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ON A NONLINEAR EQUATION OF THE TYPE 
OF NONSTATIONARY FILTRATION 

In t h i s paper there i s presented a method of s e p a r a t i o n 
of v a r i a b l e s f o r some non l inea r parabol io equat ion of the t y -
pe of nons ta t ionary f i l t r a t i o n . By t h i s method we f i n d the s o -
l u t i o n from which i t fo l lows t h a t a support of t h i s s o l u t i o n 
expands with the growth of the t ime. In the case when the non-
l i n e a r equat ion reduces to a l i n e a r equa t ion , the support of 
the s o l u t i o n does not expand a t a l l , t h i s f a c t i s well-known. 

Consider the flow of a gas through a homogeneous porous 
medium. The dens i ty u = u ( r , t ) of the gas in the case of 
r a d i a l or s p h e r i c a l symmetry s a t i s f i e s the non l inea r parabo-
l i o equa t ion 

where t and r denote r e s p e c t i v e l y time and spaoe v a r i a b l e , 
the cons tant m i s p o s i t i v e and k+1 i s the dimension of 
the considered eucl idean space . 

Equation (1) i s the mathematical d e s c r i p t i o n of s eve ra l 
physical phenomena as f o r examples heat t r a n s f e r in p o l i t r o -
pic medium, bomb b l a s t , burs t of r a d i a t i o n , seepage of l i q u i d s 
i n t o porous bodies (see [ 3 ] ) . For t ha t reason equat ion (1) i s 
ca l l ed the equat ion of nons ta t ionary f i l t r a t i o n . 

We s h a l l look f o r the exact s o l u t i o n of (1) by the method 
of s e p a r a t i o n of v a r i a b l e s . 
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Let 

(2) u ( r , t ) = R ( z )T ( t ) , z = r/S( t ) , 

where the functions R (z ) , T ( t ) , S ( t ) are di f ferent from con-
stants. Substituting (2) into (1) we get 

(3) r z " k [ z k (H m ) ' ] = [ r s t 7 - z t r ' s ' ] s , 

where a prime denotes di f ferentiat ion with respect to argu-
ment. I f we assume that 

(4) TS' = -/ÎST', /3= const. >0, 

then the right side of (3) w i l l take the form 

S 2 T ' [ R + y î z R ' ] 

and equation (3) becomes 

R + /J>zR ^m 

Prom (4) i t follows that 

s ( t ) = rtt), 

therefore 

-k [zk (Rmr] ' t ' 
R + fi>zR ' ~ Tm+2/î 

I f fi = 1 /{k+1 ) , then 

a - OC. 

-(m+ 2 

= -ex, 

hence 

•1/r T ( t ) = [c1 +TcvtJ 
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k—1 
where C1 i s an arbitrary positive constant, f = m - ĵ pj-
and 

R+zR1/(k+1) 
- oCf 

henoa 

[zk(Rm)] ' = [(k+1)zkR + z k + 1 f i ] = [ ( z k + 1 R ) ] ' . 

I f lim zk(Rm) ' = 0 then (Rm)' = - ~ zR. 
z-0 
A second integration yie lds 

R(z) = 

C2 e x P - 2fk+TT for m = 1 

f o r m a l , 
,11 / {m—"î ) 
"I j 

where i s an arbitrary positive constant. 
Final ly the solution of equation (l ) has tr.o form: 

1° for m = 1 

u ( r , t ) = C 2 [ s i ( t ) •(k+1) exp ci r 
2(k+1JS?(t / 

v;here S ^ 2ait 
+ k+T • 

2° for m ¿ 1 

(5) u ( r , t ) = < 

for r>9 ( t ] 

1 
m-1 

L̂ (-fc J ] - ( i c + 1 J ( c p - (m-1 ) r 2 _ \ for CKr<§ ( t ) , 
\ 2 2m(k+1)S ( t ) / y 

where 

¡ i t ) = [C, + i a t ] 1 / ( k + 1 
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and 

-» ¡2m(k+1 )C9 

? { t ) - S < « > V <*(m-i) • 

Prom (5) i t fo l lows that f o r m >2 

lim u^ f r . t ) = -oo , lim U jJ r . t ) = 0 

and lim iL . f r . t ) non ex i s t . 
r - p ( t ) ^ 
Prom the obtained result i t f O I I O W B that f o r m >1 the 

support of the function u ( r , t ) expands with the increasing 
of time whereas f o r m<1 this support i s the set ( r , t ) 
e [ 0 , oo ) x [ 0 , oo ) and i t does not change at a l l . 

I t is generally known that the equation (1) f o r m>1 
describes the behaviour of sudden phenomena ( f o r example -
an explosion) occuring in the d i f f u s i on , radiat ion or f i l t r a -
tion which has according to the experiment the f i n i t e speed 
of expansion of this phenomena. Our result attest i t . 

How, we shal l show that every solution of (1) which s a -
t i s f i e s some conditions has also such property as ( 5 ) . 

We sha l l assume that there ex ists a c l a s s i ca l solution 
of ( 1 ) . By a c lass ioa l solution we understood such a solution 
which i s continuous and has continuous par t ia l der ivat ives . 

L e m m a . Let û  and be bounded and positive 
solutions of the equation (1) in a set 

Q* = (6 ,R )x (0 ,T ] , 
where £ > 0, R and T are arbitrary positive constants. 
I f on r = {&} x [0,T] U [ & , r ] X { o } u { r } X [ o , t ] the inequality 

< u2|^ is s a t i s f i ed then also 

u1 ^ u2 everywhere in QR = [ o , r ] X [ o , t J . 

