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SMOOTH MAPPINGS OF SPACES WITH THE SMOOTHNESS 

I n the present paper we cons ider the p r o p e r t i e s of smooth 
mappings i n the ca tegory of s p a c e s with smoothness i n the 
Fos tn ikov s e n s e . The smooth mappings are the morphisms i n t h i s 
c a t e g o r y . 

D e f i n i t i o n 1 . Let (M,topM) be a o e r t a i n t o p o -
l o g i c a l s p a c e . A f ami ly -T(M) of r e a l f u n c t i o n s de f in ed on 
the s e t II and f u l f i l l i n g the f o l l o w i n g c o n d i t i o n s : 

k _ 
1 . i f cj : R — R i s the f u n c t i o n of the c l a s s C and 

Ct ̂  9 • • • f e J ( M ) , then the f u n c t i o n u ( a 1 ( • ) , . • • » a k ( -/)):IS — R 
be longs t o 3 (M); 

2 . any f u n o t i o n c o i n c i d i n g in a c e r t a i n neighbourhood of 
any point p e M with the f u n c t i o n F ( U ) be longs to ^ ( U ) ; 
w i l l be c a l l e d the smoothness i n the Postnikov sense on the 
t o p o l o g i c a l space (M,topM). 

D e f i n i t i o n 2 . The t r i p l e A = (M.topM.^fM)) 
w i l l be c a l l e d the space with the smoothness in the Fos tn ikov 
sense ( b r i e f l y - the space with smoothness ) , where ?(M) i s 
the smoothness i n t h e . P o s t n i k o v sense on the t o p o l o g i c a l s p a -
ce (Mf t op l i ) . 

D e f i n i t i o n 3 . Let C c R * be any f ami ly of 
f u n c t i o n s de f ined on the s e t M. Then we denote by soC 
the s e t de f ined by the formula 

scC = j f : f » ^ ( a ^ • ) , . . . , a k M ) , a 1 f . . . . a k e C and <pe C ° ° ( R k ) } . 
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D e f i n i t i o n 4. Let C c 8 * and (M.toplI) be any 
topology on the set M. A function p belong to Cjj(topM) i f c-nd 
only i f 0 : M — R and for every point p e M there ex i s t s 
U € topli and function a e C such that p t U and =a|u. 

Let M and Jf be spaces with smoothness. A mapping f 
of the set U into the set H f u l f i l l i n g the following condi-
t ions : 

(a) f maps topM into topN continuously; 
(b) p • f e J(M) for every function ^ e f ( S ) , 

i s called a smooth mapping of the space Jt into the space JT . 
We wi l l write 

(1) f : J l — J C or f : (M,topM,f(M)) — (H^topU.^Ii)} . 

To verify the smoothness of mappings between spaces with 
smoothness we wi l l often use the following lemma, which de-
scr ibes the smoothness in the operations sc and the l o c a l i -
zation. 

L e m m a . Let (M,topM,7(li)) be a space with smooth-
ness and (F,topN) be any topological space. I f a map f of 
the topological space (M,topM) into the topological space 
(H,topN) i s continuous and 7(N) denotes a set of r e a l fun-
ct ions defined on the ,se t N, then from the condition 

( i ) . i f a e then a «¡f £ y(M) for every a 6 ^(N)« 

i t follows that 

( i i ) i f p £ sc then p • f e 7(M), 
( i i i ) i f p e J(N)N(topN), then p • f € 7(M) (see [ 3 ] ) . 

P r o o f . Let p be an arbitrary function from the 
set sc ? ( » ) . Then p = p(a1 ( • ) , . . . , a s ( •) ) , where 
a 1 , . . . , a 8 € 7(N) and ^ f c C " ° ( R s ) . Therefore f = 
= f (a 1 ( • ) , . . . , a 8 ( . ; ) • f = ¥>(a1 • f( • ) , . . . , a s • f ( ' ) ) , conse-
quently p » f e sc F(M) = J (M) , because a 1 • f € 7(M) for 
i = 1 , . . . , s (by ( i ) ) . 
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It p e 5(N)jj(topK), then for every point p e H there 
exists et neighbourhood U open in topH and function a e 7(H) 
such that p e U and 0 |u = a|u. Henae we have ft U*f - a|u*f 
and p *f [ f" 1 [u] = a » f | f " 1 [ u ] . Because the set f~1[u] ia open 
in topology topM, so p»t e 5(M)M(topM) = 5(M). 

