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1. I n t r o d u c t i o n , d e f i n i t i o n s and main r e s u l t s 
Let S denote the c l a s s of a l l f uno t ions F, univalent 

i n A = {z s | z I < l } , of the form 

F(z) = z + ^ a g z q . 
q=2 

¿he o l a s s i c a l Grunsky i n e q u a l i t i e s are based on the f a c t 
t h a t the f u n c t i o n F a n a l y t i o i n A i s univalent in A i f 
and only i f the s e r i e s 

9-P 
l 0 6 F(Z) I p ( ? ) = 2 ] a qp z * 

q,p=0 

i s covergent in the b i c y l i n d e r Ax A . 
H.Grunsky [ n ] showed t h a t t h i s takes place i f and only 

i f , f o r any vec to r s H = [ i l ^ , . . . C®, the i n e q u a l i t y 

N 

( 1 . 1 ) Re Z a - * - * ' qp q p 
q,p=1 

•z* 
q=1 

ho lds . 
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2 K.Wiodarozyk 

P.R.Garabedian and M.Schiffer [7] proved that, if FeS, 
u 4 v, 1/u, 1/veB = C \F(A), then, for the coefficients 
8gp(u,v) generated in the bicylinder Ax A by the function 

l o ê (z-g)(V[l-uF(z)] [l-vP(g)J + V[l-uF(g)] [l-vF(z)]') 
V[l-uF(z)] [l-vF(Ç )] - VCr-uP(Ç)] [l -vF(z }J 

q,p=o 

and for any veotors f. = i... »¡'-jjJe Rx C the inequality 

H 
( 1 . 2 ) Re 

r u 
Z a q p ( u » v V p 
q,p=0 q=i 

q I \ r > 0 

holds. 
Since oo £ F(A), and 

lim ann(u,v) = q+p > 0, 
u,v—0 q p qp' 

thereby, inequalities (1.2) are a considerable generalization 
of inequalities (1.1). 

In the present paper we shall formulate and prove analo-
gous generalizations for pairs of vector functions which are 
defined as follows. 

For any nonnegative integers m,n such that m+n>0, let 

A0 = [a01 a0m]ecffi, m > 1 BQ = [bQl,... ,b0n] e cn, n > 1 
= 0 , m = 0 = 0 , n = 0 , 

with that . , . . 
a0k ^ a0j' k ^ m > 1, 
b0k * b0i' k ^ j• n > 1» 

a0kb0j ^ 1» m , n > 1» 
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Garabedian-Schlffer theorem 3 

and le t C ( A . B ) {[241) stand for the c l a s s of a l l pairs 01,11 O' 0 L J 

(F,G) of veotor functions F and G, 

F = [ F 1 , . . . , F m ] t A — C m > 1 G = [ G 1 , . . . ,G n ] : A — Cn, n > 1 

= 0 , m = 0, = 0 , n = 0, 

of the form 

k r F(z) = AQ + A^z + . . . + Akz + Ak = [ a k 1 . » a k m J , m > 1, 

G(z) = Bq + B^z + . . . + B k z k + . . . , Bk = [ b k 1 , . . . , b k n ] , n > 1, 

with that F f . »Fm, m > 1 , and , n > 1 , are uni-
valent functions in A , such that 

F k ( z ) * P j i ? ) » k ^ j , m > 1, 

Gk(z) t G j ) » k / j , n > 1, 

F k ( a )Gj (£ ) + 1, m,n > 1, 

for a l l ( z ,£ )e Ax A . 
To shorten the notation, we denote C (A ) = C ' m o m, o o 

F = (F ,0 ) . Of course, (F,G) = (G,F). 
Conditions for the univalence of Garabedian-Schiffer type 

for pairs (F,G) of c l a s se s Cm „(A -B ) are formulated as f o l -1 ' m,n o' o 
lows. 

T h e c a s e m,n > 1 . Let (F,G)e C^ n ( A 0 , B 0 ) , m,n >1, 

and for any values u , v e E = C \ ' ' ~ n 

u t v , l e t 

U Fk(A)u Û VGk(A) 
_k=1 K kVi K 

A . . 

