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ANALOGUES OF THE GARABEDIAN-SCHIFFER THEOREM
FOR PAIRS OF VECTOR FUNCTIONS

1., Introduction, definitions and main results
Let S denote the class of all functions F, univalent
inA ={z s |z1<1}, of the form

Flz) = 2 + i aqzq.
q=2

The classical Grunsky inequalities are based on the fact
that the function F analytic in A is univalent in A if
and only if the series

- -~ g p
log F_(_j_ﬁ_(_z) -F(7) = Z 8 p? 4

q,0=0

is covergent in the bicylinder AxA.
H.Grunsky [11] showed that this takes place if and only
if, for any vectors A = [2“1""’11\1]6 CN, the inequality

N Yo,
(1.1) Re Z 83ptgtp [ ¥ 7 | %
g,p=1 9=1

holds,
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2 K.Wodarozyk

P.R.Garabedian and M,Schiffer [7] proved that, if Fe S,
u#v, 1/u, 1/veE = ¢ \F(s), then, for the coefficilents
aqp(u,v) generated in the bicylinder AxA by the function

log (z-c)(\fﬁ-uF(z)] [1=vF(z)] +[-ur(2)] [1-vF(z)]')_
Vi-ur(z)] [=vF(Z)] - VO~uF(£)] [1-vF(z)] )

S 9,p
Z aqp(u,v) zr
q,p=0

and for any vectors 1= [10'11"”’11\1]6 Rx CN, the inequality

N N
1 2
(1.2) Re Z aqp(u,v)lqkp + Z 7 lkq[ >0
q,p=0 g=1

holds,
Since oo ¢ F(A), and

lim

a g+p > 0
u,v—0 9P ’

(u,v) = 8p*

thereby, inequalities (1.2) are a considerable generalization
of ipegualities (1.1).
In the present paper we shall formulate and prove analo-

gous generalizations for pairs of vector functions which are

defined as follows,
For any nonnegative integers m,n such that m+n>0, 1let

m . n
by = [so1seserton]ec® m > 1 3, = [bgyeenribop]ec® n >
=Q y m=0 =@ y =0,
with that

dok;‘aoj,k;‘:].m>1,

bOk#bOj’kf'j’n>1,
aOkbOj £1, mn > 1,
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Garabedian-Schiffer theorem 3

end let C_ (A ,B ) ([24]) stend for the class of all pairs
L
(F,G) of veotor functions F and G,

F o= [Fyeee,Fplt A—=t®, m>1 6= [G,000,6 ]t 86" n >1
=0 y m =0, =0 y n = 0,

of the form

F(z) [a]ﬂ,-o—oakm]) m 21,

[ogsesesbyn]s n > 1,

Ao + A1z + eoe + Akzk+ ceey Ak

k
G(Z) = BO + B1Z + eee + Bkz + ssey Bk

with that F1,...,Fm, m > 1, and G1""’Gn’ n >1, are uni-
valent functions in A, such that

Felz) # F5(E), k # §, m >1,
G, (2) # GJ(C), k#£3,n>1,
Fk(z)aj(t) #1, myn 31,

for all (z,5)e AxA. :
To shorten the notation, we denote C_(A,) = Cm,o(Ao’¢)’
= (F,0). Of course, (F,G) = (G,F).

Conditions for the univalence of Garabedian-Schiffer type
for pairs (F,G) of classes Cm,n(Ao’Bo) are formulated as fol-
lows,

The c¢case myn >1, Let (F G)eCh’ (A vBy )y myn 21,

and for any values u,veE = C\[U F (A)u Ln) 1/Gk(A):|
k=1
u#£v, let

Filz) = u 1/2 R 1 - G](z) 1/2
(Z) = Fkiz) -V v Gle) =19 Gy (z)
. ki k3
For (F,G), we define the coefficients 3G bqp and ¢
rated in the bicylinder AxA by the functions:

kJ

gp &ene-
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4 K.,Wiodarozyk

oo ()+F()
(1.2) Z kd q§p-18 : J y J £k, 22

= m
(z=2) [P, (2)+F (5)
=1°ng[kz+k§], ok,
P (2)-B, (D)
oo G (z) + G.()
(1.4) :E: bkaqu = log Ak 2t AJ S , J#k, n>2

