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ON CONFORMAL KILLING TENSORS OF TYPE 2/2
IN THE RIEMANNIAN SPACE

1. Introduction

Let there be given an n-dimensional Riemannian space M
with the nonsingular metric form d92 = gijdxidxd. By Rijkl’
Ri and R we shall understand the covariant curvature tensor,
the Ricoi tensor and the scalar curvature of the considered
space, respeotively.

By cijkl we shall denote the tensor of the conformal cur-
vature of the space M. Thus we have by definition

;
(1) Cygpy = Bygin + 53 (Byp8y1 = BypByy + Byj85y - Ryjagpl+

R
+ To=17(o=2T (8jx811 ~ 81x8j1)-

It is known that the Riemannian space M is a conformally-
~Buclidean space if and only if the tensor ci;jkl vanishes iden-
tically.

2. The conformal Killing tensor of type 2/2
Consider the tensor V,, 4 Whioch satisfies the following
identities

(2) Vi [od] = Vijoa®

- 563 -



2 Ww.516sarska

In order to introduce the notion of conformal Killing ten-
sor of type 2/2 we state the following definition.

Definition 1. The tensor Vijcd of class 02
ijed is said to be a
conformal Xilling tensor of type 2/2 if there exists in the

space lLi a tensor fijc such that

satisfying the condition vij cdl = v

(3) v + - f

ijedsb * Vijvdse = 2T1308bc ~ fijvBea ~ fijcBuac

The tensor fijc occurring in definition 1 will be called
the tensor associated with the conformal Killing tensor of
type 2/2.

It is easy to see that the above introduced notion of con-
formal Killing tensor of type 2/2 is an attempt to extend to
tensors of type (4,0) satisfying the condition (2) the notions
of conformal vector and Killing tensor introduced in papers
[1] ana [2].

It is worth while noting that if we set in the definition
fijc = 0 and v[ichd = Vijcd we get the definition of Killing
tensors of type 272 iqtroduced in paper [4]; if we set fijc=
we get the definition of the Killing tensors of type 1/3 from
paper [3].

We are now going to prove some fundamental lemmas about
the properties of conformal Killing tensors of type 2/2 which
will be useful in the proof of the main theorem of the present
paper.

Lemma 1. For any conformal Killing tensor of type
2/2 of class C° the following identity holds

0

(4) Vijedsb * Vijabse * Vijbesd =

- _ . \
= 3(Vijcasb * Fije8ba ~ fijaBoc’*

Froof. The definition implies the following iuvea-
titiey
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Conforral £illing tensors 3

r = - -
(%) Vignaze * Viged;p = 2%13d8bc ~ T13cBab - T1j0Bdc

and

(6)  Vijpesa * Vijacsp = 2f135c8ba = TijaBbe = TijvBde*

Subtracting the equalities (5) from equality (6) and adding
vijdc;b to both sides we get the required identity.

Lemma 2, Any conformal Killing tensor of type 2/2
of class C° satisfies the identities

ba,e ba,e _ a
(7) vej °R iba *t vie °R jba ~ '2(n'1)fija; ’
where
a _ _ca
fija; =8 fijc;a'
Proof. Transvecting the tensor gbc onto (3) we
get
c-— -
(8) vijcd; = (n 1)fijd’
where
c _ _be
Vijed; =8 Vijed;b®

Taking the covariant derivative in equality (8) and transvec-

ting the tensor gdc onto both sides we obtain

cd _ d

On the other hand, from the Ricci identity we get the follow-
ing equality

ab _ ab e ab,e
(10) 2Vi5 ;asb = Ve "R® gy - Vie" R jab®

Pinally (9) and (10} imply (7).
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Lemma 3, Any conformal Killing tensor of type 2/2
satisfies the identities

6

cda *

o« A 7.6 7 6 7
(11) {B(Jidj(adw +8,T paa * 6p T

abc
7.6 P o 7 6 o 7
+ 62T gcp) * 53(5g' iabe * %c¥ 1baa *

6. .a 7 6« 7 a, 0. 7
+643% 5caa * %o idcb | * 0109V jabe *

6_p 7)

aw Jdcd +

& o 7 6 7
+ 6% spaa *Op¥ jeaa t 6

2 pra 76 a.p 76 -
+ 17 (BcaBpa8anbea (G3R 4" +64R4TI] Vgp,6 = O,
where
6 6 6 6
(12) T ape = (n=2) R + Ryg o = RoBgy
and
w® T _ 2p® 7T a 7
(13) T5abe = 3(R 4y 8eq = Ry 8ap) +

[T o 1 Tp® o Tpa
+ (“"’[6a Rieb * 2 (6c Rjqp =6y R iao)]'

rroof, Taking the covariant derivative in identity
(3) we get '

(14) Vi5ca;05a* Vijbdjeza = 2f1jd;a8bc = Tijb;aBed ~Fijc;abbar

Permuting cyclically the indices a, b, ¢ we obtain

(15) + V.

