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A DECOMPOSITION OF ELEMENTS IN A GROUP 
AND ITS APPLICATIONS 

In t h i s note we prove a theorem concerning the decomposi-
t i o n of elements i n a group i n t o a product of n e lements 
from a normal subset and provide some of i t s a p p l i c a t i o n s i n 
the study of p r o p e r t i e s of f r e e products of groups . We w i l l 
a l s o in t roduce the concept of quasis imple groups . 

We s h a l l use the fo l lowing n o t a t i o n s : 
A group G generated by elements a 1 f a 2 , . . . and w i th 

r e l a t i o n s R 1 , R 2 , . . . w i l l be denoted by 

G = < a^ | • R-jjRgf»*«^* 

By C. we mean the c l a s s of conjugate elements of G, by 
* ^ - 1 

x.. the r e p r e s e n t a n t of Cj and by A = BUB the normal 
s e t of G i . e . i n v a r i a n t wi th r e s p e c t t o inne r automorphisms. 

T h e o r e m 1. I f A = BUB"1 i s a normal subse t of 
a group G, then the fo l lowing cond i t i ons are e q u i v a l e n t : 
( i ) an element g e G i s a product of n elements from Af 

( i i ) t he re are elements g ^ » g g , . . . , g n € G such t h a t g = 
= 6182 • • • Bn

! the re i s a system of r e p r e s e n t a n t s x^ 
of c l a s s e s fTqo A such t h a t ^ 3 

(1) g , . . . g e A. 1 1 1 * n-1 n 
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2 J.Ambroslewioz 

Theorem 1 results from the following two lemmas. 
L e m m a 1. If A = BUB"^ is a normal subset of 

a group G then the following conditions are equivalent: 
(1) the element ge G is a product of n elements from A, 
( i i ) there are elements g^,g 2 > . • •»8 n c 0 such that 

& - 8-|62"*6n ^ ^ there is a system of elements 
a 1 , a 2 , . . . t * n _ i t A such that g.,a.|g2.••a

n_i&n
e A* 

P r o o f . Let g = a 1 a 2 . . . a n , a^e A. I f we put 
* a i ^ = 1»2»«*«»n) then there is a system a^ 1 , a 2 . . . , 

anll s u c h t h a t 6 i a i 1 « 2 " * a n l l g n = a n € A* 
Conversely, i f there are elements g ^ . . . , g Q e G such 

that g 1 g 2 . . . gn = g and « - i ^ S g * ' , a n - 1 g n = a n € A t h e n b y 

normality of the set A we have 

/ / »®n-1®n 
* *an-V *an-2' *** 

g 2 . . . g n 6 1 6 2
, " e n 

. . . l a 1J (an> 

(ax = x~1a x). Therefore the element g is a product of 
n elements of the set A. 

L e m m a 2. If for eaoh system g 1 , g 2 , . . . , g n t G 
(g = ^ ^ ^ ^ a i ^Poni set A = BUB 
the element 

(2) g1a1^g2***an-1gn 

does not belong to A, then the element 

(3) g 1 ( a T 1 ) 8 l g 2 ' - ( a ^ 1 , 8 n * 1 ^ 

does not belong to A fot each s^t G, too. 
P r o o f . Sinoe the set A is a normal set, following 

expressions are equivalent: 

- 1 
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Decomposition of elements 3 

g 1 a 1 1 g 2 a n-1 8 n ^ A> 

a 1 1 g ? a 2 1 g 3 *** a n l l 6 n 6 1 * 

g 2 a 2 g 3 " * an-1gn®1 4 

- 1 - 1 g 2 a 2 ®3 * " an-1®n®1g2 4 a 1 

(4) R ^ - ' ^ n 4 a n - 1 a n - 2 l 8 ° a 1 2 8 3 '8nA* 

By analogous t ransformat ions we see tha t (3) i s equiva-
len t to 

(51 < * , * - , . . . * „ ) ' t (a^fte18-)' ... "e")1 A 
fo r each x e G. Henoe g1g2>>*gn 4 ®n-1Cn-2***C1A wl*ich 
implies (5) and a lso C3)• This ends the proof of Lemma 2. 

Hote t h a t the se t 

Km = (g e G : | g | = m) (see [ l ] ) 

i s a normal subset of a group G which s a t i s f i e s the assump-
t ions of Theorem 1. 

Bow we s h a l l prove the following theorem. 
T h e o r e m 2. Let G = n * A 0 be the f r ee product 

seS 
of family of groups \ A

8 f i s e S such tha t at l e a s t one of 
them has an element whose order i s d i f f e r e n t from 2 and at 
l e a s t one of them has an element of f i n i t e order . The.n the 
set K

mKm i s not a subgroup of G f o r any f i n i t e m > 1, 
while Koo K oo = G. 

P r o o f . Suppose tha t the group A_ contains e l e -s o 
ments of order m, l e t C^ c Km be any c l a s s of conjugate 
elements of order m, and l e t x^ € A0 be a r e p r e s e n t a t i v e 
of c l a s s C^. 0 
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4 J.Ambrosiewicz 

We w i l l consider the cases: ( i ) m > 2, ( i i ) m = 2. 
In both cases ve v i l l f ind an element g e K^ such that 

2 m 

a a . 
Case ( i ) » Let g = e K^ with a s e kg and 

8 * V 
In order to investigate the decomposition of an element g 

into product of two elements of order m we must check accord-
ing to Theorem 1 whether we can find a decomposition of the 
element g into g^ and g2 (g = g - ^ ) i n such a way that 
®1xiJe2 e Km w i i e r e x j runs over a l l representatives of the 
classes of conjugate elements from the set f ^ . 

