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ALMOST r-CONTACT STRUCTURE IN A PRODUCT MANIFOLD 

An almost con tac t s t r u c t u r e i n a complex manifold and i n 
a product manifold has been s tud ied by Mishra [3j» Upadhyay 
and Dube [ 4 ] r e s p e c t i v e l y , by making use of index f r e e n o t a -
t i o n s . Dube and Niwas [ 1 ] def ined and s tud ied the almost 

/ 

r - c o n t a c t s t r u c t u r e i n a product mani fo ld . The purpose of the 
p resen t paper i s to study some p r o p e r t i e s of an almost r - c o n -
t a o t s t r u c t u r e i n a product man i fo ld . 

1. P r e l i m i n a r i e s 
Let M n + r be an (n+r) -d imens iona l d i f f e r e n t i a b l e manifold 

of c l a s s C°°. Let t h e r e e x i s t i n M n + r a (1 ,1 ) t e n s o r f i e l d 
P of c l a s s C°°, r - c o n t r a v a r i a n t l i n e a r l y independent v e c t o r 
f i e l d s T 1 , T 2 , . . . , T r of c l a s s and r 1 - fo rms A1 , A2 , . . . 
. . . , k p of c l a s s C°° s a t i s f y i n g [1] the fo l l owing c o n d i t i o n 

r 
(1.1 ) X = X + Ap(X)Tp , 

p=1 

f o r an a r b i t r a r y v e c t o r f i e l d X on where 

_ def 

(1 .2 ) X — F(X) 

and 
(1 .3) Tp = 0 , 1< p < r ; 
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and 

(1.4) Ap(X) = 0, 

for an arbitrary vector f ie ld X and 1 < p < r ; then 

(1.5) Ap (Tq ) + 5^ = 0, 

where 1<p , q < r and 6 denotes the Kronecker delta. 
Thus Mn+r satisfying the conditions (1 .1 ) , (1.2) , (1.3) , 

(1.4) and (1.5) is said to possess an almost r-contact struc-
ture in a product manifold [ l ] . 

In the above and in what follows, the equations containing 
X,Y,Z hold for arbitrary vector f ie lds X,Y,Z. 

T h e o r e m 1.1. Let Mn+r be an almost r-contact 
product manifold; then there are r-eigenvalues zero corres-
ponding to eigenvectors Tp (1 < p < r ) and i f k values cor-
respond to 1, then (n-k) eigenvalues correspond to -1. 

P r oo f . Let ¡1 be an eigenvalue of P and L be 
the corresponding eigenvector. Then 

(1.6) L = XL. 

Barring (1.6) and making use of (1.1) and (1.6) , we get 

r 
(1.7) U 2 - 1 ) L = ] T V L , T P * 

P=1 

Case 1. Let L = Tp, then from (1.5) and (1.7) we get 
H = 0. This gives the eigenvalue corresponding to the eigen-
vector TP. 

Case 2. I f L and T T r are linearly independent, 
then from (1.7) we have 

A (L) = 0 and X = +1. 
P -

If k values correspond to the eigenvalue 1, then n-k values 
w i l l correspond to the eigenvalue -1. 
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2. The metric tensor 
Let the almost r-contact product manifold be endowed with 

a non-singular metric tensor g. Prom (1.1) and (1.4) we have 

(2.1 ) X = X. 

Let us restrict g such that 

(2.2) g(X,Y) = g(X,Y) 

and 

(2.3) g(Tp,X) = A (X). P 
Equation (2.2) in view of (1.1), (1.4), (2.1) and (2.3) yields 

(2.4) g(X,Y) = g(X.Y). 

Thus we have 

(2.5) g(X,Y) = g(X,Y) = g(X,Y). 

In consequence of (1.1) and (2.3), the equation (2.5) i3 equi-
valent to 

r 
(2.6) g(X,Y) = g(X,Y) + ̂ T Ap(X)Ap(Y). 

p=1 
n+r 

We call an almost r-contact product manifold M en-
dowed with non-singular metric tensor g satisfying (2.6) as 
"an almost r-oontact product metric manifold". 