Vijad;c;b ijcdjasd ~ 2fijd;bgca +

= f55c;08a0 = Tija;pBed
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gorformal Killimg tensors 5

(16) Visbdzase * Vijad;bze = 2TijazcBab *

- fi5a5080a = Tijv;cBad®

Adding now identities (14) and (15) side by side and subtract-
ing the identity (16) from the sum and meking use of the Ricci
identity and of the identity Re[?ac] = 0 we obtain:

e (-]

(17) 2Vijcdsbza = 2VijeaR ach ~ Vejca® 1ab *
(-] (-] e

- Voibd® 1ca = Vejad® 1ob = Viecd® jav *
e (-] e

= Viebd® jca = Viead® jeb ~ VijceR dab *

e e _
= VisbeR dca = Vijae® dob = 2(f1ja;e8bc *

+

?i3d;08ca = FijdscBab! = (fijb;a * Tija;n'8ca *
* (f55a5¢c = Tijo;a’8ba * (fijbse = Tijo;b'8aqr

Permutting cyclically the indices b, ¢, d we get from (17)
the following two identities

= Vo3ab® iac *

(18) 2vijdb;c;a - 2vijebReadc
- Vosct” ida = Vojab® 1dc - Viedb® jac *
- Vioch® jaa = VieatR jac — Vijde™ bao *
- Vi5ceR bda = VijaeR bdc = 2(fijb;aBea *

- (f

<+

fi5b;c8da = Tijb;aBac! ijesa * Tijajc!Bba *

<+

(55250 = Tijgsal8en * (£ijc;a = Tija;c)Bab
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-

¢nd
e e
(19) Zvijbc;d;a - 2vijecR abd ~ VejbcR iad

e
= Viencht jad *

e
jba ~ Vijbe® cag *

+

e e
Vejch iba ~ V~<aja.cR ibd

e (-]
- Viedc™ jba = Vieac®

e e
vijdeR cba ~ vijaeR cbd © 2(fijc;zz‘gdb +

+ £, +

+

fijc;dgba - fijc;bgad) + (fle ;8 ija; ;d8bo

* (£55050 = Tigbzal8ed + (Fija;p = Fijb;4)8act

~Adding ecqualities (17), (18) and (19) side by side and
making use of idemntity (4) and id:ntity Rj}jk] = 0 we have

Re +V.. R®

+ 3(v; ach ¥ Vlgbe ijce abd) +

(20) 6V R®

ijcdib;a ijde

ejac® 1ab * VejanR tca * VejbcR“ida’ *

e
iebcK jda

+ 2(Vv

+ V ) +

+

2(Vledc jab M V1edbR

+ VojaaR 1cb * Vejveal 1de * Vegca ibg *

e -
1eca jbda —

- f

+ V.

+

e e
viedaR jeb + viebaR Jde
+ (2 ijb;d'8ca *

2f

= 3[(fi30;¢ = Tijesn'8aa
-t + 2f

ijd;b

+

(£fijc;5a = Tija;c'8ba 1ja;880a = 2Fijc;e80a)°

Multiplying now the identities (17) by 3 and subtracting them
from identity (20) we get

e e e
(21) 3(V5546R abe + Vijco® bad * VijbeR cda *
e ) e
+ vijaeR dcb, + 2(Ve;]a.dR ieb t VejbcR ida) +

e
+ 2(V500aR%5eb * Vienc® jaa) * VejcdR iab *
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+V . R®

e
+ VvV ., R, + V ejcal ibd +

R®
ejba” idc ejbd™ ica

e e e
+ ViecdR Jjab + viebaR jde + ViebdR jea +

+

ViecaR ibd = 3(6134c8ab - 61jan8ea * Sijbalod *
= 631 jacBbal

where

63jdc = Fijdzo * Tijo;a°

Transvecting the tensor gab onto both sides of the last
equalities and taking into account the identity (7) and the
following one, easy to cheok,