I t is easy to ver i fy that the following elements 

( i i x j ) a ; 1 x i a B x l a ^ x i a 8 , 

x i a B 1 ( x i x J , a 8 X i a i x i a s ' 

x i a ^ x i a s ( x i x d , d 8 1 x i a 3 ' 

x i ^ 1 x i a 8 x i ^ 1 ( l i x j , a 8 

are not of order m no matter whether x^ t x ^ or x^ = x^1 . 

By Theorem 1 g { KmKffl so $ K* and KmKm < G. 

Case ( i i ) . Considering the element 

" = ( S 1 x i S ) ( x i a 8 x i S 1 x i a 8 x i S 1 x i ^ S 1 x i a 8 V » 1 x i a 8 ) ( x i S x i S 1 x i ) 

O 
with aQ e kg and a^ j 1, in the same way, we can prove 
that KgKg { G. 

Now we shal l show that Ko»K» = G. 
I f |g | = oo then we have g = g^g -^ e K » K < » , 
I f g ! < oo then g = a„ e A„ . We have two cases: I B • B^ 

1°) a82. = 1. 

2°) a^ 4 1. 
S i 
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' composi t ion of ~lements 

I f 3g = 1 then 
i 

= a_ = a„ a_ a„ 
8 i s i 8 i+1 8 

because from the assumption t he re i s an element a such 
? ? i + 1 

t ha t at 1. I f af / 1 then a l s o 
s i + 1 8 i 

g = % - ( w ^ i X « , - , ) 
€ K oq K oo « 

There fo re i n a l l the cases we have g e K—K» i . e . 
G £ KooKoo. Thus G = KoeKoo. 

D e f i n i t i o n 1. We say t h a t a group G has 
the p roper ty W (see [ l ] ) i f f o r each me j | g | : g e g | the 
se t i s a subgroup of group G. 

C o r o l l a r y 2 . 1 . The group G which f u l f i l s 
the assumptions of Theorem 2 does not have the proper ty W. 

C o r o l l a r y 2 . 2 . I f the group G i s a f r e e 
product of more than two c y c l i c groups of order 2 then the s e t 
KgK2 i s not a subgroup of G. 

Indeed , 

G - n * A s = As = n * As = A,» A2. 
seS 0 seS 

where 

A i = v a2 " n ; v 
B*BQ 

f u l f i l s the assumptions of Theorem 2. 
T h e o r e m 3. Among groups which are f r e e produots 

2 2 only the group G = < a , b ; a ,b > has the proper ty W. 
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6 J.Ambrosiewicz 

P r o o f . By Theorem 2 i t i s enough to prove that the 
2 2 

group < a , b ; a ,b > has th . property W, but t h i s fol lows 
from [2] (see (Theorem 2 ) . 

The subgroups of free products have the form 

u = F * i T c - V C, 
B j t S 1 

where F i s the f ree group. 
From Theorem 2 we have 
C o r o l l a r y 2 . 3 . I f F jf 1 and An 4 1 then 

i 
in the group D the s e t s (1 < & < • » ) are not subgroups 
while K2 - 0 . 

Therefore we see that the f ree products apart from 
2 2 

< a , b ; a ,b > do not have the property V and also t h e i r sub-
groups other than f a c t o r s of the free product do not have 
t h i s property. 

Among normal subgroups of the group G can spec i fy these 
which have the form KmKm where R m = { g e G : | g | = m|. 

D e f i n i t i o n 2 . We w i l l say that a group G 
i s a quasi-simple group i f i t does not have proper normal sub-
groups of form KDKn. 

From Def in i t ion 2 and from Theorem 2 we have 
T h e o r e m 4. The group G = | I * A_ d i f f e r e n t s«S 8 

from i s a auasi-simple group. 
From Def ini t ion 2 we see that the simple groups Eire a l so 

quasi-s imple. 
There are 2-groups which are quasi-simple groups, f o r J A O 4 O 

es)ample the group G * < a , b , c ; a =b =c »1, c be = ba , 
ab=ba ,ac=ca> i s a quasi-simple group. 

D e f i n i t i o n 3. We say that a group G has 
the property 

W11 i f there i s n « N such that f o r each 
m e { | g | : & £ G } t t i e set K? i s a subgroup of group G. 

Obviously, f i n i t e groups have the property W11. I t i s 
a question whether there e x i s t s a group which does not have 
the property The following theorem gives the answer. - 634 -



Decomposition of elements 7 

T h e o r e m 5. The group G = n * A 0 * with [ s | = <~ 
s c S ° 

and |As| < oo does not have the property 
P r o o f . Let us consider the element 

(6) g = a a . . . a , a £ A , 
D j O i O j DJ D j 

X2 2n i i 

i J * |a8 I = m <oo (3 = 1,2 2 n ) . 
ii 

We must to show that the element (6 ) i s not a produot 
of 2n~^ elements of order m. By Theorem 1 i t i s enough to 
show that there i s no system x^ , x^ (x.^ 

1 2 2 n " 1 - 1 ^ 
- the representant of c lass C^ from Km) such we have 

d 

(7 ) g l x ± g 2 . . . x ± g _1 e Km ( g = g l 6 2 . . . g ., ) . 
1 2 n~ ' 2 2 

Obviously, the element (7) has a reduction i f x. = 
k- 1 

n-1 1 K k 
(k = 1 , 2 , . . . , 2 ~ J. But even in this case in the element 

(7 ) there w i l l remain s t i l l 2 n -2 n - 1 +1 > 2 of f ac to rs . The-
re fo re the element (7 ) has the order «» and does not belong 
to K . ID 
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