F k ( z ) = 
F k ( z ) - u 
F k ( z ) - v 

1/2 
Ôk(z) = 

1 - v G^iz) 
1 - u Gk(z) 

1/2 

For (F,G), we define the c o e f f i c i e n t s a ^ , b ^ and c ^ gene-' cjp qp qp 
rated in the bicylinder Ax A by the functions: 
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4 K.Wlodarozyk 

0 0 P ( z ) + P ( t ) 

" • 4 ) g o ^ - 1 0 8 - t\tv • l t k -

s « • - y o y . y >3 

Gk(aJ-Qk(Ç) 

^ k1 o n 1 + hlzft^V 

The system o f vecto r s = '••••' lpm] e ^p = 

= [ ^ p t ' * * * *^pn] 6 c J 3 ' p = 0 » 1 » * # * » ï ï ' w i l 1 b e c a l l 0 d admis-
s i b l e i f 

m n 

Z v + Z ^ = 
k=1 k»1 

Le t 

•Ï - 1 ( t • Z * = 1 

q = 0 , 1 , . . . , 
N / n m \ 

>q " Z ( Z ^ U p i + Z k = 1 
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Garabedian-Schiffer theorem 5 

and l e t 

m N i « * 
p(u,v) = X ! ( a ^ o k + Z e q a ï * q k ) + 

k=1 x 

n 

k=1 

q=1 

ÏÏ 
+ S ( ^ o k + Z 6 " " ' V q k 

q=1 

where 0<«£<23T, k = 1 , . . . , m , 0</2.g<?ît, k = 1 , . . . , n , 
q = 1 , . . . , N . 

With the above notat ion there holds 
T h e o r e m 1. I f (P,G)e Cm n ( A 0 , B 0 ) , m,n > 1, 

u , v e E , u £ v , then, for any admissible system of oomplex vec-
tors ¿p, (¿p, p = 0 , 1 , . . . , N , and for any 0<oiq<2ir f 

k = 1 , . . . , m , 0</3q <2ît , k = 1 , . ' . . , n , q = 1 , . . . , N , 

N 
(1 .7 ) He p(u,v) + q ( ' V 2 + "^q"2 ) * 

k=1 

where equal i ty holds i f and only i f 

r m 

H Z \ 
l k=1 

n 
Lokao + Z ^ok 

k=1 
bo = 

- ia: 
- e <3 7 

qk* 
= 0 

q = 1 , . . . , N b j = - e 

, q = N + 1 , • . . , = 0 

(k = 1 , . . . , m ) 

Hqk» <3 = 1 , • . . ,N 

, q = N + 1 , . . . . 

(k = 1 , . . . , n ) 

T h e c a s e m>1, n = 0. Let F e C m U 0 ) , m > 1. 
m 

and i f u,v E =C \ O F V ( A ) , u ^ v , l e t us denote 
k=1 K 

* k e > -
F k ( z ) - u 
P k ( z ) - v 

1/2 
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6 K . W í o d a r c z y k 

F o r F , we d e f i n e t h e c o e f f i c i e n t s a ^ o f G a r a b e d i a n - S c h i f -q p 
f e r t y p e a s f o l l o w s 

^ k 1 q D V * ) .+ V f c ) 
> , a J J z q ç p = l o g J — , i t k , m > 2 

q f ^ O ^ P f c U i - P j U ) 

( z - Ç ) [ F ( z ) + F ( Ç ) l 
- l o g A A

 :^ J , j = k . 
P k ( a ) - P k ( Ç ) 

T h e s y s t e m o f v e c t o r s = » • • • » ^ p m J • P = 

w i l l b e c a l l e d a d m i s s i b l e i f i l p e C m , p = 0 , 1 , . . . , N , a n d 

b e s i d e s , 

m 

(1.8) * o k 0 

k = 1 

i f m > 2 . 

L e t 

N m 

a<3 = X ! 2 a q p * p j » k = 1 , . . . t m , q = 0 , 1 , . . . , 
p = 0 

a n d l e t 
o / N ^ k 

p ( a , v ) - X K * o k + X 0 ' ^ q k V 
k = 1 N q = 1 J 

w h e r e 0 < a q < 2 7 f , k = 1 , . . . , m , q = 1 , 2 , . . . , N , 

We s h a l l now g i v e a a h a r a o t e r i z a t i o n o f t h e f u n c t i o n F , 

m > 1 . 
T h e o r e m 2 . I f F e c

m ( A
0 U m > 1 » u » v e B » 

a /! T , t h e n , f o r a n y a d m i s s i b l e s y s t e m o f c o m p l e x v e c t o r s 

Ap» P = 0 , 1 , . . . , N , a n d f o r a n y O ^ t f ^ < 2 i r , k =' 1 , . . . , m , 

q = 1 , 2 

S 

( 1 . 9 ) R e p ( u , v ) + j - l l ^ l l 2 > 0 , 

q « 1 
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Garebedian-Schiffer theorem 7 

where equality takes place i f and only i f 

R e m a r k . I f m = 1 , a ^ = 1, = , and i f 
the condition u,v e B i s replaced by the condition 1 / u , 1 / v e E , 
inequality (1.9) i s identical with inequality (1.2) obtained 
by P.R.Garsbedian and M.Schiffer who used the var ia t iona l 
method. 

