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SOME REMARKS ON FINITE p-GROUPS

This paper contains some results concerning finite p-groups.
We investigate p-groups of the property W introduced by
Je.Ambrosiewicz in [2], We give some, results on p=groups of
order pp+2 and p-groups of exponent pp.

We start with the definition of the property W for
p=groups,.

Definition (J.émbrosiewicz). We shall say that
a p-group G has the property W if K, # ¢ implies KK, <G,
where K = {xeG: o(x) = p"} and 4B = {ab: acA,be B}, The
symbol o(x) denotes the order of x.

In [1] it was proved that all regular p-groups have this
property. In [3] a unique group of the order 2% was found
which is not a W-group. This group is of the smallest order
which does not have the property W, Ths first theorem and
example show that the above observations can be generalized,
In the second theorem we prove that the class of W-groups of
exponent p2 is closed under operation of direet product. The
proof that this fact is not valid for different exponents will
be given in a separate paper. We also prove two propositions
concerning p~groups of the exponent not grater than pp.

In the paper symbols and terminology are standard.

Theorem 1, If G is & p-group of the order less
than pp+2, then G has the property W,

Proof. Iet G be a group satisfying the assumption
of the taneorem, If the order of G is less than pp+1 oxr
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2 Cz.Baginski

class of nilpotency of G 1s less than p, then G is regu-
lar ({4]).II1.10.2.). So, according to the result of [1] men-
tioned above, we may assume G = pp+1 and c¢(G) = p. More-
over let us assume p>3, For p = 2 <the theorem is sinple;
for p =3 see [3].

If <1Ki> = H<G, then KiKi = H follows from the regula-
rity of H. Let <K;> = G. Lemma III.14.2 ([4]) implies
|%§ l = p° (i.e, d(G) = 2) and by lemma IIT.14.14. ([4])
expl = p., Since /6- cannot be cyclic, p’th power of each ele-
ment of G belongs to G. Then only K, end K, are non-
empty. Let us choose two elements x,y from Ki such that
G =<x,y>. It is clear that G = <x><J,6>. This means that
each element of G 1is of the form x%y%c (ced’ , 0<m,n<p2).

For (m,p) = (n,p) = 1 o(x®) = o(y"e) = pi. Indeed,
¢(<y,6>) < p-1 and by regularity of <y,&'> (3%c)P = y7P,

If plm or pln, then olx™%e) = p* or x®yPce G'. But
<y,0'> CK;K; and for p #2 K ;CK;K;, Hence the theorem
is proved.

The following exampls shows that for eaoh odd prime p
there exist a group of the order pp+2 which has not the pro-
perty W.

Example. Let G be a group generated by elements

a,a1,a2,...,ap which satisfy the following relations

- 2
aP = a? = 4ee = ap_1 =af =1 (p - fixed o0dd prime
P p number )

1, 1<41,j<p

u

(1) ] [21034]
-
[a,a,] = [a,a,] = ap, [a,8)] = 83,...,[?,ap_2J = a,_
= g~ P
[},ap_1] = a%,

The subgroup A generated by the elements a1,32,...,ap
is abelian, its order is equal to pp+1 and [G : Al = p. Hence
G is of the order pp+2. We will show that G 1is generated
by elements of the order p and K1K1 # G

To this aim we need some calculations, By the relations
(1) we have
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(2)

ooooooooooooooooo

4
p-1 K p-1 K P~1 p=1 X
E§%<o) - E§;<1> k=z<2) k_p_z(p-Z) - _

= a a2 3.3 p-1 p
P
- asg)a;<g)ag§) .. ;52-1)app = 2P
Similarly

(4) (3-(p-1 )apap-'!)( a-(p-2 )apap-‘?) e (a-1apa> a.p = ap a, a3

"(p£1)a-p =1

¢ fe1 %

and for 1<i<p

(a=(p-1 )aiap =) (aCe-2 )aiap-Z) e <a-1aia)ai B

P\ _/P i (qyP=1/ P
ai(1)ai~<1j) vee a(l’:11)p 1(921) <a;p)( v <p'j’+1> =1,

p n,
Iet now ge€A., Then g = ["1 aja and (1)-(4) implies
J:
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(5) (ag)® = a® a (PPt (alga)g = ['1 <a'(p'i)sap’1) =

i=1
R (et Pa\ et L B R (- (i) P opmt)
-Q(& 1<D‘ aj )a >-Q E(ﬂ PlajJap )_
- P =(p=i) By pei . P/ (p=t) M5 peil
-1 (a 1),1,p ) j@( ﬂ(a (p )aj.]ap ).