de de _
Rbdoeuij + Rcdbeuij =0
wo get

o e 8 b
vijdeR ¢t vijoeR a* Vojpa® 1o

e b e b _
R d + vlebd je * Vievc® ja

(v, bane

egbc

ba,e
= (n-2) 613dc = n 1 ba * vie °R aba

whence

) _ 1 e e
(22} 6 = 335-(vladeR vijceR a*t

€ b e
dR ic ¥ Vejbc d * ViebdR Je

ijde

b
+ Vejb

e b 8c4 ba,e ba,e
* Vievc® ja * ot (Voj ®iva * Vie R jpal

Foramulas (21) and (22) imply the identities
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8 w.516sarska

(23) 3[VijdeTeabc *Vi50eTbaa * Vijbol cda *
+ V53500 acb * Vejkd(Reibkgca - R%; fgp) +
+ Vejkc(Reiakgbd - %54 8pq) * Vejkb(ReidkSca +
- Reiakgcd) + vejka(Reickad - Reibkgcd) +
+ viekd(Rejbkgca - Rejckgab) + Viekc(Rejakgbd'Rejdksba) +
+ Viekb(Rejdkgca 'Rejakgcd) + vieka(ReJcksbd = Rejbkgcd)] +

e e e
* (n'z)[}(vejadR iecb * vejbcR ida) + 2(vieadR Jcb +

+ ViebcRejda) + vejcdReiab + vejbaReido + vejbdReioa +
+ VoscaR iba * Vieca® jab * ViebaR jao * viébdRejca] +
+ o7 (8gabap - sabscd)(vejklneik{ + vieklRejkl) =0
and
(24)  3(V;440™ape * VijceT bad * VisbeT cda *
+ Vy500T0ch! + vejkdweiabok + vejkcweibdak +
+ vejkbwaicdak + vejkawaidcbk + viekdwejabck +
+ viekcwejbdak + viekbwejcdak + viekawejdcbk +
+ o7 (BoaBap - 5acgcd)(vejklReikl + vieklnejkl) =0,
where T°_, is given by formula (12), W, ¥ by formula (13).

iabe
From (24) the relation (11) follows.

Theorem 1, If at any point of the Riemannian
space M there exists a conformal Killing tensor of type 2/2,
then the space M is a conformally-Euclidean space.

Proof. Let the assumptions of the theorem hold.
Then it follows from lemma 3 and condition (2) that the symme-
tric part (with respect to 7 and 6 ) of the coeffficient of

W:pr& vanighes, that is - 570 -
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By T 6
(25) 36‘163(6 T, GTT bad JTT cda *

+ 6728 dcb’ + 6P(Jd tabo’ * 6T % baa” *

p

'“gb icda +Ja idcb,r) +Jiwdw Jabcr
p

+6 ijbda +5bijcda +4 W Jdch) +

PRe76, ¢ RP 76

+ ﬁ (8,08ap = 8abacad)(dlj i ) =
B .6 607

= 3#63(6 TT + 5 T ad + 6 T cda
7 6

M 6aT dcb) + J:]pwd iabo 6 w ibda *

] ﬁ 6
+6bw icda J‘TW idcd ) +§6 (6‘ Jabe +

*5gijbda +5b"°3cda +§ 'decb ) +

2 ﬁ a 67 a B 67
a1 (Scasbd 8abe’cd)w:j i "'JiR J )y

where Tsabc and 'P;]bda6 are given by formulas (12) and (13),
respsctively. Contracting in (25) first the indices a, i,

then the indices B, j, we get the identities

6

. Taq6 Tm6
(26) 6dT abo * é o bad +5 cda +
' I

6Tdob'8d abc+8Tbad+

P
+6 '1‘ oda +6 T deb®
Prom (26) we draw, contracting the indices ¢, d,

6 . _R 6
(21) Tope = 6(Ray = Ty Bay) + (Raq ¥ Ty Bag)ly

Substituting into (12) the identities (27) we get

6

C abe = O
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10 ..$16garska

3., Sufficient condition for the existence of a conformal
Killing tensor of type 2/2

Let Vijcd be 2 conformal Xilling tensor of type 2/2. Trans-
vecting the tensor gab onto {17} and substituting (7} and the
. . -.e
identity R [abc] = 0 we get

a <]
(28) Vijeds sa = VijaeR ¢ = VijbeR dc *

e b
- (Ves0aR ic = Viend® jc

1 baye
7 (=108 (Vo 7Ry + Vig RO gy,

-(n-3)f,

ijdze ~ £

ijezd’