Let us define a tensor 'F by 
(2.7) 'F(X,Y) d® f g(X,Y). 
From (2.5) and (2.7) we have 

(2.8) 'F(X,Y) = g(X,Y) = g(X,Y) = 'F(X.Y). 
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Pa t t i ng X = Tp i n (2 .7) and making use of ( 1 . 3 ) , we ge t 

(2 .9) 'P(Tp ,Y) = 0 . 

T h e o r e m 2 . 1 . The t enso r 'P def ined by (2 .7) 
i e hybrid i n both the s l o t s and i s a l so symmetric. 

3. Almost r - c o n t a c t product manifold wi th s p e c i f i e d a f f i n e 
connexion 

Let us take the a f f i n e connexion D i n Mn + r such t h a t 
i t s a t i s f i e s the fo l lowing cond i t ions 

(3 .1) DYTp = X, 

(3 .2) DXY = DyX + [X,Y] + Ap(Y)X, 

(3 .3 ) (DxAp)(Y) + (DyApHX) = Oj 1 < p < r . 

Let S be the t o r s i o n t enso r of D, K the curva ture t e n -
sor wi th r e s p e c t to D and Ric be the corresponding Ricoi 
t e n s o r . Then 

def 
(3.4) S(X,Y) - DjY - DjX - [x,Y]j 

(3 .5) K(X,Y,Z) d = f DxDyZ - DyDxZ - D ^ y j Z ; 

def 1 
(3 .6) Ric(Y,Z) - (C]K)(Y,Z), 

•i 
where C ^ denotes the c o n t r a c t i o n of K. 

How we s h a l l prove the fo l lowing theorems. 
T h e o r e m 3 . 1 . Let 1 < p < r , then we have 

(3.7) S(X,TP) = [x,Tp] - [x,Tp], 
r 

(3.8) = X - [x,Tp] - Ap([x,T
p])Tp , 

T P«1 
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r 
( 3 . 9 ) ( D X F ) ( Y ) - ( D X P ) ( Y ) = X A p ( Y ) T p + A p ( Y ) X -

p=1 

a p ( d x y ) T p . 
p=1 

P r o o f . Putting T p f o r Y in (3 .4) and making use 
of ( 3 . 1 ) , we get 

(3.10) S(X,T p ) = 1 - D (X) - [x ,T p l . 
rpP 

Barring X in (3 .2) and making use of (1 .1 ) and ( 3 . 1 ) , we 
obtain 

D X Y = D y X + D y ( y ^ A p ( X ) T p ^ + [ X , Y ] + X A p ( Y ) = 

r 
= D V X + A ( X ) Y A ( X ) T P + [ X , Y ] + X A ( Y ) . 

i p ¿.—i p p 
p=1 

Putting Tp for Y in the above equation and making use of 
( 1 . 3 ) , (1 .5 ) and ( 3 . 3 ) , we get 

r r 
(3 .11) D X = D x f p - A p ( X ) T p - T p ^ T A p ( X ) T p -

T p=1 p=1 

r 
1 A , 

P 
[x,Tp] - X V A (Tp) = 

i* p P=1 

= X - [ x , T p ] - Tp Ap(D p(X) ) , 
P=1 T 

Therefore in consequence of (3 .10) and ( 3 . 1 1 ) , we have 
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r 
S(X,TP) = [x,Tp] + Ap(D (XJJ - [x,TP], 

P-1 T. 

which in view of (1.1), (1.4) and (3.3) yields (3.7). Barring 
X in (3.11) and making use of (1.1), (1.4) and (3.3), we ob-
tain 

r 
(3.12) D X «* X - [x,Tp] - T p V A (D _(X)) = 

TP L ¿-j P TP 

r 
= X + ̂  Ap(X)Tp - [X,TP]. 

P=1 
Barring (3.12) throughout and making use of (1.1 ) and (1.3) 
we get (3.8). 

We know [5] that 

(3.13) (DXP)(Y) = DXY + D^Y. 

Barring Y in (3.13) and making use of (1.1) and (3.1), we 
obtain 

(3.14) (DXF)Y = DXY + D x ̂  Ap(Y)l'p^ + D ^ = 

= DXY + X ^ Ap(Y)'l,p + Ap(Y)X + DjY. 
P-1 

Barring (3.13) throughout and making use of (1.1), we get 
r 

(3.15) (DXFJY = D^f + DXY + Ap(DxY)Tp. 
p=1 

Subtracting (3.15) from (3.14) we nave (3.9). 

