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A DECOMPOSITION OF ELEMENTS IN A GROUP
AND ITS APPLICATIONS

In this note we prove a theorem concerning the decomposi-
tion of elements in a group into a product of n elements
from a normal subset and provide some of its applications in
the study of properties of free products of groups. We will
also introduce the concept of quasisimple groups.

We shall use the following notations: :

A group G generated by elements 849859000 and with
relations R1,R2,... will be denoted by

G =<\a1,82'ooo H R1,R2'-oo>.

By .Cj we mean the class of conjugate elements of G, by

x; the representant of C;j and by A = BU B~1 the normal

set of G 1i.e. invariant with respect to inner automorphisms,
Theorem 1. If A=BUB™' is a normal subset of

a group G, then the following conditions are equivalent:

(i) an element ge G is a product of n elements from A,

(i1) there are elements B18p1++0+8, € G such that g =

= 818y ses By and there is a system of representants x4

of classes Ci' fram A such that J
J

(1) g1xi1g2 ces X;  Bp € A

ne1
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2 J.Ambrosiewloz

Theorem 1 results from the following two lemmas.
Lemma 1. If A =BUB"! is a normal subset of
a group G then the following conditions are equivalent:
(1) the element ge G is a product of n elements from A,
(11) there are elements 81185104418, € G such that
8 = BqBpeeeB, and there is a system of elements
8ys859000,8, ,€ 4 sBuch that g,a,8,...8, .8, € A.
Prootft. et € = 8,8,.048_, 8;€ A, Ifweput
172 n’ "1 -1 -1
8y = 8 (£ = 1,2,0e00,n) then there is a system 8] 185 jeeey

-1 -1 -1 -
a1 suqh that 8484 8pece8, 48, = 8 € A.
Conversely, if there are elements 81985900098, € G such

152"'3-115n = a_€ A then by

that g8, ««e 8, = & and 313; n

normality of the set A we have

€q €n-18n
818p+++8y = (8, 4) “(ay_5) oo

G ooog 83 .-'g
.oe (a1l 2 n(an) ™2 n

(e* = x"'a x)., Therefore the element g is a product of

n elements of the set A,

Lemma 2. If for each system 8198p10 0098y ¢ G
(g = 5152"'5n) and for a; from the normal set A = BUB™
the element

1

-1 -1
(2) 8187 8¢--8p 18y

does not belong to A, then the element

1 ,%n-1
1) 8y

8

1,1 -
(3) gilag’) "gyeeela
does not belong to A fot each 8, € G, too.

Proof. Since the set A is a normal set, following
expressions are equivalent:
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Decomposition of elements 3

1

132 ceo 8y 48, ¢ 4,

8181
-1 -1 -1
a1 8282 83 soe .an_1sn81 ‘ A,

-1 -1 .
828 83 +-+ 8y 18,81 ¢ 844,

1

a, 8 al ¢ a 82A
2 83 co0 8pqBpBe82 ¢ 8 A

s 0ee e 00t tNeRCOSOOSRORIIOGPRPEOIOTTS

én Sn_18n 8283' -8y
(4) 8180448, ¢ 8/ 48, 5 ces 8y A.

By analogous transformations we see that (3) is equiva-
lent to

(5) (8182---Bn)x ¢ (aif1)x(ai551sn)x . (a?253-..8n>x \

for each x ¢ G. Hence g,85...8, ¢ Cp_1Cp.p+++CqA which
implies (5) and also (3). This ends the proof of Lemma 2.
Note that the set

K, = {g €G: |g|= m} (see [1])

is a normal subset of a group G which satisfies the assump-
tions of Theorem 1.
Now we shall prove the following theoream.

Theorem 2. Let G = r—]*AB be the free product
8€S ‘
of family of groups {AB}, 8 € S such that at least one of

them has an element whose order is different from 2 and at
least one of them has an element of finite order. Then the
gset Kme is not a subgroup of G for any finite o > 1,
while KecKoo = G.

Proof. Suppose that the group ‘Bo contains ele-

ments of order m, let Ci c Kﬁ be any class of conjugate
elements of order m, and let I € AB be a representative
of class Ci. °
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4 J.Ambrosiewicz

We will consider the cases: (i) m > 2, (ii) m = 2,
In both cases we will find an element g € K: such that
2
g € K-,
o a a

Bxj_xiB € K:l with a_e€ A and

Case (i), Let g = X;X; s s

8 £ 8_. _
Ig order to investigate the decomposition of an clement g
into product of two elements of order m we must check accord-
ing to Theorem 1 whether we can find a decomposition of the
element g into 84 and &5 (g = 5132) in such a way that
g1xjg2 € Km where x. runs over all representatives of the
classes of conjugate elements from the set Kh.

