ : (M,topM,¥(M)) — (N,topN,#(N)).

To verify the emoohhnees of mappings between spaces with
smoothness we will often use the following lemma, which de-
acribes the smoothness in the operations sc and the locali-
zation,

Lemma. Let (M,topM,¥(M)) be a space with smooth-
ness and (y,topN) be any topological space. If a map f of
the topological space (M,topM) into the topological space
(N,topN) is continuous and ¥(N) denotes a set of real fun-
ctions defined on the set N, then from the condition

(1)} if o € F(N), then a«¢f ¢ F(M)} for every a € F(K)o

it follows that

(11) if B e sc F(N), then pf € F(M),
(111) 1f p e F(N)g(topN), then p« £ e F(M) (see [3]).

Proof. Let p be an arbitrary function from the
set sc F(N). Then p = ¢(a1(-),...,a§(~)), where
a’,...,as € ¥(N) and pecC™ (R®). Therefore Betf =
=pla'(s),..ca8(.!) o f = plats 2(*),eeepa®e £(*)), conse-
quently B e°f € sc (k) = ¥(M), because alerfe F(M) for
1 = 1,008 (by (i)},
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Smooth mappings of spaces 3

If pe F(N)y(topN), then for every point p e N there
exists & neighbourhood U open in topN and function @ e« F(N)
such that p ¢ U and p|U = alU. Hence we have B|Uef = |Uef
and p -f[f"[U] =aot|e™1 [U]. Because the set £~ U] ia open
in topology topM, so fe«f € F(M) (toph) = F(M),

let M and N be the arbitrary sets and

(2) ?

be an arbitrary mapping of the set )| onto the solt N. On the
set RY of all real functidns defined on|set N we define
a function f* as follows

M—0N

(3) £*(p) = pot for p BV,

Definition 5. By top!f we denote the topo-
logy on the set M such that.a set A is. open in topology topllf
1£f there exists a set B open in topN and A = £~ '[B]. The
topology toplf will be called the topology induced on the
set M from the topological space (N,topN) by the mapping f.

From the definition of the topology topr it follows that
the mapping (2) is continuous with respect to topr; and topN.

Thenrem 1. If & is a space with smoothness,
then: .

(i) for every mapping (2)

(4) «ﬂf = (H.topllf,(f'[Y(H)]})I(topﬂf))
is the apace with smoothness such that She mappling

(5) £ M~

1a smooth;
(11) it topl, C topM, then the set of funotions
(£*[¥(H)]) (topN,) 1s smallest in the sets ¥(NM) such
that (M,topM,¥(M)) is the space with smoothnsss and
the mapping (2) is smoothj
{1ii) 4if the set f[l] is open in topology topR, then the
mapping (5) is open.
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4 S.Borowik

Proof. (i) Let 7e sct*[F(N)]. Thengz= p(dl(s),...
cees0®(e)), where o yene,a® e f'[?'(N)] and tpec“(Rs).
Because ot = plof and pl e F(N) for i = 1,...,8, 80
7=0(81(+)seee, g2 e 2. But (B (+),000,p%(+)) € 8c F(N) =
= ¥(N), therefore gef* [?’(N)J , 8o scf* [3[-'(]!)] ct* [?’(N)].
Prom a property of the operation sc (see 3]) it follows
that sct* [#(N)] = £*[F(N)] and we have (sct* [F(N)] )y(topl,)=
= (f'[?(N)] )M(topr). Because sc(cu(topll)) c (scC)M(topM) for
an arbitrary family of functions C CRM and an arbitrary to-
pology topM (see [2}.‘), 80

sc((£* [F(N)] )y (topN,)) c (scf* [#(N)] )y (topN,).

Taking into consideration the property of the operation of lo-
calization (see [3]) we obtain that (4) is the space with
smoothness.

If pe F(N), then Bof e £*[F(N)] c (£*[F(N)] )y (topN,),
that is the mapping (5) fulfils the condition (b), so it is
smooth, because continuity follows from the definition of the
topology topr. ‘

(ii) Now put f: M —~—,is smooth and topN, c topli. Let
ae(t* [’f"(N)] )M(topr) and p € U be an arbitrary point of
the set M. Then there exists a function «'e f"[?’(N)] and
a set A open in topr such that p € A and IA = a'IA. But
' =p e f for some function Be F(N), so by (1) is a'e F(u).
Because A ¢ topN. c topM, so ae ?(M)M(topM) = F(U), i.e.

(£* [#(N)] )y (topN,) < F(u).

(iii) Prom the definition of topNﬁ. we get that topN, =
= {f'1[B]; B¢ topN}. Therefore f[f' [B]] = BN f[M], so if
f[M] € topN then BN f[M] e topN and the mapping (5) is
open.