2. Proofs 
In the proofs of Theorem 1 and 2 we apply methods of 

Grunsky-Nehari type. 
P r o o f of Theorem 1. In the case when G„(s ) = 0 s o 

fo r some a = 1 , . . . , n and zQe A , and i f r e (IzQl ; 1) , l e t 
L be an analytic arc joining the point 1/G„(r) with the point u, 
le t L be an analytic ncc joining th.» 'oint u ..-it'i the ">oint v, 
l e t Dr be a simply connected domain bounded by the curves 
r k : w = Fk[rexp(<f i ) ] , k = 1 , . . . , m and the analytic s rcs 7 k , 
k = 1 , . . . , m , joining the point 1/G (r) with the ooints s * 
F ^ r ) , k = 1 , . . . , m , respect ive ly , as well as by the curves 
Bk ! w = 1^Gk r[exp((pi)] , k = 1 , . . . , n , and the analytic 
arcs k = 1 , . . . , n , k ^ s , joining the point 1/G s (r ) with 
the points l / G ^ r ) , k = 1 , . . . , n , k t s , re spect ive ly , and 
le t the arcs L , L . and the domain D_ be such that the set 
Dr = D r \ ( L u u L v ) i s a simply connected domain. Since i t does 
not cause any loss of generality of our considerations, we 
asbL'tne that s = n. 
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3 K.Wiodarozyk 

In the case when G^iz) ^ 0 for k = 1 , . . . , n and z e A , 
let LQ be a circle |w| = R negatively oriented with res -
pect to. i ts interior, containing in the interior the points 
u,v, and such that the set D r, 0 < r < 1 , bounded by the 
carves r"k : w = F^ [r exp(i f i ) ] , k = 1, . . . ,m, and the analytio 
arcs k = 1, , . . ,m, joining the point R with the points 
F^fr ) , k = 1, . . . ,m, respectively, as well as by the curves 
Bk : w - l/G^fr exp(if i ) ] , k = 1 , ; . . , n , and the analytio 
arcs k = 1 , . . . , n , joining the point R with the points 
1/Gk (r), k = 1 , . . . , n , respectively, is a simply connected do-
main. Let Lu be an analytic arc joining the point R with 
the point u, let Lv be an analytic arc joining the point u 
with the point v, and let the domain Dr and the arcs L^Ly 
be such that the set D° = ^ X l ^ u l ^ ) is a simply connected 
domain. 

In both the cases we assume that the orientation of the 
curves I . , k = 1,. . . ,m, and B^, k = 1 t « j « , n , is determin-
ed by tie run of the parameter cp from 0 to the point 29T. 

We adopt the notation 

w(w) = [ ^ ] 1 / 2 . .wsD : 

and le t 

w(w)+F.(£) ^ 1 r -[I/O n 

(2.1) 

log = Qn1(w) + V l [ (w -u ) (w-v ) ] 1 / 2 Q n , (w 
1-w(w)G. (£.) 03 p J PO 

It is easily verified that 

A / i A w(w;+a_ 
v> 

A / _ \ A 

o j (w) = = 

v J 

= 2 log { [ (w -u ) ( a o ; j - v ) ] 1 / 2 + [ (w -v ) ( a o ; ) -u ) ] 1 / 2 ] - l og [ {w -a^ ) {u-v)] , 
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Garabedian-Schiffer theorem 

Q O 3 ( W ) = l o g r ^ - = 

1-w(w)b oi 

21og {[(w-v)(l-ubo ; j)]1 / 2+ [(w-u){l-vbo; j)]1 /2}-log[(l-wboj)(a-vj| , 

whero 

fao,1 -
1/2 

b - vbo.l" 
1/2 

LaOJ - \ » oj ~ - ubod. 
ao.i -

We introduce the following normalization 

V 

Let 
K 

P3iw) = ^odPo3(w) + - f - [ u - u ) ( w - v ) ] 1 / 2 Ppj(w), 
P=1 

K 
Q,(w) 

J 

and 

^ojQoj ( w ) + Z ^ [(w-uj(w-v)]1 /2 Qpj(w) 
p=1 

ci n 
H(w) = Pj(w) + Qjfw). 