P r o o f . Substituting um = v into (1) we obtain 

(6) mv ( m - 1 ) / , n [ v r r + | v j = v t , . H . 
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Replacing in (6) the function v by v̂  and next by v 2 

and subtracting, we see that the difference w • v^ - v 2 

s a t i s f i e s the equation 

rav1(M-1,/M[WRR + G W R ] - W T . ( M - D V - 1 / M [ ( T 2 J W + | ( v 2 J R ] W = 0, 

where v i s some value between v̂  and v 2 . 
Kow '.ve sssume that 

(7) (m-1)v- 1 / m [ (v 2 ) r r + £ ( v 2 ) J 

_£ 

i s bounded in Qg. Let M be a constant greater than the 
absolute value of (7). We assert that w = v̂  - v 2 ^ 0. If 
this i s not true, then the function z = we-̂ "6 i s positive 

— £ in Qr and s a t i s f i e s the equation 

(a) 

. [ - M • (m-1)v - 1 / »[ (v 2 ) r r (v2) r" 

which right side is negative fo r z > 0. Hence i t follows 
that the function z oannot attain i t s minimum in If 
i t i s attained on the boundary P of the set then 

-Mt i ;|p = we |p = ("»i-Vgllp < 0, 

-e 
Thus v i ^ v 2 111 Qg» a n d t h i s equivalent to the inequali-
ty û  <u2> If we suppose that u2 i s the solution defined 
by (5) then 

(m-1)v-1/m[^v2)I. r + £ ( v 2 ) r ] 

i s bounded for r = 0, and for e — 0 we have QR —- QR. 
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Now we consider the next problem: 

(9) 

f r - k [ r k ( u m ) J r = ut 

u(0,t) = ( t ) >0 

u(R,t) = ^ 2 ( t ) >0 

u(r,0) = H>(r) >0 

for ( r , t ) e Q R , m>1, 

for t e [ o , l ] , 

for t e [o , t ] , 

for r e [o,fi] 

and besides that the following compatibility conditions 

(1^(0) = q>(0), <4)2(0) = q> (H) 

are satisf ied. 
T h e o r e m 1, If u = u ( r , t ) is the solution of 

the problem (9) and q>.,(t) = 0 for t >t >0, ip ( r ) = 0 for 
r ^ r Q or q > 2 ( t ) = 0 for cf(r) = 0 for r>r . , 
then this solution has a f inite support i . e . there exists 
a set S C Q f i such that u|s = 0. 

P r o o f . If then also u ( r , t ) >0 
in This fact is well-known from the theory of parabolic . 
equations. We now denote by v the solution (5) and express 
it by the formula 

v ( r , t ) = -

A(B+t) C2 -
(B+t)' 

1/(m-1) 
for 0 < r < C(B+t) 

for r>C (B+t ) , 

where & = - ) a n d A> B» a r e arbitrary positi-
ve constants. 

If we choose A, Bf C as follows 

• (0,t ) . AB < S C 2 / ( m - 1 , >^ 1 ( t ) >0 

v(R,t ) = A(B+t) c 2 - R£ 

(B+t)' 

1/(m-1) 

for t e [0,T] , 

^ Y ? ( t ) >0 for t 6 [0,T] , 

v ( r ,0 ) = AB C 2 - r 
26 

1/(m-1 ) 
>cp(r )^0 for r e [o , r ] , 
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then from the lemma we have 

0<u(r,tKv(r,t) in QR, 

which means that u(r,t) has a finite support. 
As a corollary we obtain the following theorems. 
T h e o r e m 2. The solution of the problem 

r-k[rk(um)Jr = ut in QR, 

u(0,t) = <j>i (t) >0 for t e [o,T] , 

u(r,0) = tp(r) > 0 for r e [ o , R ] , 

^(0) = 9(0) 

has a finite support if <p(rj= o for r^r o>0. 
T h e o r e m 3. If <?(r) = 0 for T>TQ>0, then 

the solution of the Cauchy problem 

r"k[rk(um)r]r = ut in Q^ = [0,oo)x [o,t], 

u(r,0) = ip(r)>0 for r > 0 

has a finite support i.e. there exists a point r̂ . such that 
for each ue [o , t] u(r,t) = 0 if r> rt* 

In paper [l] J. Graveleau and P. Jamet have investigated 
the equation 

o ut = fix.tiuju^ + aux, 

where a is a constant and showed that for a = 0 the func-
tion support u(»ft), does not expand at all but for a>0 
it expands with a finite speed. Prom that it follows that a 2 
nonlinear component aux has an influence on the expansion 
of the function support u(*,t). 

A. Kalashnikov has investigated in this paper [ 2 ] the 
eq uation 
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14 = (^¡xx' m >2* 

u{x,0) = uQ(x) for x >0 

and proved that if uQ(x) = 0 in a certain interval a < x < b 
and uQ(x) # 0, then for t > 0 a point of discontinuity of 
u can be found. In our case we have the same property. 

REFERENCES 

[1] J. G r a v e l e a u , P. J a m e t : A finite dif-
ference approach to some degenerate nonlinear parabolic 
equations, SIAM J. Appi. Math., 20(2) (1971) 199-223. 

[ 2 ] A.S. K a l a s h n i k o v : Formation of singularities 
in solutions of the equation of nonstationary filtration, 
Z. Vycisl. Mat. i Mat. Fiz., 7(2) (1967) 440-444. 

[3] W.F. A m e s : Nonlinear partial differential equation 
in engineering, New York - London 1965. 

INSTITUTE OF MATHEMATICS AND PHYSICS, THE HIGHER COLLEGE 
OF ENGINEERING, ZIELONA GORA 
Received October 25, 1979. 

- 304 -