The space with smoothness M, defined by (4) will be
called the space with smoothness induced from the space X
on the set M by the mapping (2).
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Theorem 2. If & is the space with smoothness,
then for every mapping (2) there exists exactly one space with
smoothness M such that the mapping (1) is smooth and for eve-
ry space with smoothness d and for every mapping

(6) g : L—M
the ma.pping
(7) g :d—UN

is smooth if and only if the mapping

(8) feg: d =N

is smooth. )

Proof. Let J' be a space with smoothness and let
M be the space with smoothness satisfying the oonditigns of
theoreAm. Let us put that there exists the smoothness ¥(M)/such
that M = (M,topM, ?(M)) is the space with smoothness satisfy-
ing the conditions of theorem too. Then the mapping f: M —/
is smooth and for an arbitrary space with smoothness o and
for any mapping (6) the mapping g : £ —WM is smooth iff the
mapping (8) is smooth, .

Consider the mapping .’Ldl : M—M. Prom the assumption
of the theorem we have that the mapping fidy : A ——J 1is
smooth, therefare p «(f- idy) ¢ ¥(M) for every function
p € #(K) and the mapping £ edidy : topd — topN is conti-
nuous. Because B o(feidy) = (peof)eid, and pef = 7€ F(M),
so the mapping idu is smooth., Continuity of the mapping
mll,\‘ topM —— topM 1is obvious. Hence for every function
7€%(M) we have zeidy = 7€ F(M), so F(M)c F(M).

Now let us take the mapping idy : M-, and use ana-
logously the properties of the space M. Then we get thatA
the mapping feidy : M4 1is smooth, so B (feid,) e F(M)
for every function p ¢ ¥(N). Obviously the mapping f o id, :

: topM —— topN is continuous. Because pef e idu=7‘°idue‘?’(u),
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6 S.Borowik

where,7 € ¥(M), 80 the mapping idy 1s smooth. Because
7e1dy = 7 consequently F(M) c $(M) hence #(M) - Fu).

We have proved that the space with smoothness defined by
(4) satisfies the conditions of the theorem. FProm Theorem 1
we have that the mapping (5) is smooth. .Let (6) be any map-
ping such that the mapping (8) is smooth. Then pe(fe. g)
€ (L) for every function p e ¥(N) and the mapping
fog : topL ——topR is continunous.

Let 7€ £* [9’(1!)] be an arbitrary function. Because
7=p°f and pec F(H), 80 7g = pefeog € F(L] for every
function 7 € f"[f(l)] s 1.0, the mapping g : & ——.ﬂf is
smooth (continuity of the mapping g : topL —— topl, follows
from the fact that the mappings fog : toplL —— topN and
£ : topN,—— topl are continuous). The proof is finished.

Deftinition 6, Ilet M be a space with smooth-
nees and f : M —N be any mapping of the set M onto the
set N, By . ftopl we will denote the topology on the set N
such that B e ,topd if and only if f'1[B] € topM. The to-
pology f1:0|>II will be called the topology coinduced from
the topological space (M,topM) on the set N by the mapping f.

From the definition of the topol/og;y ftopl is immediately
follows that the mapping f : topl——ftopl is8 continuous.

PTheorem 3, I1f M is a space with smoothness,
then for every mapping (2)

(9) p= (B, topk,e*~ [#()])
is the space with smoothmess such that the mapping
(10) 2 M—

18 smooth and the set ") [9'(!)] is greatest in the sets
¥¢{¥) souch that &' = (N,topN,¥(N)) 1is the space with smoothnesa
amd the mapping (1) is smooth.

Proof. Let pet* '[#(u)]. Then p= £*'(a), where
aeMu) that is ox= £*(p) = Bpeof e ¥(M)., Therefore 1if
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Smooth mappings of spaces 7

ze€ sce*™t [?’(M)] then (by Lemma) we get 7 f ¢ #(M), hence
7ef"1[?'(li)] , i.e. sog™"! [."r"(l!)] c ! fﬂm)] . Now consider
the function 7e (£*1[#(M)] )4( topM). Let pe M bs an ar-
bitrary point. Then f£(p) ¢ N and there exists a neibhgourhood
U'e ptopd and a function B e £* '[F(M)] such that £(p) e U
and 7 (U = plU. Thus we have g|U-f = plucr, 1i.e.
]ofrf'1[U] = poz|t"'[u]. Because pe £7'[u] € topM and
Bof € F(M), 8o 7ef € F(M) (topM) = F(M) thus ye £ [#(M)]
and (£*™) [?'(M)] )n(ftopl) c -1 [Y(M)] « The smoothness of

the mapping (10) is obvious.

let & = (N,topN,¥(N)) be an arbitrary space such that
the mapping (1) occurs there. Take an arbitrary function
Be F(N). Then £*(p) = pof € F(M) hence p e £*' [#M)].
It is easy to verify that from the conditions (a) and (b) and
from the definition of the topology ftopM it follows that
topN < ftopll.