3=1 3=1 ' 

Since 

Pk(S) - ^ P k (? ) [P k (0 - a]"1 /2 [ P k ( 0 - v]-3/2 f 

Ök(?) = [1 - v G k ( a ] ~ 1 / 2 [1 - u G k ( a ] - 3 / 2 
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10 K,W3:oclarozyk 

therefore 

OO ̂  ^ j ^ ̂  y 

£ V W , ? P " * [w -P k (C ) ] { [P k ( 5 ) - u ] [ F k ( 0 - v ] } ^ 
P=1 

V~I p ] "jf«S ' 
h " = [l - «Gfc(C ) ] { [ ! - v 0 k « )] [ l - uGk(S )] j 

and in consequence, 

H'Cw) ^ 
[(w-u)(w-v)]1 / 2 ' 

where 
n 

H(w) = Pj(w) + Q^fw), 

while 

P.(w) = * - e i 
[ ( a o r u H a . - v ) ] 1 / 2 

'oj 

11 Q . 

P=1 

a0j"W 

w - u+v )pp;j(w) + (w-u) (w-v)Pp;j(w) 

( " d - u b . j d - v b . )1 1 / 2 

o (rn) - a L J 
OJ 

N 
'oj 

+ ^ ( w - ^ Q p j j i w J + iw-aitw-vjQpjjlw) 

P=1 p L -

Hence, bearing in mind that = D r x ( L u u L v ) » v;e Eet 

(2.2) ff |H' ( W ) | 2 dn =// IH' (w} I 2 do. 
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O a r a b e d i a n - S c h i f f e r t h e o r e m 11 

L e t u s s t i l l o b s e r v e t h a t 

( 2 . 3 ) i f R - ^ o o t t h e n f H f i T ) d H ( w ) — 0 , 

L o 

w h i c h f o l l o w s f r o m t h e a n a l y t i c a l i t y o f H a t t h e p o i n t 

W = oo . 

D e n o t i n g 

P p J ( w ) = [ ( w - u ) ( w - v ) ] 1 / 2 P p j ( w ) , 

Q p j ( w ) = [ ( w - u ) ( w - v ) ] 1 / 2 Q p 3 ( w ) , 

f r o m ( 1 . 3 ) - ( 1 . 5 ) a n d ( 2 . 1 ) we h a v e 

= Z aqk0V - ^ «. V V * > = P Z • V J = * 

q=o q = 0
 z 

1 = 0 q=0 ww - z <y> ww - p z • s ^ 
q = 0 ( I z I = r ) 

V 1 / G * ( z ) = Z l o e w w = p Z ' j s * 

q=o q=o Z 

q=o q = 0 

q=o q=o 
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12 K.V/ ' iodarczyk 

C o n s e q u e n t l y , a d o p t i n g 

a k - l A v - q q qk 

= 0 

h k 1 n 
b - q = À" qk 

( k = 1 , . . . , m ) , (k=1 
= 0 

q = 1 , . . . , E 

q=I7+1 , . . . , 

we f i n d t h a t 

' H . P k ( z ) = l o g z + J a j . " , 

( 2 . 4 ) 
q = - c 

( I z l = r ) 

H o l / G k { z ) = - n o k l o g z + b j z q . 
q = - o o 

•T.he f u n c t i o n s P^ and Q^ a r e s i n g l e - v a l u e d and a n a l y t i c 

i n D°. I f we d e f i n e P^ and Q.. on t h e a r c s L u and as 

the l i m i t f r o m t h e r i g h t , t h e n we o b t a i n as the l i m i t f r o m 

t h e l e f t , r e s p e c t i v e l y : 

- P j and - Q^ - 2ir i ( . io ; j on 

P^ - 2 î r iS . Q j and Q^ - 2 f f i p o ; j on L u . 

