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Wanda Slósarska 

ON CONFORMAL KILLING TENSORS OF TYPE 2/2 
IN THE RIEMANNIAN SPACE 

1. In t roduc t ion 
Let there be given an n-dimensional Riemannlan spaoe M 

2 i 1 
with the nonsingular metrio form ds • ® i j d x d x • B y R i j k l * 
B ^ and H we s h a l l understand the oovar iant curvature t enso r , 
the Biooi t ensor and the soa l a r curvature of the considered 
space, r e s p e c t i v e l y . 

By C^j]^ we s h a l l denote the t enso r of the conformal cur -
vature of the space M* Thus we have b j d e f i n i t i o n 

( 1 ) C i j k l * R i j k l + ¡ ¿ T ~ H ;)k«il + R j l 6 i k " R i l « j k , + 

+ (n -1 ) fn -2) ^ J k 8 ! ! " g i k s ; j l , • 

I t i s known tha t the Biemannian space M i s a conformally-
J l ide 

t i c a l l y . 
-Euclidean spaoe i f and only i f the tensor C^jj^ vanishes iden-

2. The conformal K i l l i ng tensor of type 2/2 
Consider the tensor which s a t i s f i e s the fol lowing 

i d e n t i t i e s 

( 2 ) V i j [cd] e V i jod* 
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2 W.islosarska 

In order to introduce the notion of conformal Kill ing ten-
sor of type 2/2 we state the following definition. 

p 
D e f i n i t i o n 1. The tensor V.. , of class C l jcd 

satisfying the condition V ^ ^ J = is said to be a 
conformal Killing tensor of type 2/2 i f there exists in the 
space Li a tensor f . . such that 1 j c 

( 3 ) V i j cd ;b + V i jbd;c = 2 f i j d 6 bc " f i j b s c d " f i j c g bd* 

The tensor occurring in definition 1 wi l l be called 
1 J C 

the tensor associated with the conformal Killing tensor of 
type 2/2. 

It is easy to see that the above introduced notion of con-
formal Killing tensor of type 2/2 is an attempt to extend to 
tensors of type (4,0) satisfying the condition (2) the notions 
of conformal vector and Killing tensor introduced in papers 
[ l ] and [2 ] . 

It is worth while noting that i f we set in the definition 
f i j c = 0 311(3 V [ i j ] c d = V i jcd w e e e t t h e d e f i n i t i 0 Q o f Killing 
tensors of type 2/2 introduced in paper [4 ] ; i f we set = 0 

we get the definition of the Killing tensors of type 1/3 from 
paper [3 ] . 

We are now going to prove some fundamental lemmas about 
the properties of conformal Killing tensors of type 2/2 which 
wi l l be useful in the proof of the main theorem of the present 
paper. 

L e m m a 1. For any conformal Killing tensor of type 
2/2 of class C2 the following identity holds 

( 4 ) V i jcd;b + Viodb;c + V i jbc ;d = 

= 3 (Vi.icd:b + fi.icsbd " f i , " i jcd;b i jc sbd ijd6bc 

E r 0 0 f . The definition implies the fo l lowing i oea -
t i t i e a 
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Conforiral b i l l i n g t ens ore 3 

V i J b d j c + V i j c d ; b x 2 f i j d g b c " f i j c 6 d b " f i j o g d c 

and 

V i j b c ; d + V i j d c ; b = 2 f i j c 6 b d " f i j d 6 b c " ' i J l A j c ' 

S u b t r a c t i n g the e q u a l i t i e s (5) from e q u a l i t y (6) and adding 
^ i j d c * b 8 i d e e we ge t the r equ i r ed i d e n t i t y . 

L e m m a 2. Any conformal K i l l i n g t enso r of type 2 /2 
o 

of c l a s s C s a t i s f i e s the i d e n t i t i e s 

™ V e j
b V i b a + V i e ^ j b a = . 2 ( n . l ) f i j a ;

a , 
where 

P r o o f 
ge t 

- a ca.. 
i j a ; = 6 i j c j a * 

Transvec t ing the t e n s o r onto (3) we 

(8) V i J c d ;
c - ( n - 1 ) f i 3 d , 

where 

v c _ bcy i j c d ; ~ 6 i j c d ; b 

Taking the cova r i an t d e r i v a t i v e i n e q u a l i t y (8) and t r a n s v e c -
dc t i n g the t e n s o r g onto both s i d e s we ob ta in 

M V d ; c ; d = C n - 1 ) f l J d |
d . 