- 422 -



Almost r-oontact structure 7 

T n s o r e m 3.2. If G is the Einstein tensor, then 
we have 

(3.16) G(X,TP) = 0. 

P r o o f . We have [2] 

(3.17) G(X,Y) = Ric(X,Y) - \ k g(X,Y). 

Putting Tp for Y in (3.17) and making use of (2.3), we get 

(3.18) G(X,TP) = {(n-1) - \ k}Ap(X), 

since [3] 

flic(X,Tp) = (n-1)A (X)• 

Barring X in (3.18) and making use of (1.4) we obtain (3.16). 

4. The Nijenhuis tensor 
Let N(X,Y) be the Nijenhuis tensor of F, then we have 

(4.1) H(X,Y) -- [X,Y] - [Ij] - [xj] + [XJ], 

which in view of (1.1) becomes 

(4.2) N(X,Y) = [X,Y] - [X,Y] - [X,Y] + [x,Y] + 
r 

+ ] T Ap([X.Y])Tp. 
P=1 

T h e o r e m 4.1. In an almost r-contact product ma-
nifold , we have 
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( 4 . 3 ) N(X,Y) = -

r r 
N(X,Y) + ^ A p ( X ) N ( T p , Y ) + ^ A p ( [ x , Y ] ) T p 

p=1 p=1 

and 
r 

( 4 . 4 ) N(X,Y) - H(X,Y) = V A (X ) ( [ T p , Y ] - [ T p , Y ] ) + J " p=1 

+ X A p ^ H t x ^ ] - [ x , T p J ) + A p ( [ x , Y ] ) T p -
p=1 p=1 
r 

- Z ! y[x,Y])Tp. 
p=i 

P r o o f . Barring X in (4.2) and then barring 
throughout, we obtain 

^ ^ ^ ^ ^ ^ i-
Nfl^T) = [Xf] - [X,?] - [ X , Y ] + [X/T] •+ A p ( [ X , Y ] ) T p , 

p=1 
whioh in view of (1.1) and (1.3) yields 

r • r 
( 4 . 5 ) N(X,Y) = X + £ A p ( X ) T p , ? - [ X , Y ] - ^ T A p ( [ x , Y ] ) T P - [ x , Y ] -

p=1 P-1 
r r 

- Z A p ( [ x , Y ] ) T p + [X,Y] . [X , Y] +]T A p ( X ) [ T p , Y ] -
p=1 P=1 

r 
- [ X , Y ] - J ] A

P
( X ) " 

p=1 
r r 

- ] T A ( [ X , Y ] + ^ A q ( X ) [ T q , Y ] j T p -
p=1 P q=1 
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- [X.Y] A p ( [x ,y j )T P + [X,Y] 
P=1 

[XtY] - [X,Y] - [X,Y] + [X,Y] + Ap([x,Y])TP+ 
p=1 

r , r 
+ 

p=l - q=1 

P I* 
A (X)([TP fY] - [TP,?] + Ay ( [Tp,Y] 

D=1 V q=1 ' 

+ A ([X,y])TP . 
p=1 J 

Put t ing Tp f o r X in (4.2) and making use of ( 1 . 3 ) , we get 

(4.6) N(TP,Y) = [Tp ,Y] - [Tp ,Y] + X ; Aq([TP,Yj)Tq . 
q = 1 

Equation (4.5) i n consequence of (4.2) and (4.6) y i e l d s ( 4 . 3 ) . 
Barring X and Y r e spec t ive ly in (4.1 ) and making use 

of (1.1 ) we get (4 .4 ) . 
T h e o r e m 4 .2 . In an almost r - con tao t product ma-

n i fo ld , we have 
r 

(4.7) ApN(X,Y) = - ^ T Aq(X)Ap(U(Tq,Y)) + Ap([X,Y]), 
q=1 

and 

(4.8) N(X,Tp) = - N(X fTp). 

P r o o f . Operating (4.3) by Ap and making use of 
(1.5) and (1.4) we obtain ( 4 . 7 ) . Replacing Y by Tp i n (4.3) 
and making use of (1.3) and (4.1) we get ( 4 . 8 ) . 
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