Henoe P - j i " ) = 3 r i ^ 0 j » = " ^ ^ o j a n d ' i n c o n s 0 q u e n o e t 

m n 

( 2 . 5 ) H ( u ) = 3 T i ^ X Q y H ( v ) = - J T i ^ t i o 1 . 

d -1 J - 1 

S o , as t h e l i m i t f r o m t h e r i g h t we o b t a i n , r e s p e c t i v e l y : 

on I»u u : H , 

on r ^ r , : H - a n C f * o k + Z J . 
\k=1 k=1 / 
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G a r a b e d i a n - S c h i f f e r theorem 13 

k 
0 n T k + 1 ^ k + 1 , : H - W ^ *oq ^ J - 2 W X m>2' 

k=1 m-1 V<1=1 ' ^ 
m n \ 

1 K=1 / 

1 q=1 / • q=| 0K 

° n L o : » - W Z ^ o k * Z ^ o k Y n > 1 ' 

<2-6> ; t r 1 / k 

k=1, . . . fn-1 q= 

ra n 

vk=1 k=1 

and as the l i m i t from the l e f t , r e s p e c t i v e l y : 

n 
on Ly s - H - 2JTi 

k=1 

on Lu , H - ^ • £ ^ Y 
\k=l k=l / 

/ m n \ k 
on t k , : * o q * ] [ > o q V ^ Z ^ok' ">2. 

k=1....,m-1 \q=1 q=1 / q=1 

(2.7) / a n \ 
o n T n

 5 » - ^ Z ^ ' Z ^ k • 
\ k=1 fc=i / 

/ m n \ k 

° n ' k : H-2 J r i 2 Z ^ o q ^ ^ o q ) - 2 5 1 1 Z ^ o q - ">2 ' 
k=1,... ,n_1 \ q=i q=1 / q=l 

on da : n>1. 
\k=1 k=l / 

In v i r t u e of the Green formula ( [16] ) and e q u a l i t y ( 2 . 2 ) , 
cons ide r ing the o r i e n t a t i o n of the boundary we ge t 
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11. K.Wiodarczyk 

0 > - ^ J J |H ' (w) l 2 d a = Re J H(w)d H (wJ . 

3D, 

On account of ( 1 . 6 ) , ( 2 . 3 ) , ( 2 . 5 ) - ( 2 . 7 ) , the equa l i t y 

j H'(w)dw = H(u) - H(w), where w = 1/Gn(r) or w = R, 

and the equa l i t y 

/ H'(w)dw = H(v) - H(u), 

the above i n e q u a l i t y t akes the form 

k 
Re 

MI ¿17 OdH(wj
 - 2 5 r uok =•'<*> 

/ f Höö^r i äo q • 2 J T 1 ¡ ^ J W ) -
_Bk X q=1 q=1 / 

251 i 
k=1 

i <0, 

where A. =^00 = S o » "taking account of (2.4 J, we have 00 ^00 
2JT m 

— k q-1 ^ok 

k=1 |_q=-oo J Lq=-oo 

0 k=1 Lq=-oo q=—00 

dz + 

dz + 

m r 

k=1 
+ Z l^okl210® r-^ok X > i ' q + Z l ^ o k l ^ ^ o k Z b q r ' 

q = - o o k=1 

- 334 -

<0 



Garabedian-Schiffer theorem 15 

and, in consequence, applying the formulae 

2 57 

m J ^ z q ' 1 d z - h • 0 

O (z = r exp(cpi)) 

= 3T , q = 0 
and next, passing to the l imit as r — - 1 , we obtain 

m 
12.8) 

n 

q=1 \k=1 fc=1 / 

" m n 

< 2 « H Z \A+ Z ^0kb 

k-1 
ra 

k=1 
oo / m n 

Z / Z I ^ I 2 • z * - - -
q=1 \k=1 k=1 

Let us now assiune that, f o r a real number and f o r * o 
complex numbers Kq, , q = 1 ,2 , . . . , the inequality 

( 2 . 9 ) 

OO CO 

lKq|2 < 2 M0 + Z lTq|2 

q=i 
Z 
<3=1 

holds. Applying the Cauchy-Schwarz inequality and ( 2 . 9 ) , we 
have 

<0 - H Z V q < " M 0 V q 
lq = 1 

< ~ Mo + 

OO \ CO 
2 + 2MJ !T, 

r OO 

q=1 

<3=1 

1/2 
0/ ' q' 

<3=1 

OO Ä 

X ' V 2 . 
q=i 

with that equality hold i f and only i f MQ = 0 and Kq = -T q , 
q = 1 ,2 , . . . . 
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1 6 K.Wtodarozyk 

Hence we obtain the proposition of Theorem 1 by adopting 

for q = 1,2,"... and making use of inequality (2.8). 
P r o o f of Theorem 2. Let LQ be a cirole Iwl = R 

negatively oriented with respect to its interior, such that 
u,ve{w : |wl<R} and such that the set D r, 0 < r < 1 , 
bounded by the curves s w = P^[r exp(ipi)J, k=1,...,m, 
and the analytic arcs k=1,...,m, joining the point R 
with the points F^ir), k=1,...,m, is a simply connected do-
main. Let further L u and Ly be analytic arcs joining the 
points R with u and u with v, respectively, lying in 
D r and such that the set D° = D rN (LU«J LyJ is a simply 
connected domain. 