(z-0) [G G
Jog z E)[ k(f)-&- K (81] -
G, (2)-6, (C)

1+ ﬁk(z)ei(g):
1 - B (2)84(8)

log

it

(1.5) > k3°§p

g, p=0

' The system of vgctors 1p = [191,...,1pm] e ¢t Uy =
“p1""'“pn] €eC”, p=0,1,.000,N, will be called admis~
sible if

m - n
(1.6) ' Z "m:*Z“ox’o'

k=1 k=1
Let
N m " n ”
=2, <Z Bapips * 2 °qp“p:i>' S
p=0 3=1
q = 0y1,00e
m
3
Z(Z bqp“pd ?__1‘- °qplp:!> ko= Treeesn,
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Garabedlan~Schiffer theorem 5

and let

k=1 g=1
n N ijsk' X
k- q.
+ 21 <bopok + 2:1 e bq“qk> ’
k: q=

where O<ot3;<2‘ﬁ, K = 1,000,m, o</5§<2n, K = 1,000,n,
9 = 1,000, Ne

With the above notation there holds

Theorem 1., If (F,Gle Cn,n (A,B,), myn >1,
u,veE, u # v, then, for any admissible system of complex vec-
tors A, U, P =0,1,e0.,N, and for any 0<ag<2ﬂr,
K = 15000,m, 0<ﬂg<2‘ﬂ. K = T,000s0y G = 1,000,N,

N
(1.7) Re plu,v) + D % (Imqn?- + ngqn?) >0,
k=1

where equality holds if and only if

m n
7 k - k
Re{z lokao + Z Yok bo}= o,

k=1 k=1
k "’.io‘g = k "1/55_
aq = = @ qu, q = 1,...,N bq = - @ qu, q = 1'o.o’N
=0 » 9= N+ly0.0, =0 y @ = N+lyeua o
(k = 1,...,!!1) (k = 1,...’n)

The case m>1, n=0., Let FeCyla ), m>1,
m
and if u,v E =C\ | F(a), u#v, let us denote
k=1

1/2
Fk(z) -u
ﬁk(Z) =[Fk Z -V ]



6 K.Wkodarczyk

For F, we define the coefficlents agg of Garabedian-Schif-
fer type as follows
% F (z) + F.(2)
> ggz;=1ogT“( S, JFk, m>2
9490 elz) - Fy(0)
(z-C)[ﬁk(z)+§k(Cﬂ
= log 7 A y J =k
By (2)-F, (2)

The system of vectors 1p = [1p1,...,lpm], P = 0,1,044,N,

will be called admissible if 1 € ¢®, p=0,1,...,N, and
besides,

m
(1.8) Z Lok

k=1

if m > 2,
Let

Z Z qu‘pj’ k=1,000,m 9 =0,1,000

p=0 J

and let
m

plu,v) = :E: < ok * :E: ° q ag q;>
k=1

whers 0<a§<21’f, k= 1,00e9m G = 1,2,404,yN0

We shall now give a oharacterization of the function F,
m>1,

Theorem 2, If FeCyla), m>1, uve E,
u £ v, then, for any admissible system of complex vectors
Apr P = 0,1,ee0,N, and for any o<a§<2ar, K = 1,000,m,
g = 1,2,400,N,

N
(1.9) Re plu,v) + :E: %—quna >0,
g=1
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arebedian-Schiffer tacorem T

[y

where equality takes nlace if and only if

m
5 k
Re Z lok 8,1° 0
k=1
and

K -iag -
a,., = - e ;\tqk’ q = 1,0.0,N
Kk (k=1,-o',m)
E.q = U, g = H+1,uoo .

Remark., If m=1, 84 =1, 101 = 101, and if
the condition u,veE 1is replaced by the condition 1/u,1/veE,
inequality {1.9) is identical with inequality (1.2) obtained
by P.R.Garebedian and H,Schiffer who used the variational
method,

2. Proofs

In the proofs of Theorem 1 and 2 we apply metaods of
Grunsky-Nehari type.

