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ALMOST r-CONTACT STRUCTURE IN A PRODUCT MANIFOLD

An almost contact structure in a complex manifold and in
a product manifold has been studied by Mishra [3], Upadhyay
and Dube [4] regpectively, by making use of index free nota-
tions, Dube and Niwas [1] defined and studied the almost
r-contact structure in a producé manifold. The purpose of the
present paper 1s to study some properties of an almost r-con-
tact structure in a product manifold,

1. Preliminaries

Let M™T be an (n+r)-dimensional differentiable manifold
of class C*, Let there exist in M™T a (1,1) tensor field
F of class C, vr-contravariant linearly independent vector
fields T1, T2,...,Tr of class C* and r 1-forms Ayy Asy ees

eesy A, of class ¢* satisfying [1] the following condition

r
(1.1) =X+ Z A, (x)TP,
p=1

for an arbitrary vector field X on Mn+r, where

_ def
(1.2) T 2 p(x)
and

(1.3) ™ = 0, 1<pg<r;
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and
(1.4) Ap(i) =0,

for an arbitrary vector field X and 1< pg<r; then

9 q _
(1.5) A (1) + §, =0,

where 1<p, 9<r and & denotes the Kronecker delta,

Thus M™T satisfying the conditions (1.1), (1.2), (1.3),
(144) and (1.5) is said to possess an almost r-contact struc-
ture in a product manifold [1].

In the above and in what follows, the equations containing
X,Y,Zz hold for arbitrary vector fields X,Y,Z.

Theorem 1,1, Let M™T be.an almost r-contact
product manifold; then there are r-eigenvalues zero corres-
ponding to eigenvectors P (1< p<r) and 1f k values cor-
respond to 1, then (n-k) eigenvalues corréspond to 1.

Proof. Let 1 bYe an eigenvalue of F and L be
the corresponding eigenvector. Then

(106) il =?~Lo

Barring (1.6) and making use of (1.1) and (1.6), we get

r
2 p
(1f7) (22-1)1 = gg; a,(L)2P,

Case 1. Iet L = TP, then from (1.5) and {1.7) we get
A= 0, This gives the eigenvalue corresponding to the eigen-
vector TP, '

Case 2. If L and T1,...,Tr are linearly independent,
then from (1.7) we have

A(L) =0 and 2 =41,

If k wvalues correspond to the eigenvalue 1, then n-k values
will correspond to the eigenvalue -1.
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2. The metric tensor
Let tie almost r-contact product manifold be endowed with
a non-singular metric tensor g. From (1.1) and (1.4) we have

(2.1) ? = i'

Let us restrict g such that

(2.2) a(X,¥) = glX,Y)
and

(2.3) g(TP,x) = Ap(x>.

Equation (2.2) in view of (1.1), {(1.4), (2.,1) and (2.3) yields

(204, g(X,Y) = g(‘X_-Y)o
Thus we have
(2.5) g(i.T) = g(igY) = 8(}{,?)0

In consequence of (1.1) and (2.3), the equation (2.5) is equi=-
valent to

T
(2.6) a(%,7) = a(x,7) + > A, (X)4_(Y).
p=1
We call an almost r-contact product manifold MY on-

dowed with non-singular metric tensor g satisfying (2.6) as
"an almost r-contact product metric manifold",
Let us define a tenscr 'P by

def
(2.7) 'F(X,Y) = e(X,Y).
From (2.5) and (2.7) we have

(2.8) ’F(X,Y-) = g(i’?) = g(i,Y) = ,F(X’Y)o
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Putting X = TP in (2.7) and maeking use of (1.3), we get
(2.9) 'F(TP,Y) = o,

Theorem 2,1, The tensor 'F defined by (2.7)
is hybrid in both the slots and is also symmetriec,

3. Almost r-contact product manifold with specified affine
connexion

Let us take the affine connexion D in M™7T guch that
it satisfies the following conditions

(301) DXTp = i,
(3.2) DY = DyX + [X,Y] + Ap(Y)X,
(3.3) (Dgap HY) + (Dya ) (X) = 05 1<pgr.

Let S be the torsion tensor of D, K the curvature ten~
sor with respect fo D and Ric be the corresponding Ricoi
tensor, Then

(3.4) S(X,Y) def DyY - DyX - [x,Y];

, def
(3.5) K(X,Y,2) = DyDyZ = DyDyZ - D[X’Y]Z;
(3.6) rio(v,2) & (clr)(y,2),

where C}K denotes the contraction of K.
Now we shall prove the following theorems.
Theoremnm 3.1, Let 1< p<r, then we have

(3.7) S'(X:Tp) = [X!Tp] - [isTp]’
T
(3.8) BTF =¥ - [x,17] - Z‘l Ap([x,mp])mp,
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r
(3.9)  (DyFN(T) - (DLFI(Y) = X 21 A(DTP + A (D) -
p=

r
- E ' p
Ap(DxY)T .

p=1

Proof, Putting TP for Y in (3.4) and making use
of (3.1), we get

(3.10) s(x,7P) = ¥ - D p(X) - [x,7P].

