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1. Introduction 
The convergence f i e l d s of generalized strong Nôrlund sum-

mability have been investigated by Kumar [2], Sinha [6 ] and 
Schaper [5]« In t h i s paper we discuss the r e l a t i o n s between 
the convergence f i e l d s o [N,p,a]^and 0[n,p»r,<x]^, r e 1 , 
\ > 1. The r e s u l t s are general isat ions of known theorems of 
Kuttner and Thorpe [3J ( a = 1, X = 1 ) and Schaper [ 5 ] ( A = 1 ) . 

2 . Preliminaries 
Let $ := |s|s : N Q — cj ba the set of complex sequen-

ces. I f s , t e $, then s * t e $ i s defined by 

n 
s . t n := (s * t ) n := R ~ 

v=0 

ffe define y e $ by 

IT" i f *n * 0 
n 

* « -
0 i f t * 0 . 

Ve write a < t i f s n , t n e S and s Q ^ t for a l l n. 
I f a e $ we define ae usual AB e $ by 

ASQ : = B 0 > 

ind |sI e $ by |s|n := |sn| 
As := s , As := s - s 0 o* n n n-1 
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2 R.Schaper 

Ve often use the following abbreviations 

1 := { 1 , 1 , 1 , . . . } , 

I t oan be easily verified that 

A s »t : = A ( s » t ) « (As) • t - s»(At), 

A B « 1 > 8, a « e = s. 

Ve consider now the following sets of sequenoes: 

fl :» [s c $ | sn 4 0 for almost a l l nj, 

n-0 

oft) :« |s e $|lim f- n = oj for t e $, 
I n •* — 

0(t) {s c $\ |s | < K|t | [ for t « 

Let a , p e $ be suth that pQ 4 0, a n / 0 for n £ 0 and 
p « K f i , then PpJ f̂ is the generalised lorlund mean of 
s e $. The sequenoe a is said to be generalised Horlund 
summable to zero i f p*as e o(p«a){ [1], [5]« Then we write 

o(N,p,a) := |b e $ | p*as e o(p«a)|. 

I f furthermore Ap» a e 2 we define generalized strong 
Horlond summability. The sequenoe s is said to be generali-
zed strongly summable (H,p,a) with index to 6, i f 
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Strong Norlund summability f i e l d s 3 

and th i s i s denoted by s — 6 [ l l ,p ta]^i [2], [(>]. Since the» 
sequenoe on the l e f t side i s monotonic, th is def ini t ion i s of 
use only i f |p»a|_ — 00 as n —— «• . 

We have s — i f and only i f |sn - ¿ J — 0 
hence we only consider the l imi ts 0 [n ,p ,a ]^ . 

If t , At c fl and X > 0 we define the set 

s x ( t ) := ( s c ^ { ¿ | A t J . | e o(t)} . 

So we have o[N,p,a]^ := |s e $ | p«as c s^ (p « a )} . Thus the 
structure of the convergence f i e ld o[lJ ,p ,a]^ i s determined 
by the structure of the set s ^ ( p « a ) . 

For the remainder of th is paper, we sha l l assume that i f 
(N,p,a) i s a generalized Norlund method, then pQ 4 0, a n 4 0 
for n > 0 and p » a £ f i . Considering strong summability we 
furthermore shal l assume A p « a c f i , l i p |p*<*|n = 00 and X > 1 

n—00 
unless mention i s made to the contrary. 00 

If p e $ we write P(z) = P^z^ and denote th6 radius 
v=0 v 

of convergence of this power ser ies by y(p) . We use s imi lar 
notations with other l e t t e r s in place of p. 

If pQ / 0 there ex is ts a k £ $ such that p*k = e. If fur -
thermore 9<p)> 0, then a l s o y ( h ) > 0 and for |z|<y(k) 

(1) K(z) = I T ^ X X z » 

holds. ~ 
We often write insted of 2_i . 

v=0 

3. Re preBe ntat i on theorem 
We f i r s t g ive ' a representation-theorem which i s an easy 

consequence of the definit ion of [l>»P»<x]̂  summability. 
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4 R.Sohaper 

T h e o r e m 1. Suppose t b a t s^(p*a) £ | x e ^ | 9 ( x ) j 
f o r X> 0. Then s e o jH .p . a J^ i f and only i f t he re e x i s t e a 
g e s^(p*a) such t h a t 

AS(z) i : a . v = I f l j 

2 - Pvz 

f o r | z | < mind , ç ( k ) } . 
Lemma 5 w i l l give cond i t i ons t h a t guarantee the i n c l u s i o n 

p*aJ c [x | (x) 2: 11. 