Let M and N be the arbitrary sets and 

(2) f : M — H 

be an arbitrary mapping of the set onto the selt H. On the .... i 
set R of a l l real functions defined Qn|set H ve define 
a function f # as follows 

(3) f# (p) - fi-'t far p> e EH. 

D e f i n i t i o n 5» By topHf we denote the topo-
logy on the set M such that .a set A is . open in topology topHf 

i f f there exists a Bet B open in topH and A = f~ 1 [B] , The 
topology topVf will be called the topology induced on the 
set M from the topological space (N,topH) by the mapping f . 

From the definition of the topology topH^ i t follows that 
the mapping (2) i s continuous with respect to topNf and topN. 

T h e o r e m 1. I f / is a space with smoothness, 
then: 
( i ) for every mapping (2) 

(4) M t * (M.topKj.tf 'lyiHjj^UopHj)) 

is the space with smoothness such that the mapping 

(5) f i M { Jt 

i s smooth| 
( i i ) i f topfff <= top«, then the set of functions 

(f*[?(&)])M(topH f) i s smallest in the sets ? (•) suoh 
that (MftopH.FCM)) 1b the space with smoothness and 
the mapping (2) i s smooth) 

( i i i ) i f the set f [n ] i s open in topology topH, then the 
mapping (5) i s open. 
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P r o o f . ( i ) Let / € s c f * [ > ( N ) ] . Then <p(a}('),... 

. . . , a 8 ( ' ) ) , Where a 1 , . . . , a 8 6 f * [ r ( K ) ] and feC°°(RB). 

Because a 1 = « f and /S* e. J ( H ) f o r i = 1 , . . . , S , go 
/ = <P ( ( • ) 0 8 ( - ) ) « f . But y > ( 0 1 ( - ) /S8( • ) ) € ac ? ( J ) = 
= ? ( H ) , t h e r e f o r e ; e f * [ ? ( N ) ] , so s c f * fr(]J)] c f * [V(N)] . 
Prom a property of the o p e r a t i o n sc ( see [ 3 j ) i t f o l l o w s 
t h a t s c f * [ 5 : ( N ) ] = f*[y(-N)] and we have ( s c f * [7(H)] ) M ( t o p H f ) = 
= ( f * [ ? ( K ) ] ) M ( t o p N f ) . Because sc iC j^ topM)) <= (scC)M(topM) f o r 
an a r b i t r a r y fami ly of f u n c t i o n s C c RM and an a r b i t r a r y t o -
pology topM (see [ 2 ] , ) , so 

s c ( ( f * [j(N)J ) M ( t o p N f ) ) c ( s c f * | > ( N ) ] ) M ( t o p N f ) . 

Taking i n t o c o n s i d e r a t i o n the property of the o p e r a t i o n of l o -
c a l i z a t i o n ( see [ 3 ] ) we o b t a i n t h a t ( 4 ) i s the space with 
smoothness. 

I f /5c 7 ( N ) , then fi'f e f * [ > ( N ) ] c ( f * [ ? ( N ) ] ) M ( t o p N f ) , 
t h a t i s the mapping (5 ) f u l f i l s the c o n d i t i o n ( b ) , so i t i s 
smooth, because c o n t i n u i t y f o l l o w s from the d e f i n i t i o n o f the 
topology topN^. 