Barring X in (3.2) and making use of (1.1) and (3.1), we
obtain

r
DgY = DyX + Dy <EE; Ap(X)Té> + [X,Y] + X Ap(Y) =
p=
r
= DyX + A (KT + X j{; A (x)2P 4 (%,Y] + X A,
p=

Putting TP for Y in the above equation and making use of
(1.3), {1.5) and (3.3), we get

r r
3.1 { = DTP - ZE: D _ mb P _
3.11) D = Dyl A (0TP - TP Y A (X
p=1 p=1
r
- [x,1P] - % E A (2°) =
p=1

o by
- ] S
X - [%,1P] -1 Ap(D (X))
p=1
Therefore in consequence of (3.10) and (3.,11), we have
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S(X,7P) = [%,7P] + 1P Z Ay 5 (X)) - (%,7P],
p=1 .
which in view of (1.1), (1.4) and (3.3) ylelds (3.7). Barring

X 1in (3,11) aend making use of (1.,1), (1.4) and (3.3), we ob-
tain

r
X=X~ X,7P| - 7P %)) =
(3.12) DX =% [X,2P] - o 5_ ap(D p(%)) =

=X+ Z A, (x)2P - [x,7P TP]

p=1
Barring (3.12) throughout and making use of (1.1) and (1.3)
we get (3.8).
We know [5] that
(3.13) (DyF)(Y) = DyY + Dy¥.

Barring Y 1in (3.13) and making use of (1.,1) and (3.1), we
obtain

r
(3.14) (DF)T = DyY + Dy <Z1 Ap(Y)'l‘p> + DY =
p=

T
mP T v
=D Y +X D A,(7)2P + & (V)T + DT,
p=1
Barring (3.13) throughout and making use of (1.1), we get

r
(3.15) (DgFIY = 13;?’ + }__ A (DXY)Tp
p=1

Subtracting (2.15) from (3.14) we nave (3.9).
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I'Theorem 3,2 If G is the Einstein tensor, then
we have

(3016) G(i,Tp) = 0.

Proof, We have'[z]
(3.17) G(X,Y) = Ric(X,¥) - J k g(X,Y).

Putting TP for Y 1in (3.,17) and making use of (2.3), we get

Py _ 1) -1
(3.18) 6(x,7P) = {(n-1) - ] k}»Ap(x),
since [3]
Ric(X,TP) = (n=1)4 (X).
Barring X in (3.18) and making use of (1.4) we obtain (3.16).

4, The Nijenhuis tensor
Let N(X,Y) be the Nijenhuis tensor of F, then we have

(4.1) N(x,Y) = [X,Y] - [X,¥Y] - [%,¥] + [x,Y],
which in view of (1.,1) becomes

(4.2) N(X,Y) = [X,¥] - [X,Y] - [X,¥] « [X,Y] +

+
[p]

Ap([x.Y])TP.
p=1 '

Theoren 4.1, In an almost r-contact orcluct ma- -
nifold, we have
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(4.3) N(X,Y) = {N(X Y) + Z A (x)N(TP Y) + Z A ([x Y])Tp}

p=1

and

r
(4.4) W(X,Y) - 8(x,¥) = Z Ap(x)(['rp,?] - [*P,¥]) +
p=1

r

Z A (Y)([x,TP TP] [%,7P]) +Z a ([E,Y )P -

p-1 p=1
r
- > t[x, 3P,
P
p=1

Proof. Barring X in (4.2) and then barring
throughout, we obtain

N(X,Y) = [X,¥] - [X,Y] - [X,X] + [X,¥] + i A;,([X,Y])TP,

=1

which in view of (1.1) and (1.3) yields

: = : »
(4.5) W(X,Y)= [x + Z AP(X)TP,Y}-[T,Y]- Z Ap([i.ﬂmp-[i,?]-
p=1 =1

- i Ap([i,ﬂ)wp; [z,Y] = [x,¥] i a_(x)[2P,¥] -
p=1 p=1
- [x,Y] - i A, (X) [rP,y] -
p:

r r ,
- Z s ([xx] + }; ag(x)[2%,x])2P -
p= 9=
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- [%,%] - i Ap([i,?] )P 4+ [%,Y] =
p=1

= _{[i,f] - [X,Y] - [x,¥] + [%,Y] +i Ap([x,Y])Tp+
p=
+ i A (X)([TP,Y] - [7P,7] + i Aq([TP.Y])'r"> +
p=1 P q=1

r
% 7 )mP
+ ; A (X, 71129,

Putting TP for X 4n (4.2) and making use of {1.3), we get

r
(4.6)  N(TP,¥) = [7P,¥] - [*P,¥] + z by (L2P,x]))10,
g=1

Equation (4.,5) in consequence of (4.2) and (4.6) yields (4.3).
Barring X and Y respectively in (4.1) and making use
of (1.1) we got (4.4),
Theorem 4,2, In an almost r-contact product ma-
nifold, we have

r
- - q ¥ 7
(4.7) ApN(X,Y) = ; Aq(X)Ap(N(T X)) + Ap([X,Y]),
and
(4,8) N(X,7P?) = - N(xX,TP),

Proof . Operating (4.3) by A_ and making use of
(1.5) and (1.4) we obtain (4.7). Replacing Y by TP in (4.3)
and meking use of (1.3) and (4.,1) we get (4.8).
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