On the o the r hand, from the R i c c i i d e n t i t y we get the f o l l o w -
ing e q u a l i t y 

M 2 V i j a b ; a ; b = " V j ^ i a b " V ^ J a b ' 

? i n a l l y (9) and (10) imply ( 7 ) . 
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L e m m a 3. Any conformai Kil l ing tensor of type 2/2 
s a t i s f i e s the ident i t i es 

(11) { ^ ' w ^ + 5cr T'bad + < T 'cda + 

- ' d ^ i c d a ' • ^ a i d c / > * W * 

+ A ( B c a ^ d - ^ c d H ^ i ^ ^ y / ^ l W " 

where 

<12> *' .ba = ( n " 2 ) H\be + Rbgca " Rcgab 

and 

t13) W* l a b / - 3 < h V * o . - * V * a b > + 

+ ^ [ ^ i c b + Î ^ » " i a b * ' M a o O ' 

? r o o f . Taking the covariant derivative in identi ty 
(3) we get 

i 1 4 ' V i j c d ; b ; a + V i j bd ;c ; a = 2 f i , Jd;agbc " f i j b ; a g cd " f i j c ;a6bd* 

Permuting cyc l i ca l l y the indices a, b, c we obtain 

( 1 5 ) V i j ad ;c ;b + V i j cd ; a ;b = 2 f i ; )d;b gca + 

" f i j c ; b g ad " f i j a ; b g cd 
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• J i n f o r m a l K t l l i a g t e n s o r s 

a n d 

(16) V i j b d ; a ; o + V i j a d ; b j o = 2 f i j d j c g a b + 

" f i j a ; o 6 b d " f i j b ; c g a d * 

A d d i n g n o w i d e n t i t i e s ( 1 4 ) a n d ( 1 5 ) s i d e b y s i d e a n d s u b t r a c t -
i n g t h e i d e n t i t y ( 1 6 ) f r o m t h e s u m a n d m a k i n g u s e o f t h e R i c c i 

[ d a c ] i d e n t i t y a n d o f t h e i d e n t i t y R e r H n p l = 0 w e o b t a i n : 

( 1 7 ) 2 V i j c d } b 5 a " 2 V i j e d R 6 a c b " V e j c d R 0 i a b + 

R e 
l H i c a ~ V e j a d R e i o b " V i e c d R e j a b + 

R e 
l R j c a 

- V R® 
l e a d j c b ~ V i 3 c e R 0 d a b + 

R® 
I * d c a ~ V i j a e R 8 d o b = 2 ( f i j d ; a g b c + 

+ f i j d ; b g c a " f i j d ; c 6 a b ) " ( f i j b ; a + f i j a ; b , 6 c d + 

+ ( f i j a ; c ~ f i j c ; a , g b d + ( f i j b ; c " f i j c ; b , g a d ' 

P e r m u t t i n g c y c l i c a l l y t h e i n d i c e s b , c , d w e g e t f r o m ( 1 7 ) 
t h e f o l l o w i n g t w o i d e n t i t i e s 

( 1 8 ) 2 V i j d b ; c j a " ^ i j e b ^ a d c ~ V e ; ) d b R e i a c + 

3 0 i d c " V i e d b R < , j a c + 

8 j d c ~ V i j d e R 0 b a o + 

6 b d c = 2 ( f i j b ; a g c d + 

+ f i j b ; c e d a ~ f i j b ; d 6 a c ) " ^ f i j c ; a + f i j a ; c , g b d + 

+ ( f i j a ; d " f i j d ? a , g c b + ( f i j c ; d " f i j d ; c ) g a b 

» R 0 i d a " V e j a b R ' 