4. I n c l u s i o n theorem 
We f i r s t l i s t some cond i t i ons on a , p, r e $ . So we have 

( 2 ) l im " 1 1. 

There i s an 1I1 such t h a t f o r a l l n, fi wi th n > ji > 0 

p«ar 
(3) p«a_ < ; u r 

(4) 
n — 0° r n 

There i s an H2 such t h a t f o r a l l n, t̂ wi th n > fj. > 

(5) 

( D 

Ap«a n -
Ap«ar 

< u 2 . 

L i t r , u, v e I be such t h a t 

R{z) = U( z) • V(z ) • ]""[ ( " ! - - § - ) f o r | z | < 1 , 
i=1 a i ' ' 

wi th U[z) i 0 , 4 1. f o r | $ | < 1 and $ « 1, > 0 , 
0 < J a J < 1. 
Let w e $ be such t h a t v»w = e . 
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Strong norland summability f i e l d s 5 

"7e use the conditions (2) and (3) instead of the condi-
t ions of the regular i ty of (K,s),<xJ. The conditions (2) and (3) 
are independent of the conditions of regu la r i ty of (K,p ,a ) 
since there are regular (N f p,a) methods which do not s a t i s f y 
(2) and (3) and there are a l so (H,p f ai methods which s a t i s f y 
(2) and (3) but are not regular [ 5 ] . 

The conditions (2) and (3) are the exact conditions for 
o(p*a) = o(p«r*a) and (2 ) - (5 ) guarantee s^(p#a) = s % ( p * r * a ) 
(see Lemma C and Lemma 2 ) . 

T h e o r e m 2. Let r e I be such that R(0) i 0, 
H(1) t 0 . Suppose that the conditions (2 ) - (5 ) hold and 
j ( p j > 0. Then 

o[s fp,<x] ^ o [ N , p * r , a ] x . 

5. Structure theorems 
T h e o r e m 3. Suppose that the conditions (2 ) - (6 ) 

hold with > 0, v = w = e and o(p) > 0. I f we define 
g := p * r « a s , where s e o[N,p r , a ] ^ » then y(g) > 1 . Let G 
s a t i s f y 

k H 
i l ) G(z) = 1 G ( a ) • TT ( 1 - i : ) 

i=1 ^ l J 

f o r | z | < 1 with . jGfa^ 4 0, — 11» i , e * t h e r o o t a i o f R 

with mul t ip l i c i ty i s a root of G with mul t ip l i c i ty 

T±> T±^9±m Then 8 € °[N»P»aJx* 

T h e o r e m 4. Suppose that (2 ) - (6 ) hold with 
> 0, v = w = e and p t s ^ (p»a ) t then £ 1. Let P s a -

t i s f y 
k Jr i 

(8) P(z) = 1 P(a) • TT (1 - T . ) 
i=1 * 

fo r | z | < 1 with • j l ' f a^ 4 0, ST± > 0, i . e . the root a ± of R i s 
a root of F with mul t ip l i c i ty JT .̂ I f 
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6 R.Schaper 

k V i 

' { < « * K e n - z : e « « ( " î i • « c l • 
i=1 3 = JTj+1 

then 0[N,p*r,aJx = {s|s = t + d, t e o[n,p,aJx, d 6 dJ. 
I f R has no zero, then D = 0 and we get the following 

corollary. 
C o r o l l a r y 1. I f the conditions (2)-(6) hold 

with R(z) / 0 for and let p e s%(p»a), then 
o[n,p»r,a] x = o[n,p,o]^. 

T h e o r e m 5. I f the conditions (2)- (6) hold with 
^ = 0 and $>(p) > 0, then 

ofN.p-r.a]^ = |s |as » w«at, t « o[»,p,aJ^|. 