Proof of Theorem 1., In the case when Gs(zo) =0
for some s =1,...,n and z eAn, and if I‘e(lzol; 1), let
L, be an an:lytic arc joining the »oint 1/Gs(r) wi<h tae point u,
let Lv be an aaslytic src joining th: -oint u with the »oint v,
let D, be a simply connected domain bounded by the curves
r;: w = Fk[rexp(wi)], k = 1,ss.,m and the eanalytic srcs T,

k = 1,00e,m, Jjoining the point 1/Gs(r) with the noints
Fk(r), kK = 15es0,m, Trespectively, as well as by the curves

B : w = 1/G, rlexplei)], k = 1,...,n, and the analytic

arcs dk’ k = 1,e0e,n, k £ 8, joining the point 1/Gs(r) with
the points 1/Gk(r), k = 1,44e,n, k £ 8, Tespectively, and

let the arcs Lu’ Lv and the domain Dr be cuch that the set

Dg = Dr\\(LuL)Lv) is a simply connected domain. Sincs it does
not cause any loss of generality of our considerations, we
assvme that 8 = n,.
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3 K.Wiodarozyk

In the case when G,(z) #0 for k.= 1,,..,n ond zed,
let Lo be a circle |w}] = R negatively oriented with res=-
pect to.its interior, containing in the interior the points
u,v, and such that the set Dr’ 0<r<1, boundsd by the
curves Fk t W= Fk[} exp(9i)], ¥ = 1,.vs,m, and the analytio
arcs Ty, k = 1,,..,m, joining the point. R with the points
Fk(r). k = 14ee0,m, Tespectively, as well as by the curves
B :w = 1/GkEr exp(9i)], k = 1,3..,n, and the analytio
arcs Jk' k = 1,e00ynn, Jjoining the point R with the points
1/Gk(r), k =1,.0.o,n, Tespectively, is a simply connected do-
mein, Let Lﬁ be an analytic arc joining the point R with
the point u, 1let Lv be an analytic arc joining the point u
with the point v, and let the domain D, and the arcs Ln’Lv
be such that the set Dg = Dr*\(LutJLv) is a simply connected
domain, !

In both the cases we assume that the orientetion of the
curves [—k’ k= 1,000ymy and By, k =1,..0yn, is determin-
ed by tie run of the parameter ¢ from O to the point 2,

We adopt the notation

1/2
w(w)-[g:‘v‘l] s weDf‘
and let
V:“\I(W)'l'f‘.(C) oo . 1/2

1 A = P (w) Ll w-n) tw=v) ] V% (w)LP,

08 \fw:'(w}-Fj(C) QJW +;p W~ wv:l prg
(2,1)

1o 1+ (w)G,(Z)

- O 2 l - _ 1/?‘ p
F e, ) “oj“""*;  ltwen) (wev )]/ s,

It is easily verified that

fw)+a_.
2 - 03 .
Ioj(w) = log ————< =

w)-aoj

= 2108{I}w-u)(aoj-v)]1/2+ Bw—v)(aoj-u)]1/2}-log Bw—aoj)(u—v}],

-
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Garabedian-Schiffer theorem 9

1+0(w)b,
Q 4(w) = log ———= =

= 2105'{Bw-v)(1-uboj)]1/2+ Bw~u)(1—vboj)]1/2}-log[}1-wb°JKurvﬂ .

where

_ /2 1/2
8, = FQJ_E] VB = [:"_1] .
J

ol aoj -v 1 - ub
We introduce the following normalization

POJ(V) = O, on(u) = 0,

Let
Pj(w) = oj oa(w) + :E: —E— [(w-u)(w—v)]1/2 ij(w),
p=1
N
Gy (W) = UosQqy(w) + 21 £0d [(w-n) (w=v1] /2 @_ (w)
and
n no
= Z Pj(w) + Z Qj(w).
j=1 =1
Since

B 00 = 55 B () [ (0) - ] 7V2 [R (8 - V]2,

!
[aS]