» R 0 j d a " V i e a b R < 

R e 
i b d a " V i j a e R ' 
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T i u o l o i i a r s k a 

end 

( 1 9 ) 2 V i j b c ; d j a " 2 V i j e c R S a b d " ^ j b c ^ i a d + 

" V e j d c R 6 i b a 
- V R e -

•e j ac i b d 
V R e + 

i e b c j a d + 

- V R® 
i e d c j b a 

- V R® -
i e a c j b d 

V R e + 
i j b e cad + 

" V i j d e R 0 c b a " V i j a e R 0 c b d = 2 ( f i j c ; a g d b + 

+ f i j c ; d g b a ' ' ^ i j c ; b g a d ' + ( f i j d ; a + f i j a ; d ) g b c + 

+ ( f i j ? ; b " f i j b ; a , g c d + ^ f i j d ; b " f i j b ; d , g a c ' 

A d d i n g e q u a l i t i e s ( 1 7 ) , ( 1 3 ) and ( 1 9 ) s i d e by s i d e and 

m a k i n g use o f i d e n t i t y ( 4 ) and i d a n t i t y R ^ - j ^ J = 0 we h a v e 

( ? 0 ) 6 V i o c d ; b ; a + 3< ^ j d e ^ a c b + ^ j b e ^ a d c + V i j c e R 0 a b d ) + 

+ ^ e j d c A a b + V e j d b R e i c a + V o c ^ i d a ' + 

+ 2 < V i e d c R j a b + V i e d b R j c a + V i e b c H j d a 1 + 

+ V e j d a R 0 i c b + V e j b a R 6 i d c + V e j c a R e i b d + 

+ V i e d a R 6 j o b + V i e b a R 0 j d c + V i e o a R ° j b d = 

= 3 [ ( f i 3 b ; c " f i j c } b , g d a + ( f i j d ; b " f i j b ; d , g c a + 

+ ( f i j c ; d ~ f i j d ; c , g b a + 2 f i j d ; a g c d " 2 f i j c ; a g b d ] ' 

M u l t i p l y i n g now t h e i d e n t i t i e s ( 1 7 ) by 3 and s u b t r a c t i n g them 

f r o m i d e n t i t y ( 2 0 ) we g e t 

< 2 1 > 3 ( V i j d a R e
a b c + V i j c e R e

b a d + V i ; j b e R e
c d a + 

+ V i ; ) a e R e d c b J + 2 ( V e j a d R 0 i c b + ^ b c A d a ' + 

+ 2 < V i e a d R e d c b + ^ i e b c R 0 j d a ' + ^ c d A a b + 
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Conformial K i l l i n g tensors 7 

where 

+ V e jba f i e idc + V e jbd R 0 i ca + V e jca R e ibd + 

+ V i eod R e j ab + ^ e b a ^ j d c + V i ebd R 0 j ca + 

+ V ieoa R e ibd = 3 { t f i j d c g a b " di;jdbSca + d i j b a e c d + 

6 i j d c = f i 3 d j o + f i j c ; d * 

Transvecting the tensor g a b onto both s ides of the l a s t 
e q u a l i t i e s and taking in to aocount the i d e n t i t y (7) and the 
fo l lowing one, easy to cheok, 

Rbdoeu i j (* e + Rcdbe^i/ 9 = 0 

we get 

V i j d e R 0 o + V i j c e R 6 d + V e j b d R 6 i o b + 

+ V eobc R 0 id b + V i e b d R 9 j c b + V i e b c R 0 j d b = 

= M 6ijdc ' laf ^e^iba + V^ba'' 
whence 

( 2 2 ) 6 i j d c = n=2" ( V i j d e R 0 c + V i j c e R 0 d + 

+ V e j b d R e i c b + V eobc R 0 id b + V iebd R 0 oc b + 

* W ' i d * ^ ^ f ^ ^ i b a + V i e b a E e . b a ) . 