( i i ) Now put f : A - ~ - J K i 8 smooth and topN^ c topM. Let 
a e ( f * [ f ( H | ] topN f ) and p € M be an a r b i t r a r y point o f 
the s e t M. Then t h e r e e x i s t s a f u n c t i o n a ' e f*[?"(N)] and 
a s e t A open i n topN^ such t h a t p € A and a |a = a ' |A. But 
a ' = p • t f o r some f u n c t i o n /3 e J ( N ) , so by (1 ) i s a ' € 7(11). 
Because A e topN^ c topM, so a e 7(M) u ( topM) = 7 ( M ) , i . e . 

( f # [ y ( N ) ] ) M ( t o p N f ) <= 7(M). 

( i i i ) Prom the d e f i n i t i o n of topN- we get t h a t topE^ = 
= { f ~ 1 [ b ] ; B e topN There fore f [ f [ b ] ] = B 0 f [m] , so i f 
f [ l i ] e topN then B CI f [M] e topN and the mapping (5 ) i s 
open. 

The space with smoothness def ined by ( 4 ) w i l l be 
c a l l e d the space with smoothness induced from the space JT 
on the s e t M by the mapping ( 2 ) . 
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T h e o r e m 2. If / is the space with smoothness, 
then for every mapping (2) there exists exactly one space with 
smoothness M such that the mapping (1) is smooth and for eve-
ry space with smoothness i. and for every mapping 

(6) g : L — U 

the mapping 

(7) g s £ — J i 

is smooth if and only if the mapping 

(8) f • g : flC JT 

is smooth. 
P r o o f * Let JT be a space with smoothness and let 

M be the space with smoothness satisfying the conditions of 
theorejn. Let us put that there exists the smoothness ^(M) |such 
that ̂ -.(H.topU, is the space with smoothness satisfy-
ing the conditions of theorem too. Then the mapping tiM 
is smooth and for an arbitrary space with smoothness oC and 
for any mapping (6) the mapping g : <£ — M is smooth iff the 
mapping (8) is smooth. 

Consider the mapping idg : Jt — A . From the assumption 
of the theorem we have that the mapping f^id^ : X J T is 
smooth, therefore f> »(f » id^) 6 ̂ (M) for every function 
P e ̂ (N) and the mapping f • idM s topM — topN is conti-
nuous. Because 0 • (f • idM) = (p • f) • idM and p • t = ft J(M), 
so the mapping id^ is smooth. Continuity of the mapping 
idjj s topM—- topM is obvious. Hence for every function 
/•CJ(M) we have f • idM = / e ? ( M ) , so £(M)C:?(M). 

Now let us take the mapping idg : Jl-^JL, and use ana-
logously the properties of the space M . Then we get that 

A 

the mapping f • idM : •H.—-JP is smooth, so £ • (f • idM) e J(M) 
for every function (SeffN). Obviously the mapping f • idH : 

A, 

: topM — topH is continuous. Because /9 • f • id„=f • idM € J (M), 
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where , 7 e ¡F(U), so the mapping idg is smooth. Because 
T»iiu = f consequently ^(M) c £(M) hence ?(») = £(M). 

Ve have proved that the spaoe with smoothness defined by 
(4) satisfies the conditions of the theorem. From Theorem 1 
we have that the mapping (5) is smooth. .Let (6) be an; map-
ping such that the mapping (8) is smooth. Then • g) 
£ 5(L) for every function p e 5(H) and the mapping 
f • g : topL topH is continuous. 

Let j € t* |>{H)] be an arbitrary function. Beoause 
f = p . f and pe 5(1), so 7 • g = |)*f • g « f(IJ for every 
funotion t t f* [*(!)], i.e. the mapping g : d —Mf is 
smooth (continuity of the mapping g : topL—— topHf follows 
troa the fact that the mappings f « g : topL — t o p H and 
f : topNf—— topH are continuous). The proof is finished. 

D e f i n i t i o n 6. Let M be a space with smooth-
ness and f : M —— H be any mapping of the set M onto the 
set H. By ftopM we will denote the topology on the set H 
such that B c ftopM if and only if f~1[B] € topM. The to-
pology ftopU will be called the topology coinduced from 
the topological spaoe (MvtopM) on the set N by the mapping f. 