T h e o r e m 6. I f the conditions (2)- (6) hold and 
p satisfies the conditions of Theorem 4", then 

o[N,p»r,a]x = [s|as = (w*at) + (w»ad), teo[n,p,a] , d c DJ = 

= js|as = (w»af) + S , ieO[N,p,a] , 6 e !)}• 

If \ = 1 Theorems 1-6 hold under the aonditions (2) and 
(3) instead of (2 ) - (6 ) ; [5 ] . In [5] we also proved analogous 
theorems in the case of ordinary cud absolute generalized 
Nôrlund summability. 

The oase X « 1 and a = 1 was treated by Kuttner and Thorpe 
[3] under the condition of regularity of (H,p,l) which is 
stronger than (2) and (3) ; ( [5 ] , p.36). 

Baturallty in special cases conditions (2)- (6) are not in-
dependent. Let us denote m := p » a and suppose AmQ 4 0, n > 0, 
Then we have 

mn-1 _ ^ K ^ V l 
m Z_. mv Amv ' 

n v=0 
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S t r o n g N o r l u n d s u m m a b i l i t y f i e l d s 7 

Am_ . m_ 1 

H e n o e l i m = 1 i m p l i e s l i n = 1 i f ( H , l , A m ) i s 
a Q - -

r e g u l a r . S i n c e l i m | m n | = » • , t h i s means | A m | « 1 c 0 ( m ) 
( b y t h e w e l l k n o w n T o e p l i t z - t h e o r e m [ 4 ] , p . 1 1 ) . 

I f m i s a r e a l s e q u e n o e , t h e n l i m A m = 1 i m p l i e s 
n 

t h e e z i s t e n o e o f a n u m b e r H s u o h t h a t a l l A m n w i t h n s N 
h a v e t h e same s i g n . H e n o e b y 

v =0 v =0 v = H 

and l i m |m_| = we g e t A m i » 1 « 0 ( m ) . 1 n 1 m 

On t h e o t h e r h a n d | A m | » 1 e 0 ( m ) i m p l i e s | - j j p ^ | < * 3 

f o r a l l n , | i i O , s i n o e n 

I D l n - p I = | ( A m » l ) n _ ^ | < ( | A m | » 

< ( | A m | * l ) n < M 3 | m n | . 

o_ „ n A m v t 

S i n c e a l s o -
n v=0 aa 

1 . . . . m 
b y I | < M 4 and | A m | • 1 e 0 ( m ) , s o we g e t | < M 5 

( u n i f o r m l y i n n , p ) . 
We r e m a r k t h a t i f p e s % ( p » a ) i s n o t a s s u m e d , t h e c o n -

c l u s i o n o f T h e o r e m 4 may be f a l s e e v e n i n s i m p l e c a s e s . B u t 
we c a n n o t use t h e same c o u n t e r e x a m p l e a s K u t t n e r a n d T h o r p e 
( [ 3 ] » p . 3 9 3 ) , s i n c e i n t h e i r e x a m p l e P 2 n ± i n > 0 . I f we 
t a k e a - 1 and P ( z ) ( 1 - Z ) ~ 1 + ( 1 - z * ) " 1 , t h e n p 2 f l «= 2 , 
p 2 n + 1 = 1 ' n 2 X t f 0 l l 0 W 8 

| A p . l j J " 1 . | a p | J S n t h a t p i s ^ p * ! ) . 
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8. R.Schaper 

Let ft(z) : = 1 + 2z and S(z) := (1 + 2 i ) " 1 . If we denote 
q := p*r and w := Ap*r«a then an easy computation gives 
c 0 =• 2, <52n-1 = 5 ' q2r. K 4 ' wo * 2* wn " n s 1 • S i n c e 

c c «- ¿ : . |w|J fcSZ: 2 V 1 >n , *>1 , and 
v —• 0 p*0 

5- (n+T) a (q»Dn , we get c i o (q» l ) , that means 
6 { 0[K,p»r.,l]% . 

6. Proofs of the theorems 
Theorems 1 - 6 are special cases of the general represen-

tat ion theorems proved in [5 ] . These theorems are of the 3ame 
structure 3s Theorems 1 - 6 but they deal with some "abstract" 
eeis e(2i fp,a) and e(p*od instead of o[N,p,a]^ and s^(p»a). 
First we state these general theorems and we prove some su i -
table lemma3 on s^(p«aK 

Let e(m) be a set of sequences such that 

a(m) C e S 1} for m e $. 

(_..g. e(m) » o(m) or e(n) =» under certain conditions 
on m). 