Formulas (21) and (22) imply the i d e n t i t i e s 
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^ i j d e ^ a b c + • i j c . ^ b a d + ^ d b e ^ c d a + 

+ V i j a e T % c b + V e j k d ^ i b ^ c a " ^ i c ^ a b * + 

+ ^ j k c ^ i a ^ b d " H e i d k « b « ' + V e d k b ( R e i d \ a + 

,e k 

R e i a k £ c d ) + V e j k a ( R e i c k 6 b d " ^ i b ^ c d * + 

+ * i . k d < H V g o a " R f l j c \ b ' + V i e k c ( R e j a % d - f i e d d + 

+ V i e k b ( R V g c a - H V g o d > + V i . k a < * V g b d " H V * o d > ] + 

+ ( n - 2 j [ 2 ( V e o a d R 6 i c b + ^ b c A d a * + 2 < v i a a d H * J o b + 

+ V i e b c R e j d a ) + V e j c d R 0 i a b + ^ J b a ^ i d o + V e J b d R 6 i o a + 

+ V e o c a R 6 i b d + V i e c d R 6 ; ) a b + V j e b a R e j d o + V i e b d R 8 j c a ] + 

+ A " ( g c a g d b - < W W < V e ; j k l R e i k l + V i e k l R e d k l ) = 0 

and 

3 ( V i ; ) d e T e a b c + V i ; ) c e T e b a d + V ± ; J b e T e c d a + 

+ V i j a e T 6 d c b ^ + ^ k d ^ i a b c 1 * + V e j k c w 6 i b d a k + 

+ V e j k b w e i c d a k + ^ j k a ^ i d ^ + ^ e k d ^ j a b c * 1 + 

+ V i e k c w 6 j b d a k + ^ e k b ^ j j e d a 1 ' + ^ e k a ^ j d e b 1 1 + 

+ n=T <«oa g db * « a o « o d , < V . i k l R , i k l + V i e k l R e j k l J = 

where T e a b c i s g i v e n by f o r m u l a ( 1 2 ) , f o rmu la ( 1 3 ) . 
Prom (24) the r e l a t i o n (11) f o l l o w s . 

T h e o r e m 1. I f a t any p o i n t o f the Riemannian 
space M t h e r e e x i s t s a conformed. K i l l i n g t e n s o r o f type 2/2, 
t h e n the space M i s a c o n f o r m a l l y - E u c l i d e a n s p a c e . 

P r o o f . Le t the assumptions o f the theorem h o l d . 
Then i t f o l l o w s f rom lemma 3 and c o n d i t i o n ( 2 ) t h a t the symme-
t r i c p a r t ( w i t h r e s p e c t t o y and 6 ) o f the c o e f f f i c i e n t o f 
V . . , ; v a n i s h e s , t h a t i s 
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(25) J ^ f l i K b o ^ « ^ b a d * ^ c d a -

<• ¿y^/ • • *y, * 
* n§T <«c.*db - • 

+ CT(«ca8bd " 6 a b 6 c d , ( < V i + 6 i H j > • 
6 a 5 

where T ab<J and W are given by formulas (12) and (13) , 
r e s p e c t i v e l y . Contract ing in (25) f i r s t the ind ices a, i , 
then the ind ices j , we get the i d e n t i t i e s 

fi5T6abc+5crT6bad+^6cda + 

+ ^a^ 'dob * ^d^ 'abo + ^o^^bad + 

+ 5 l T f c d a + 4 T r d c b -

Prom (26) we draw, con t rac t ing the ind ioes f , d , 

4 c - *c<Bab " ¿ T *ab> + i"fiao ¡FT * a X 

Subs t i tu t ing i n t o (12) the i d e n t i t i e s (27) we get 
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10 .élosarska 

3. Suf f ic ient condition fox' the existence of a conformai 
Ki l l ing tensor of type 2/2 

Let V . . , be a conformai Ki l l ing tensor of type 2/2. Trans-1 J CQ _ y. 
vecting the tensor g onto (17) and substituting (7) and the 

- - - i t identity i? j-gbcj = 0 v/e gel 

<28> V i j c d ; a ; a " V i j d e R % - V i j b e R % c b + 

" ( V e j b d p e i c b " V iebdR e j c bJ + 

- ? ^ - 1 ^ c d ( V e d b a R e i b a + V i e b a R e 3ba = 

= - ( n " 3 ) f i j d ; c " f i 3 c ; d ' 

Taking the antisymmetric part of (28) with respect to c,d 
we ge t 

( 2 9 ) 2 V i j c d ; a ; a " Vi; jdeRec " ^ J c e ^ d + 

" ^ d c ^ i j b e = ^ " 4 ) ( f i j c ; d " ^ d j c 1 ' 