Taking the antisymmetric part of (28) with respect to ¢,d
we get

]

(29) 2V a R® - v %,

ijed; ja = VijaeR ¢ 7 Vijeef

be _
gc v = (n=4){f5 50,9 = Tija;0

+

- R ).

ijbe
In this section we are going to snow that the tensor

Vijcd satisfying (28) and (29) is a conformal Xilling tensor

of type 2/2 in the compact space M., For this purpose we shall

establish an integral formula for V. si.q+ Let us define the

je

ternsor éijbcd by the formula
(30) bijvea = Vijedsd * Vijvase ~ 2TijaBbe *
*+ fi35¢8ba * TijpBear
where fijd is given ty formula (8).
Differentiating (30), substituting (7) and transvecting
gab wve get
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Conformal Killing tensors 11

a
Vijed; ;a * (B=3M354.0 * Tije;a *

b

a
(31) A44%.4,a =

R® +

e b
- (v * Vigba® je ! - VijaeR ¢

e
ejba® 1o
b e 1 e ba e ba
- VijbeR cd ~ 2{n-1) gdc(vejbaR 1 * Vigpgl 3 ).
Theorem 2. In the compact orientable Riemannian
space M for any tensor satisfying condition (2) the following
integral formula holds:

ijecd a e b e b
(32) [ {V [Vijcd; sa = Vejna® 1c * Viend® jo *

e b e e ba
- VijaeR ¢ * Vigve® ca ~ F(m-1T BacVejpa® 1 ¥

e ba
* Viebal 3t (n'3)fijd;c + fijc;d] +

1 iJjbed _
* 2 Ayjpeat } a6 = 0,
where &6 denotes the volume element of X,
Froof. Consider Aijbcd given by formula (30) and
introduce the scalar function Aijbchlade

1jbed _ 1jcd;b
(33) A5 5beat = 2A34pegV Y e
From (33) we find AijbcdviJCd‘b and substitute it into for-
mula
ab ijed, _
_ _ab ijed ijecd
=8 (Aj3peq;a’ + VT aBijpeal

Substituting {31) and {33) into (34) and integrating we fi-
nally get the integral formula (32).

Taking into account the integral theorem of paper [3] we
obtain the following theorem.
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12 w.S16sarska

Theorem 3, In a compact and orientable Riemannian
space the tensor vijcd satisfying condition (2} is a conformal
Killing tensor of type 2/2 if and only if the equations (28)
and (29) hold.

Example. Let E™1 pe an Buclidean space with
the orthogonal coordinate system {yk},l,= 1,250¢+,n+1, and
5% the unit sphere with the local coordinate system xa},

A
a = 1,ee04yns By C: =-%1§- we denote the intermediate tensor
x

of these two spaces,
The curvature tensor of the embedded space s? is expressed
by the formula

(1) Hpa = Casb = 9% =~ Cc T pa + cgppvcb’
where :
l“z is the connection object of the surrounding s, ace and

N 2
Pcba the connection object of the embedded space.

Since &P is an umbilical surface we may write

' A A
(2") H'pa = Bapl s
where NA is the unit normal vector to the sphere.

Let w,,, be a skew-symmetric, covariantly constant field
in En+1; then the tensor Wy, On S? is expressed by the
formula

. _ AlaY
(3") Wap = cacb“%v'

We denots by vcd & covariantly constant field on s”, Let us
now consider the tensor

(4°) Ucdab = Vea*“abe

It is easy to see that this tensor satisfies condition (2).
Taking its covariant deriv.-tive we get
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Conformal Killing tensors 13

) p oY
(5") Ucdbaze = Ved;e@ad * (c a;e;cb“’yv+

+ CF'Cb se¥ur t c[‘cbce pv-a.)

Hence, making use of (1') and of the fact that the covariant
derivatives are constant, we draw
»

b+cf‘f{ )

(6') v

= u
Ucdab;a B Vcd(H aec

or,which is equivalent,

] _ F » -
(7°) Ucdab;e = (N 8aec b N 8bec )vcd“?u’
" *
7e set f 4, = N°C bvcd L then

- f

Ucdab;e = f.qvBae cdaBbe

that is

U + U - f

cdab;e cdebja = 2TcqbBae cdabbe ~ fcdeBab

which means that Ucdab is a conformal Killing tensor of type
2/2.
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