We define the aet 

(10) e(m fp,a) := j e e $ | p*as e e(m)j 

where m,p,ae$ with y(p) > 0 , pQ / 0, a Q 4 0 for n £ 0. 
(Later we w i l l have m = p » a and i f e . g . e(m) = o(p»a), then 
e (m, p, a) * o(N,p,a)). 

The following theorems are proved in [5]. 
T h e o r e m A. If the conditions (1) and (10) hold, 

then s « e'tm,p,a} i f and only i f there ex is ts a g t e(m) 
such that 

for | < • i t t f l . y tk JK 
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Strong Kfirlund summability f i e l d s 

T h e o r e m B. I f cond i t i on (10-) h o l d s , r e t wi th 
R(O) / 0 and 

j x | x = b » r , b e e(m)j £ e ( a « r ) 

h o l d , then e (m,p ,a ) C e ( m « r , p » r , a ) . 
For the next theorems we need the fo l lowing c o n d i t i o n s : 

(11) e(m) i s a complex v e c t o r space . 

(12) e(m) = e(m»r) f o r any r e í wi th R(0) i 0 , E( 1) ¿ 0 . 

(13) e(m) 2 [ x | x = b * r , b e e(m), r 6 ¿} . 

(14) e(m) ^ ¡ x ¡ x a = ^ b e e ( a ) , p ( h ) > l ) . 

T h e o r e m C. Suppose t h a t the cond i t i ons ( 6 ) , 
(10 ) - (14) hold wi th 9 i > 0 , v = w = e . I f g : = p«r«a.B, 
where s e e ( m » r , p » r , a ) , then j»(g) 2 1. I f G s a t i s f i e s 
( 7 ) , then s e e ( m , p , a ) . 

T h e o r e m D. I f the cond i t ions ( 6 ) , (10) - (14) 
hold wi th > 0, v = w = e and p c e(m), t hen p(p) 2 1. 
I f P s a t i s f i e s (8) and D i s as i n ( 9 ) , t h e n 

e ( m * r , p « r , a ) = j s | a s = t + d , t e e ( m , p , a ) , d c D| . 

T h e o r e m 3 . I f the cond i t i ons ( 6 J , . ( 1 0 ) , ( 1 2 ) , 
(13) hold wi th - = 0 , then 

e(nn»r,p«r ,a) = j s j a s = w»at , t £ e ( » , p , a ) J . 

T h e o r e m P. I f the cond i t ions .(6), (10) - . ( 1 5 ) . 
hoi (J and p s a t i s f i e s the cond i t i ons of Theorem D, then 

e (m»r ,p« r , a ) = 13 |as = (w«at) + (w'»ad), t « e ( m , p , a ) , d e o | = 

= ( s | a s = (w»ar) + 6 r e e ( m , p , a ) , í ' c 

How we want t o prove some lemmas on s^(m). He need 
th r ee lenown lemmas• [5] and the fo l lowing c o n d i t i o n s . 
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10 R.Schaper 

(15) = 1. 
n 

There i s an Ug each that far a l l n, p with n i p > 0 

n 

Am,, 4 
(17) l i m ° 1 . 

A m n 

There i s an My such that for a l l with 0 

L e m m a A. Let r e I . Then lim = R(1) i f and 
only i f (15) and (16) hold. 

L e m m a B. I f (15) hold and y> 0 then there e x i s t s 
an Mg suoh that for a l l n, fj. 

n i 

L e m m a C. Let r e I with R(1) / 0. Then o(m) = 
» o(m»r) I f and only i f (15) and (16) hold. 

L e m m a 1. The set s^(m) where A>1 i s a complex 
vector space. 

The proof follows by Minkowski's inequal i ty . 
L e m m a 2 . I f r e £ with R(1) ^ 0 and (15) - (18) 

hold, then for Jl > 0 s^fin) = s ^ i m « ) . 
R e m a r k . By an easy consideration we get s^(m) • 

= s,(m) i f = m_ for n i Therefore i t i s no loss 
A n n o • 

of general i ty to assume mn + 0 , m»rn / 0 , Amn t 0 , As»rn 4 0 
for a l l a . 