6,(8) = 55¥ 6, (2) [1 = va ()] 712 [1 - ug (51] 32
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10 K,W2odarozyk

therefore
o F (5)
( ) p-1 - k
2 B T ) - a0 - 2
G (3)

(o] . p-1 - ,
pé\; Vo3 [1 - we ()] {[1 - v, (0] [1 - ue, ()]} 172

and in consequence,

' _ H(w)
H (W) = [(w_u)(w_v):l1/2

where
m n
filw) =YZ f’j(w) + Z 'Qj(w),
31 Ee
while
1/2
B.(w) = [(aoj-u)(aoj-v)} +
3 oJ aoj-w
N 9% s
+ Z1 _%Q {(w - %’)ij(w)+(w-u)(w-v)P;)j(w)},
p’.:
[(1-ub_ ) (1=vb )]1/2
R J
C")j(W) Yo3 ‘cl)iwboj : +
N o
+ 21 _};_J_I:(w ..u—*zﬂ)(;pj(wh(w-u)(w-v)Q'pj(w)] .
p:
Hence, bearing in mind that D:, = Dr\(LuU LV), we get
(2.2) ff I’ (W)l 2 da =H |’ (w)|? da.
D2 Dr
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Garabedian-Schiffer theorem 11

Let us still observe that

(2.3) if R —= oo, then ffTw)dH(w)——o,

L

which follows from the analyticality of H at the point
W = oo,

Denoting

[(w-u)(w-v)]1/2 P_.(w),

p=1 ,2,0.. ’
[_(W-u)(w-v )] 1/2 ij (VJ’.

Poylw) pJ

from (1.3) - (1.5) and (2.1) we have

o0
kk q A 2 k
P .oF (z) = - ° - K .q 4 -
03 () 8302 ~ log z, L F(z)=p Z gp? tgr =k
g=o a=o z
O k' q
- J k .
= 3502 = pz 329, J £k,
g=o0
o0
- Jk_q a N Jk
q=o =
=0 (1z)] = r)
kk q A o 3
o1/G ((2) = E bgo? = 108 z = Z kg 4 L
’ ijo1/Gk(z) P bqu + a j=k
q‘o q=°
kja 0 Lk )
ZE: b =p ZE: bquq, J ¥k,
q=0

5P (2) = kj 2%, § .oF (z) = ST ckijga
PJ k\Z/ =P qp? -
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12 K,Vtodarezyk

Consequently, adopting

k 1 "
a 2 b = a'“qk q=1’oco’h

¢k -q
(k=1l".'9m)’ (k=1,ovo,n),

=O =o q=n+1,ooo’

.Ol_t

k
~q

we find that
2k
HeFy (z) = 'zok log z + Z aqzq,
q:—oo

(204) (lz‘ =1‘)

Ho1/Gk(z) = =u, log z + i bgzq.

q=-oo

The functions P. and Qj are single-valued and analytic
in DJ. If we define P; and Q. on the arcs L, and L, as
the limit from the right, then we obtain as the limit from

the left, respectively:

- PJ and -~ Qj - 2“‘1“0;1 on L,

Pj - 2‘:!1103 and Qj - 211'ipoj on L.

Hence Pj(u) =$Tiloj, Qj(v) = Jﬂipoj and, in consequence,

m n
(2.5) H(u) =914 Z Roje H(V) = -4 Z Moy
J=1 3=1
So, as.the 1imit from the right we obtain, respectively:

on ru"LV s H,

m
on t,v[y 1 H - 2ar1<Z Ao * D !*ok>'

n
=1 k=1
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Garabedian-Schiffer theorem 13

n

m k
on TV ens : H-2ﬂi<z log * > t*oq>'2"i D 2gqr w2,
a=1 a=1

k1,000 ym=1 =1

n n
on 6'1uB1 : H-25TI<ZZXOk+ZP.°l§,
k=1

(2.6) - = \ X
ond, UB ., : H-2JT1<2 Z xoq+zuoq/-zm Z by 1525
=1 =1 Q=i

k=1,...,0=1

m n
on L : H-‘mi(z Lok * E E‘ok>’ n1,
k=1 k=1

and as the 1limit from the left, respectively:

n
on L :-H-zﬂinok,
k=1
m n
on L : H - Eﬂi(Z lok + Z Uok)'
=1 =1

m n k
on T, : H-zm(Z a‘oq*z qu>‘ 2mg Z Loer 2,

k=1,...,00=1

(2.7) n n
on 3. :H-2.!T1<ZZ&°&+Z§1°1>-

k=1 k=1
m n k
on d'k : H-25Ti<2 E xoq"’ E yo;-?_m Z“oq' n>2,
k=1,...,,0=1 q=1 g=1 q=1
m n
on 6!1 : H-lmi(z 101( + E Hogls nat.
k=1 k=1

In virtue of the Green formula { [16]) and equality {2.2),
considering the orientation of the boundary eDg, we got
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14 K.WXodarczyk

1 ' 2 1 Tl
0>= & f/ IH (w)!© da= Re o7l j. H({w)d H(w).
Dr 8Dg

On account of (1.,6), (2.3), (2.5)-(2.7), the equality

f H (w)dw = H(u) - H{W), where # = 1/G,(r) or W = R,

Ly

and the equality

f H (w)dw = H(v) - H(u),

Ly

the above inequality takes the form

Re 'éﬁ lif <H(w)+251'1 Z %q >dH(w) - 251'17!. H°F(r)}

k=1

v 5 i f(H(w)-rZ‘JTi z Toq * sz Boq- >dH(w) -

k=1 | B, a=1

- 2mﬁok Ho‘l/Gk(r)} <o,

whers A  =up o = 0. So, taking account of (2.4), we have
297 m oo <] A
k = k gq-1_"ok
Reéjﬁlej 3 zq-kok(log r-QPi):”ZQaq 23" 9 :’dz+
0 k=1 [gQ=~c Lg==co

2511 f Z{ -ty (Log r-‘ﬁ)}[z q bk -1 p:k:ldz +
Q==

k=1 g==0co

Z[‘ ol 108 7T D akr J Z['“*' tos 7Ty % } <°

k=1 q=-co k=1 3=-co
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and, in consequence, applying the formulae
27

o [ e 5w ko
0 (z = r explei))

and next, passing to the limit as » — 1, we obtain

oo m n
(2.8) > q(z PSS |b§|2><
k=1 : k=1

q=1
m n
<2 Re Z Lak + Z bl p+
| k=1 k=1
2o n 5
+ZQ<Z lakl Zlb.§|>'
k=1

q=1

Let us now assume that, for z real number Mo and for

g = 1,254+ o, the inequality

complex nnmbers Kq, Tq,
N 2 $ 2
(2.9) 51 qul <2M + 21 ]Tq
9= q=

holds, Applying the Cauchy~Schwarz inequality and (2.9), we

have

IIEENE

X0
- Mo - Re :E: KqTq < - Mo +

9=1

oo

- M +KZ T, 124 2M°> i } /2<Z ITqIQ,
g= =

with that equality hold if and only if Mo =0 and K
q = 1,2,..0 .
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16 K.Wtodarozyk

Hence we obtain the proposition of Theorem 1 by adopting -

m n
3 k - k
Mo = Re :E: aokao + :E: pokbo ’
k=1 k=1
k
o
- k - qQ _k . _
K(a=1)me(a-1)nsk = V3 28 T(qoq)me(a=t)nek SV & 2gs k=Toeeuomy
k
ip
- k qQ, k ,_
qu-l-(q-'l Jnek 'ﬁ bq' Tqm+(q—1 Jn+k 1e b-q' k=1,....1,

for g = 1,2,... and making use of inequality (2.8).