Theorem 4, If M 1is a space with smoothness,
then for every mapping (2) there exists exactly one space with
smoothness J such that the mapping (1) is smooth and for
every space with smoothness oL and every mapping onto

{11} h:§—-—1

the mapping h : J — is smooth iff the mapping
(12) het : M—~— o

is smooth,

Proof. Let J be a space satisfying the conditions
of the fheox:em. Assume that there exists another space with
smoothness J = (N.topN,§(N)) also fulfilling the conditions
of the theorem. Then the mapping f : M —~—J" is smooth and
for every mapping (11) the mapping h : j‘——,[ is smooth iff
the mapping (12) is smooth. Consider the mapping idg: -
and let the mapping idyg.°f : M — . be smooth. Then
pelidg<f) e (M) for every function p ¢ ¥(N). Beocause
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8 S.Borowik

peotdy =p, 5o from pef e F(M) it follows that f ¢ F(F).
Hence ¥(N) c #(N) and the mapping idr‘.‘ is smooth. .

Consider now the mapping '1dN : f =4 . It is obvious that
idge f : Jt—o—:l‘ is smooth, hence feidyef e F(M) for every
function p e #(N), i.e. pf ¢ (M) and pe ¥(N). Thus
F{K) c F(N).

ow we shall prove that the space with smoothness defined
by (9) satisfies the conditions of theorem. From Theorem 3 it
follows that the mapping (10) is smooth. Let the mapping (11)
be such that the mapping (12) is smooth, i.e. pe(he f) ¢ F(M)
for every function p ¢ $(L) and the mapping h of: topd ——
—— topl is continuous. Let 2 et*? [9’(]()] « Then 7 of € 7(M).
Therefore for every function P € ¥(L) we have Schof =
=7-fe¥F(M), sopehe " 1[F(M). Let A ¢ topL. Then
(he£)”? [a]e topM. Because (nef)~'[a] = £7'[n""[4]], o
n~? [A] 1is a subset of the set N such that ites image at the
mapping £ is open in the to;;ology topM. Therefore we get
that h~) [A] € ptopll, In this way we have proved that the
mapping h 1is smooth and the proof is finished«

Theorem 5 For every mapping (2) the following
conditions are equivalent:

(i) the mapping (1) is smoothj;,

(ii) (M) is the smoothness containing the smoothness
(£* [‘:’(N)] )M(topﬂf) and topN, < topM;

(iii) #(N) is the smoothness contained in the smoothness
e*-1 [?(M)] and topN c ,topM.

Proof. The implication (i) —> (ii) immediately fol-
lows from Theorem 1 and similerly, the implication (i)==>(iii)
- from Theorem 3. We will prove the implication (ii) = (i).
Let pe F(N). Then peof e (£*[F(N)]),(topN,)  F(M). Also
if A € topR then f"1[A] € topN, c topM. The proof of impli-
cation (iii) => (i) 1is similar.

Theorem 6. If the mapping (2) is one-to-one and
onto, then the following conditions are equivalent:

(1) the mapping (1) is a diffeomorphism;
(ii) the smoothness ¥(M) colncides with the smoothness
d [’:’(N)] s topN, C topd and the mapping f is open;
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{iii) the smoothness ¥ (N) coincides with the smoothness
f*-1[?(m)], topN C.topM and the mapping f is open.

Proof. We shall prove the equivalence of condi-
tions (i) and (ii). The proof of equivalence of conditions
{i} and (iii) is similar to the above. Let us put that the
¢ondition (i) holds.'let a e £*[#(N)]. Then a = pef and
pe 3(N), Bécause peofe¥F(M) so ae ¥(M) andle* [.?-’(N)]c
‘c¥(M)., If o € F(M), then wef 'eF(E) so (q.°f'1) of €
e 2*[#(N)], i.e. o ef*[#(N)], thus F(M)c £*[#(K)] and
we get coidcidenée. The remaining two assertions of the con-
dition (ii) immediately follows from the condition (i).

Now let the condition (ii) hold. Because the mapping £
is one-to-one and onto, it is sufficient to prove, that the
mappings f and f~! are smooth. Let pe F(N). Then pefe
e (£*[#(N)]) 4(topN,) and (by Theorem 1 (1i)) pefeF(M).
If AectopN, then f£”'[a]e topN,ctopM, so the mapping
f : topd ——topN 1is ocontinuous. Thus the mapping f is
smooth. If a € ¥(M) ¢then ace f"[?’(N)] whether ¢ = p°f and
Be ¥(N). Hence a o™ - Beof ot - pe F(N). Because the
mapping f is open, the mapping f~' is continuous, conse-
guently the mapping =1 is smooth. The proof is completed.
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