P r o o f of Lemma 2» I f x e. s^(m), then 

I* • . . A_ .X . ¿ „ „ p . * 
Am 
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S t r o n g K ô r l u n d s u m m a b i l l t y f i e l d s 11 

S i n c e 11m n = H ( 1 ) + 0 b y Lemma A and o(m) « o (m* f ) 

by Lemma C we g e t . x e s ^ ( m « r ) . T h e r e o t h e r d i r e c t i o n i s s i -

m i l a r . Q . B . D . 

L e m m a 3 . L e t X > 1 and 1 1 b ( m j - o . . I f ( 1 6 ) 

and ( 1 8 ) h o l d , t h e n 

s x ( m ) 2 | x j x « b » r , b « s x ( m ) , r e ¿ J . 

P r o o f * . L e t b e s^(m) and d e f i n e a -yg- , 
7 ' " T T ' t h e n * r » ( o * A m ) . T h u s u s i n g H d l d e r ' s i n e -

q u a l i t y a n d ( 1 8 ) v e o b t a i n 

| j . A m j * £ ( | r | # s> 

£ (| r | » | A m | ) V 1 . ( | r | » | o^^Aml > < 

T h i s means | A s | * | y | < l t , 0 . ( | r | * |Amj • |o | ) . Henoe 

V =0 V>-0 jimO 

ftmo V « 0 

D e n o t i n g i .. l A al*|°j * 1 we g e t t e o ( l ) by b e s x ( m ) and 

- j i - T - f : I Î * « 1 0 T Î J 
I fll v o I n | v « 0 

The r i g h t s i d e t e n d s t o a e r o i f t h e l i m i t a t i o n me thod d e f i -

ned by 
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12 S. Scila per 

nv 

v m n - v v v < r., 

v > n, 

t ransforms sequences of o ( l ) i n t o sequences of o ( l ) . By 
T o e p l i t z ' theorem t h i s h o l d s i f and only i f l 1 1 1 ^ - — •>° a n d 
j r ] * |m| e 0(m). The l a e t c o n d i t i o n f o l l o w s from r e I 
and ( 1 6 ) . Hence b#r e s^(m). Q . E . D . 

L e m m a 4. I f ( 1 5 ) and ( 1 7 ) h o l d s , then f o r A > 1 
s x ( I n ) 3 { x | x n = b e s x ( m ) , ? ( h ) > 1 } . 

P r o o f . Let b e s -Jm) and def ine c > 

x n : = A b n + v V y : = î ï • H e n c e w e h a v e 7 n ' A m n = 
= I X c n + / m . I f if > 0 such t h a t ( 1 + 7 ) < 9(h) and 
u s i n g H o l d e r ' s i n e q u a l i t y and Lemma B we get 

Hence | AmJ . | y | \ < M, 1 £ | V B n + v l ' I e 

Denoting 
n+yl 

11 
£ n : = - | l j ' 2 Ü I V ^ n - J * l c n + v l 

I n l u =0 

and 

2 := max t f o r n * 0 
Vao 

we have t e 0( 1 ) and t e 0( 1 ) s i n c e b e s^(m). 
get 

A l s o we 
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Strong Norland summebility f i e l d s 13 

• Ic | X < 
fi=0 r /X=0 

n+ p 

p=0 
* < 

"n+y — ^ » 1 1 I > v M A m n + v K 

by Lemma B. Hence x e a^m). Q.B.D. 
L e m m a 5. I f (15) and (17) h o l d , then f o r X>0 

B%[m) c ( x | 9<x) > l ) . 

P r o o f . I f x c s ^ m ) , then 

| A m | A - 1 . | A x | ; i . 1 6 o(m) C 0(m). 

Hence 

I * x | A. <
 M 1 2 l m l c 

c 1 By (15) and (17) l i m = 1, henoe y(c) = 1 and n 
?(Ax) > 1, ?(x) 2; 1. Q.B.D. 

Now the proofs of the Theorems are d i r e c t consequenoes of 
the Theorems A - F and our Lemmas. Theorem 1 fo l lows from 
Theorem A. Lemma 5 g ives some in fo rma t ion on a ^ ( m ) c | i | y ( x ) > l j . 
The proof of Theorem 2 fo l lows from Theorem B and Lemmas 2 
and 3 . The proofs of the Theorems 3 - 6 fo l low from the c o r -
responding Theorems C - F and Lemmas 1 - 5 . 
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