DEMONSTRATIO MATHEMATICA
Vol. XIV No 2 1981

Stanistaw Tarnowski

ON A CERTAIN PROBLEM CONCERNING
THE POLYHARMONIC POLYNOMIALS

1. In the paper ([1], p.86) B.Bondarenko proved that there
exists exactly

" n(nyo0) = (%37) - (%022°)

linearly independent homogensous p-harmonic polynomials of
s+1 verlables, of degree n. The proof of this assertlon
is rather complicated. In the present paper we give a simpli-
fied form of the proof,

2. Pirst we shall introduce some notations.
et X = (xo,...,xs) and let

8

2 _ 2
r(X) = Z xge
i=0
Further, let
(2) Hy™(X), 1 = 1,404,h(n,s,1)

denote the system of homogeneous linearly independent 1-harmo=~
nic polynomials of degree n, of s+1 independent variables.
By [1] the system (2) is unique.
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By ([3], p.196) the following lemma is valid:

Lemma 1., If #£(X) 1is a harmonic function, then
the function »2P~2 £(X) is a p-harmonic funcotion,

Now we shall prove some generalization of the result re-
ceived in ([2], p.119), that is, we shall prove

Lemma 2., If V (X) 4s a harmonic homogeneous
function of degree n, neN, meN, then we have

(3) Zl(rm vn(x)) = m{n+s+m-1)p®"2 v (x).
We omit the simple proof.

3e Applying Lemmas 1,2 we shall prove the following theo-
rem,
Theorem 1, There exist exactly

n(n,s,p) = (n;9> - (n+g'2b>

linearly independent homogeneous p~harmonic polynomials of
degree n, of s+1 variables,
Proof. Iet us consider the system

(3,) w§n'1’(x) = H{n’(x), i=1,2,e.0,h(n,8,1),

where Hin)(x), i=1,2,e..,h(n,s,1), are 1-harmonic homoge-
neous linearly independent polynomials of degree n, of s+l
variables, We also conaider the system

(3,0 wm2hx) = 22 H{P2Nx), i - 1,2,.00,0(02,8,1),

where Hin'e)(x), i=12,eee,h(n=2,8,1), are 1-harmonic homo-
goneous linearly independent polynomials of desree n-2 and
s8+1 variables,
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Polyharmonic polynomials 3

end finally the system

(3,) w{n'P’(x) = r2p'2H§_n'2p+2)(X), i=1,400,0(n=2p+2,5,1),
where H§“'QP+2)(X), i=1,2,ees,h(n-2p+2,8,1) are 1~harmo-
nic homogeneous lineerly independent polynomials of degree
n=-2p+2 and s+1 variables,

The number of all polynomials of the systems (3i),
i=1,2,00eyp 1is given as follows

(4) hin,s,1) + h(n-2,8,1) + .. + h{n-2p+2,s,1) = hin,s,pl.

Now it is sufficient to prove that the polynomials of the sys=-
tems (31), i =1,2,0ee,p are linearly independent, In order
to prove this assertion let us consider the polynomial

(5) W(X) = Wy (X) + Wa(X) + oo + W (X)),
where
h(n,s,
mx = > oM u{mtix),
i=1
h(n-2,8,1)
Wy (X) = ciz) W{n’Z)(x),
i=1
h({n=-2p+2,8,1) (o) - )
wp(x) = ;5:1 ;P! wihPl(x).

By Lemma 2 and (31) we obtain
(6) AP W(X) =0
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and

(7) AP w(x) = AP W (x) =

h(n-2p+2,8,1)
= A(n,s,p) Z?: C{p) H§n-2p+2)(x) = o’
i=1

where A(n,s,p) is the convenient positive constant. In addi-
tion, by the linear independence of polynomials Hén'2p+2)(x).
i=1,2,e0e,h(n=-2p+2,8,1), we receive the following condi=-
tions

(8) Cip) = 0, i-= 1,2,...,h(n-2p+2,8,1).
Similarly we have

(9) AP™2 w(x) = P2 W4 (X) =

h(n-2p+4,s,1)

= Aq (n,s,p=1) C:{p-1) Hin-2p+4)-(x) = 0

i=1

and consequently we obtain the conditions

(10) c§9‘1) =0, 1=1,2,e..,h(n=-2p+4,8,1)
and also
(1) i =0, 1=1,2,.0.,h(n,8,1)

which completes the proof of Theorem 1,
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