Proof of Theorem 2, Let L, be a circle lw!l = R
negatively oriented with respect to its interior, such that
u,ve{w : IwI<R} and such that the set D,, 0<r<i,
bounded by the curves [ﬂk T W= FkEr exp@pi)] k=1,000,m,
and the analytic arcs Tys k=1,.00,m, Joining the point R
with the points Fy(r), k=1,...,m, is a simply connected do-
main. Let further Lu and Lv be analytic arcs joining the
points R with u and u with v, respectively, lying in
D, and such that the set Dg = DN (L,vL,) is a simply
connected domain,

In tnls case, for the function H of tie form

m
CH(w) = D Ry,
3=1
as the limit from the right we obtain:

on LuLlLv : H,

jasd
I
N
=1
e
Ms
P
O
=

on T1L)r}

m k
on Tl(+1U rk+1’ k:“,o’-’m'.'" : H-2mi< 2.oq + g‘ loq>’ m>2,

on Lo

jasy
S
5]
=
e
>
o
w
-

1
W
W
[oa

1



Gavabedian-Sochiffer theorem 17

and as the limit from the left, respectively:

m
on L, : H - 291 Z Lok
k=1
m k
on Tk’ k=1,000ym~1 ¢t H =~ 2911(2 a‘oq + Z loq>' m 22,
q=1 g=1
m
on 7!!1 s H - 491 Z lok,
k=1
with that

m
H(u) =91 ) Ay, H(V) =
5=

And so, if we assume that a’oo =0 as m =1, then

n
- %.f [8'(w)|? dQ = Re ﬁf{f I:H'ﬁ - n'(ﬁ + 27 Z%k)] aw +
D k=1

r L\l

q=1 =1

[ - <-H'x.a,]a.,+§{[H<H+mz%q+k§1 ) -
-® <a+esu(z Toq * Z °q> dw . i: fk H <H+am(i 1°q+kf: 2 >>dw+

9=1 q=1 =1

m
o~ -
+ f H <H+41T1 E )‘ok> dw
k=1

L
o
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18 K.Wtodarczyk

and, in consequence, taking account of equality (1.8) in the
case m3»2,

27 o
X k,q-1 A ok
Re 27 f Z[ .'qzq k(1°8 r-¢1 )jHVZ Q & - z—}dz +
g==co

0 k=1 g==co
m &
*Z [ll'l‘ok|2 log r = Aoy Z aqrq:! <o
—1(:1 SO
As a result, when r —1,
oo m L n
k2 =

ZqZIaql<2ReZao ZQZIa :
a=1 k=1 k=1 g=1 k=1

from which, after applying the Cauchy-Schwarz inequality, the
proposition of Theorem 2 follows,

" Under additional assumptions, inequalities (1.7) and (1.9)
hold also when u # v, u,ve CNE. This case as well as its
applications will be given in our next paper,

3, Appendix

The importance of the conditions of Garabedian-Schiffer
type in extremal problems is well known (see, 8.g. R.N.Peder-
son [17], R.N.Pederson and M.Schiffer [18], P.L.Duren [5],
Ch.Pommerenke [19,20], A.Seiler [22], M.Schiffer and H.Schmidt
[éﬂ }e Theorem 1 of the present paper, when m = n, implies
anzlogous conditions for generalized pairs of Aharonov (D,aha-
ronov [ 1], J.A.Hummel [12], J.A.Hummel and M.Schiffer [14])
and if, moreover, G =PF, or G = F and laokl <1 for
K = 1,000ymy, or G = - F, where F =[ﬁ1""’ﬁﬁ} Flz) =
= Fk(i), k = 1,,44,m, for generalized classes of Bieberbach-
-Eilenberg, bounded and Grunsky-Shah functions (L.Bieberbach
(2], S.Eilenberg [6], H.Grunsky [10], Tao-Shing-Shah [23],
D.W. De Temple [3], D.W. De Temple and D.B. Oulton [4],
L.L.Gromova and N.,A.Lebedev [9], N.A.Lebedev [15]), respecti-
vely, whereas Theorem 2 implies analogous conditions for sys-
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Garabedian-Schiffer theorem 19

tems of functions with disjoint images (N.A.Lebedev [15],
D.W. De Temple [3]) and, in particular, for some extension of
the c¢laes S when m = 1 and for Gel fer functions when
m=2 and F, = -F, - (S.A.Gel" fer [8], J.A.Hummel [13],
D.W. De Temple and D.B.Oulton [4]).
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