Prom the definition of the topology ftopM is immediately 
follows that the mapping f : topM—— ftopM is continuous. 

f h e o r e m 3* It Ji is a space with smoothness, 
then for every mapping (2) 

(9) fJT* (H,ftopM,f#-1 [*(M)] ) 

is the space with smoothness such that the mapping 

(10) f j M — f j r 

ifl smooth and the set f— 1 [*(M)] is greatest in the sets 
f\V) such that /*<= (H,topH,7(H)) is the space with smoothness 
wk! the mapping (1) is smooth. 

P r o o f . Let p c f*"1 [>(M)] . Then p = f*~1(ot), where 
aeitli) that is a = f*(0) - P't e 5(M). Therefore if 
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f t s c f * " 1 [V(M)] t h e n (by Lemma) we g e t / . f € hence 
7 e f * ~ l > t l i ) ] , i . e . s o f * " 1 [f(M)] c f * " 1 [ ? ( B ) ] . How c o n s i d e r 
the f u n c t i o n jr e ( f * ~ 1 [^(M)] ) H ( f t o p M ) . Let p e M be an a r -
b i t r a r y p o i n t . Then f ( p ) e 5 and t h e r e e x i s t s a neibhgourhood 
U e f topM and a f u n c t i o n /J e f # ' 1 [f( l i)J such t h a t f ( p ) e U 
and * | u = j s |u . Thus we have / | u « f = / j | u » f , i . e . 
jr • f | f " 1 [u] = ^ * f | f " 1 [ u ] . Because p c f " 1 [ u ] € topM and 
j3 " f € F(M), so f t e ^(M)M(topM) = ?(M) t h u s f t f * ~ 1 [>(M)] 
and ( f*~ 1 [j(Mj] ) H ( f topM) c f « " 1 [f(M)] . The smoothness of 
the mapping (10) i s o b v i o u s . 

Let JC = (H, topH,7(H)) be an a r b i t r a r y space such t h a t 
the mapping (1) occurs t h e r e . Take an a r b i t r a r y f u n c t i o n 
P e ? ( N ) . Then f*(/>) « 0 • f e 7(H) hence fie f * ~ 1 [^(M)] . 
I t i s easy t o v e r i f y t h a t f rom the c o n d i t i o n s (a ) and (b) and 
from the d e f i n i t i o n of the topology f topM i t f o l l o w s t h a t 
topH c f topM. 

T h e o r e m 4 . I t J l i s a space w i t h smoothness , 
t h e n f o r every mapping (2) t h e r e e x i s t s e x a c t l y one space wi th 
smoothness JT such t h a t t h e mapping (1) i s smooth and f o r 
every space w i t h smoothness oC and eve ry mapping onto 

(11) h : ¥ —- L 

the mapping h : X — o£ i s smooth i f f t h e mapping 

(12) h • f : M— <£ 

i s smooth* 

P r o o f . Let JT be a space s a t i s f y i n g the c o n d i t i o n s 
of the theorem. Assume t h a t t h e r e e x i s t s a n o t h e r space w i t h 

A A 

smoothness JT - (H,topN, 7(H)) a l s o f u l f i l l i n g the c o n d i t i o n s 
of the theorem. Then the mapping f : J i-*-JT i s smooth and A 
f o r eve ry mapping (11) the mapping h : JT— X i s smooth i f f 
the mapping (12) i s smooth. Cons ider t he mapping i d ^ : . / — 
and l e t the mapping f s M —~JT be smooth. Then 
p ' ( i d j j • f ) € 5(M) f o r eve ry f u n c t i o n p e ^ ( H ) . Beoause 
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jfl « id j j = j6, so from ji • f e ^(M) i t follows that fl ^ J (N ) . 
Hence 5(H) c 7(N) and the mapping idj, is smooth. 

Consider now the mapping idjj : JT-~JT . I t i s obvious that 
idH ° f : M.—JT is smooth, hence p ° i d u ° f e f o F every 
function t> e i . e . p • f € £{M) and £"(N). Thus 
£(N) c F(N) . 