It is easy to verify that the following elements

(x:‘_x;j )é,;1 xiasxia;‘ X 85,
x.a- N (x.x.)a.x.a"'x,8
1i%s i7J"%e™1%s "178?
x.a 'x.a (x;x )d'1x a
i"s “1%8* 717§ ' "8 "173?
x.a lx. a x a'1(x x.)a
is "1"871"s 1i%3'"s

are not of order m no matter whether xy ¢ x_f or xj = x'i'1.
By Theorem 1 g ¢ KK, 8o Kt ¢ K- and KK % G.
Case (ii). Considering the element '

L et -1 -1 -1 - -1
v = (ag e )(xa xa 'xa xa x )a xya na xa )(xa x,a X, )

with aj e A; and a§ # 1, 1n the seme way, we can prove

that K2K2 < G,
Now we shall show that KoeocKoe = G.

If |g| = then we have g = 525'1 € KooKooo

If 8] <o then g =18a_ ¢ Ag . We have two cases:

o 2 > *
17) a5 =1

8y ’
20} 32 # 1.

84
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2 _ .
If aSi = then

= a = a_ a a, 8a -1 ~1_=1
8 8; B 8; 8 )(a a )e Keo Koo
i 1 %141 %1 P141)\ %y %, %, ’
because from the assumption there is an element ag such
i+
that a2 4 1. If a5 # 1 then also
i+ i

-1 =1
g = 8a =({a_a a (a a )e Koo Koo o
8y ( B3 Bi+q 51) 81 Bi4q

Therefore in all the cases we have g € K=K 1,6,
G G KoocKoose Thus G = KoocKooe A
Definition 1. We say that a group G has
the property W (see [1]) if for each me{lg] : 8 € G} the
set Kﬁ, is a subgroup of group G.
Corollary 2.1, The group G which fulfils
the assumptions of Theorem 2 does not have the property W.
Corollary 2.2, If the group G 1is a free
product of more than two cyclic groups of order 2 then the set
K,K is not a subgroup of G.

22
Indeed,
»* *
G =[] Ay = Aso = []" &g = aq» 4,
8eS 8€S
e#ao
where
*
A, = A A, =11 &
1 so' 2 geS 8’
s#so

fulfils the assumptions of Theorem 2,
Theorem 3, Among groups which are free products
only the group G = <a,b;a2,b2> has the property W.
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Proof. By Theorem 2 it is erough to prove that the
group <a,b;a2,b2> has th:. property W, but this follows
from [2] (see Theorem 2.

The subgroups of free products have the form

u=pkx[]"ca_c,
sies i

where F is the free group.
From Theorem 2 we have
Corollary 2.3. If F#§,1 and Asi#‘l then

in the group U the sets Ki (1<m<eo) are not gsubgroups
while K° = U,

Therefore we see that the free products apart from
<a,b;a2,b2> do not have the property W and also their sub-
groups other than factors of the free product do not have
this property.

Among normal subgroups of the group G can specify these
which have the form K K where K = {ge G:lgl = m}.

Definition 2 We will say that a group G
is a quasi-simple group if it does not have proper normal sub-
groups of form Kme.

From Definition 2 and from Theorem 2 we have

Theorenm A4, The group G = [—]“AB different
geS
from Z,*3Z, 1is a auasi-simple group.

From Definition 2 we see that the simple groups are also
quasi-gimple.

There are 2-groups which are quasi-simple groups, for
exjample the group G =<a,b,c; a4=b2=02=1, ¢ Toc = baa,
ab=ba,ac=ca > 1s a quasi-simple group.

Definition 3. We say that a group G has
the property W2 4if there i8 n € N such that for each
me {lgl:geG} the set K%n is a subgroup of group G.

Obviously, finite groups have the property W, It is
a question whether there exists a group which does not have
the property w2, The following theorem gives the answer.
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Theorem 5. The group G = | |"A_* with [S] =eo
geS °

and IASI < oo does not have the property 7h.
Proof. Let us consider the element

(6) g=4a_ a cee 8 , 8. € A, ,

n
1 # 14,9 laai | =m <os (J = 1,2, «eap 27).

We must to show that the element (6) is not a product
of 2871 elements of order m. By Theorem 1 it is enough to

show that there is no system Xy ,X; , eeey Xy (xi -
1 *2 oB=1_, J

- the representant of olass Ci from Km) such we have

J

(7))  8.X; Bo ees X
1%4,82 1

8 n-1 € Kp (828485 «ec 8 5 q)e
n-1_y 2 2

-1
Obviously, the element (7) has a reduction if x; = a;1

k i
But even in this case in the element

n-1_, k
(k= 1'2'0-.’2 )-

(7) there will remain still 2%-2%"141 > 2 of factors. The-
refore the element (7) has the order - and does not belong

to Kmo
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