In tnis case, for the function H of the form 
m 

m n 

k=1 k=1 

j=1 

as the limit from the right we obtain: 

o n Lu u Lv 

on ^ v H, 

: H, 
m 

: H-25li 2 * 
k=1 ok' 

o n ^ k + r r k + i » k = 1 

k 
»• • •» m-1 : H-2Jri 

m 
on I. o 
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Gasabedian-Sohiffer theorem 17 

and as the l imi t from the l e f t , reBpeot ively: 

on ^ 

on L 

: - H, 
m 

u : H - 2JTÌ X ] Xok, 
k=1 

on 7 k , k=1 , . . . ,m-1 s H - 23Ti ( Z *oq + Z O - m > 2 » 
\q=1 q=1 ' 

m 
o n Tm 

with tha t 

k=1 

m 

H(u) = 5Ti l o j , H(v) = 0 . 
0=1 

And so, i f we assume tha t 5L « 0 as m » 1, then 

l / / | H ' ( w ) | 2 d n = R e 1 
2iri / h ' h - h Y h + 

Lu - x fc=1 
dv + 

/ [«' H - (-«' )(-«)] dv + 2 / H \ H + 2 l r i Z * Z V 
k-1 

k=1 Tk
 L q=1 q=1 

R ( f f W Z X o q + Z I o q t ) l d W + Z / H f S + 2 I i i ( Z V Z ^ o q K 
\ q=1 q=1 V J k=1 r \ q=1 / / 

dw 
k=1 
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18 K.Wíodarczyk 

and, in consequenoe, taking account of equality (1.8) in the 
case m >2, 

Re 
21 a 

2ÎÏ1 / Z iL^-hJ10*'-^ Z > aqZ 
^ok 

O tes1 Lq=-oo -iuqs_oo 
dz + 

• z 
k=1 

* - Z & 
q=-co 

KO. 

As a resu l t , when r — - 1 , 
oo m f m 

KI2<HX 
q=1 k=1 k=1 

*okao 

m 

q=1 k=1 

from which, a f t e r applying the Cauchy-Schwarz inequality, tde 
proposition of Theorem 2 fol lows« 

Under additional assumptions, inequal it ies (1.7) and (1.9) 
hold also when u 4 v, u,v 6 C \ E . This oase as wel l as i t s 
applications w i l l be given in our next paper. 

3. Appendix 
The importance of the conditions of Garabedian-Schiffer 

type in extremal problems i s wel l known (see, e .g . R.N.Peder-
son [17], E.N.Pederson and M.Schiffer [18] , P.L.Duren [ 5 ] , 

Ch.Pommerenke [ l9,20] t A.Sei ler [ 2 2 ] , M.Schiffer and H.Schmidt 
[21] ) . Theorem 1 of the present paper, when m = n, implies 
analogous conditions f o r generalized pairs of Aharonov (D.Aha-
ronov [ 1 ] , J.A.Hummel [12] , J.A.Hummel and M.Schiffer [14] ) 
and i f , moreover, G = P, or G = F and <1 for 
k = 1 , . . . ,m, or G = - P , where F = [f., , . . . . f j , P k ( z ) = 

= P j z ) , k = 1 , . . . ,m, f o r generalized classes of Bieberbach-
-Eilenberg, bounded and Grunsky-Shah functions (L.Bieberbach 
[ 2 ] , S.Eilenberg [ é ] , H.Grunsky [ 10] , Tao-Shing-Shah [23] , 

D.W. De Temple [ 3 ] , D.W. De Temple and D.B. Oulton [ 4 ] , 

L.L.Gromova and H.A.Lebedev [ 9 ] , N.A.Lebedev [15] ) , respect i -
vely, whereas Theorem 2 implies analogous conditions fo r sys-
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terns of functions with disjoint images (N.A.Lebedev [15], 
D.W. De Temple [3]) and, in particular, for some extension of 
the class S when m = 1 and for Gel*fer functions when 
m = 2 and P 2 = - P1 • (S.A.Gel*fer [b], J.A.Hummel [13], 
D.W. De Temple and D.B.Oulton [4]). 
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