Î;OW we shall prove that the space with smoothness defined 
by (9) sa t i s f i es the conditions of theorem. From Theorem 3 i t 
follows that the mapping (10) i s smooth. Let the mapping (11) 
be such that the mapping (12) Is smooth, i . e . • (h • f ) e 7(M) 
for every function p e F (L ) and the mapping h ®f : topM —— 
— topi i s continuous. Let f t f * " 1 [?(Mj] . Then j-' f e 7W. 

Therefore for every function p t i ( L ) we have /5®h » f = 
= j ' f e F(M), so p « hE f * " 1 [5{M)] . L e t A e topL. Then 
( h - f ) " 1 [ A ] e topM. Because (h«f )~1 [A ] = f " 1 [h~1 [ A ] ] , so 

[A ] is a subset of the set N such that i t s image at thie 
- 1 

mapping f i s open in the topology topM. Therefore we get 
that [ A ] e ftopM. In this way we have proved that the 
mapping h is smooth and the proof i s f inished« 

T h e o r e m 5. For every mapping (2) the following 
conditions are equivalent: 
( i ) the mapping (1) i s smooth;, 
( i i } ^(M) is the smoothness containing the smoothness 
( f * [V(N)] )M ( ïopN f ) and topNf <= topM; 
( i i i ) 7(N) is the smoothness contained in the smoothness 
f*~1 [>(M)] and topN c ftopM. 

P r o o f . The implication ( i ) = > ( i i ) immediately f o l -
lows from Theorem 1 and similarly, the implication ( i ) = > ( i i i ) 
- from Theorem 3» We w i l l prove the implication ( i i ) = > ( i ) . 
Let /5e?(H). Then £ « f e ( f * [ ? (N ) ] )M(topH f ) c . Also 
i f A e topH then f~ 1 [A ] € topHf c.topM. The proof of impli-
cation ( i i i ) =£• ( i ) i s similar. 

T h e o r e m 6. I f the mapping (2) i s one-to-one and 
onto, then the following conditions are equivalent; 
( i ) the mapping (1) i s a diffeomorphism; 
( i i ) the smoothness 5(11) coincides with the smoothness 
f * [7(H)] , topNf c topM and the mapping f i s open; 
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( i i i ) the smoothness J ( N ) coincides with the smoothness 
f [^(M)] , topK c^topM and the mapping f i s open. 

P r o o f . We shal l prove the equivalence of condi-
t ions ( i ) and ( i i ) . The proof of equivalence of conditions 
{ i ) and ( i i i ) i s s imilar to the above. Let us put that the 
condition ( i ) holds . 'Let ae f * [ 7 ( l l ) ] . Then <X = 0«f and 
/5eJ(N). Because |S<>fe7(M) so a e ^ ( M ) andJf# [j(N)] c 
c y ( M ) . i f a € y(M), then a o f " 1 e ^ H ) so ( a - f " 1 ) o f e 
€ f * [ y ( N ) ] t i . e . q i e f * [ y ( M ) ] f thus ? ( B ) c f * f ï ( S | ] and 
we get coincidence. The remaining two assert ions of the con-
di t ion ( i i ) immediately follows from the condition ( i ) . 

Now l e t the condition ( i i ) hold. Because the mapping f 
i s one-to-one and onto, i t i s su f f i c i ent to prove, that the 
mappings f and f~1 are smooth. Let ¡be 7 (N) . Then j6»f e 
€ ( f * [ ? ( N ) ] ) M(topH f) and (by Theorem 1 ( i i ) ) /5»f€F(M). 
I f A etopN, then [a ]€ topH fctopM, so the mapping 
f : topM—topN i s continuous. Thus the mapping f i s 
smooth. I f a 6 ^(M) then a e f*[V(N)] whether a = p *t and 
/3£?(H). Henoe a • f " 1 = 0 • f • f =/5e9r(N). Because the 
mapping f i s open, the mapping i s continuous, conse-
quently the mapping i s smooth. The proof i s completed. 
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