In this section we are going to show that the tensor 
V i j cd s a t i s f y i n S a n J (29) is a conformal Xi l l ing tensor 
of type 2/2 in the compact space M. For this purpose we shal l 
establish an integral formula for Let us define the 
tensor by the formula 

( 3 0 ) A i jbcd = V i j c d ; b + V i j b d ; c ~ 2 f i j d6bc + 

+ f i j c 8 b d + f i j b 6 c d ' 

where i s given by formula ( 8 ) . 
Di f ferent iat ing (30) , substituting (7) and tranavecting 

ab g v/e ge t 
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V c d j a = ViDcd;a;a + (D-3,fijd;c + fijc;d + 

- (VedbdR6icb + V i e b d R V ) ' VijdeR0c + 

v nb e 1 tv De ba , v De ba> " ijbe cd " 2(n-1) 6dclvejbaK i + viebaK j 
T h e o r e m 2. In the compact orientable Riemannian 

space M for any tensor satisfying condition (2) the following 
integral formula holds: 

(32) / {V^ d[v i d c d ;
a
; a - ( V e . b d R V + V i e b d R V + 

V 

- VijdeR0c + ViJbeRbcd6 » 2T7^TT « d c ^ e ^ V * + 

+ V i e b a R e j b a + (n-3)fijd;c + fijc;d] + 

where d6 denotes the volume element of IZ. 
P r o o f . Consider A . . given by formula (30) and ljDca iibcd introduce the scalar function Aijbcd

A 

a AiJbcd _ vijcd;b [JJ1 i jbcd " ijbcd 
Rcom (33) we find Ai jbc<jvi^Cd'b and substi1;ute i-t in1;o for-
mula 

M4) eab(A U 4 ' Ê ijbcd ;a " 

- p a bfA V ^ e d + V i j c d A ) " 6 ijbcd;a + v ;aAijbcdJ* 

Substituting (31) and (33) into (34) and integrating we fi-
nally get the integral formula (32). 

Taking into account the integral theorem of paper [3] we 
obtain the following theorem. 

- 573 -



12 W.3l6sarska 

T h e o r e m 3. In a compact and orientable Riemannian 
space the tensor sa t i s fy ing condition (2) i s a conformal 
Kil l ing tensor of type 2/2 i f and only i f the equations (28) 
and (29) hold. 

E x a m p l e . Let En+1 be an Euclidean space with 
the orthogonal coordinate system A. = 1 ,2 , . . . f n+1, and 
L>a the unit sphere with the local coordinate system {*a}» 

a = 1 , . . . , n . By Ĉ " = we denote the intermediate tensor 
a 3x 

of these two spaces. 
The curvature tensor of the embedded space Sn i s expressed 

by the formula 

<1' > H \ a - Ca;b = V a ~ Cc ^°ba + 

where: i 
i s the connection object of the surrounding s.ace and 

T c b a the connection object of the embedded space. 
Since Sn i s an umbilical surface we may write 

<2'> H \ a = * a b ^ 
t 

where N i s the unit normal vector to the sphere. 
Let (Jutf be a skew-symmetric, covariantly constant f i e l d 
n+1. i 

formula 
in then the tensor on Sn i s expressed by the 

(3 ' ) co . = C^CvU . ' ab a b pv 

We denot9 by VC(j a covariantly constant f i e ld on Sn . Let us 
now consider the tensor 

<•'» "cdab - V c d " W 

It i s easy to see that th is tensor s a t i s f i e s condition (2) . 
Taking i t s eovariant derivative we get 
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(5' » Ucdba;e = Vcd;e"ab + ( C a ; e C b < V + 

+ C £ C b ;e<V + ^ ^ e ^ J ' 

Hence, making use of (11 ) and of the fact that the covariant 
derivatives are constant, we draw 

( 6 ' J Ucdab;a = V ^ a e ^ b + c V b a > V 

or,which is equivalent, 

Ucdab;e = ^ a e ^ b " A ^ X d ^ 

>3et fcdb = ^ V c d V t h e n 

Ucdab;e = fcdb6ae ~ fcdaabe 

that is 

Ucdab;e + Ucdeb;a = 2 fcdb6ae " fcda6be " fcde8ab 

which means that UC(jaij i s a conformal K i l l ing tensor of type 
2/2. 
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