- ij (a'(P-i)a:‘lap-i).

Therefore ofag) = p if and only if n, = O(modp) i.e.

when € B where B is the subgroup generated by the elements
2,a3,...,a . Similarly it can be proved by means of (1)-{4)
that for m #% O(modp) o(a®) = p if and only if ge B,

As a5,83500048) 4 belong to G’ and G’ 1is contained in
the Frattini subgroup of G, G 1is generated by the elements
8, 84, a,. Hence the elements a, 89, aap generate ‘the group
G too and by (5) ofa) = olay) = o(aap) = Do

Now we will show that the element a1ap from A\%B does
not belong to K1K1. Since a1ap is of the order p~, aja
cannot be expressed as a product of two elements of order p
from 2 because A is abelian. If o(ang ) = ofa® 8,) = p, then
8118,€B and (a” g1)(a gy) = altl{ =g 18M)e, € A if and only
if n + m=0(modp), But (a™™® gqa )g2 belongs to B, Thus
a1a ¢ K1K1.

In the further part of the paper we consider only finite
p-groups for p odde.

Proposition 2 If G is a p-group of exponent
pn, where n<p, then thare exists i, 1< mgn, such that
<Km> = G,

Proof. Wie proceed by induction on the order of G.
If G 1is cyclic, then tae proposition is clear, So we can
assum~ that G is not cyclic. According to Burnside’s basis
theorem, there cxist at least p + 1 maximal subgroups m1“..,Mk,
k >p+i. Bach M; is of exponent less than pp+1 and
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]Mi| < |G|, Then by induction M; is generated by elements
of the order pm for soms m, 1<m<n, i.e, Mi = <Kmn M1>.
The number of maximal subgroups Mi of G 1is grater than the
number of sets Km' Then at least two subgroups Mi’ Mj must
be generated by elements from this same set Km, that 1is

Mi = <KmnMi> and M. <KmnMj'>. Hence G =<MiUMj> =
= <(Min Km)n(MjnKm)> <Kp>.

Propositilion 3, G 1is a p=-group of exponent
p®, where ngp, and for each i, 1<i<n, i # m, <K;> # G
then Kme = G,

Proof. Since for i # m <Ki> # G, each subgroup
<Ki> is contained in any maximal subgroup Mi' We nave not
more than n - 1 subgroups M;, i # m, containing all sets Ky
except K_. By inequality n-1<p, i?i M, # G. Let x be

any element from e~NU m

.o Since for i #Zmk,C U M
ifm P I

xcK .
m .
Now let y be any element of a group G, If ¥ eKm, then

K, CK K, dields yeK K. Suppose ¥ eKi1, i, # m, Therefo-
re xyekK. , i, # i,; otherwise yeK; . But then x =
i, 2 1 11
-1 , -1
= (xyly™' cK; Ky ¢ U Mgo If xyeKy theny=x (xy)eKme.

1Y ifm
By the same argument xzyeKi , 13 # 11,12. Really, if
3

2 2y =1 . 2
x“yeK then (x“y)y~'ek, K, c \U M,; if x“yeK then
i, - L i 1 i
x = (x2y)(y~'x~) ek; XK; ¢ UJ Mj. Hence there is k, k<n,

111 ifw
such that xky eKm. Since ngp implies xkeKm, we have
y = x7%(xXy) €K K .

Corollary 4. let G be a p-group such as in
Proposition 3. If for each 1i,j, 1 # §, <Ky> n KjCMi' where
Mi is a maximal subgroup of Ki then G has the property W.
It is not difficult to construct a irregular p-group which
satisfy assumptions of corollary 4,

If G 1is of exponent p2 we can prove something more.
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Lemnma 5, If G 1is of exponent p2 then K.y =G
or K2K2 = @,

Proof . Suppose KK, #G. Since K;cK,K,, there
exists y in K, such that y¢K1K1. Then xK,CK,. Indeed,
if for some yeK, xyekK,, then x = (xy)y:}eK‘]Kr Hence
K, cx"'K,CK,K, dand by G = K;uKyu {1}, K,CK,K,, we have
K2K2 = G,

Lemma 6. If G .is of exponent pn, then for each
i, 1€i<n, G = C) KK, 7(G = Ln) K.K.).

321 31 31 1737,

Proof. Ir X¢K1Ki then xK;nK, = g i.e. for
each yeK; there is zeKj (i#j) such that =xy = 2. Hence
X = zy"1 eKjKi'

Theorem 7. If G1 and G2 are p-groups of ex-
ponent less than p3 and have the property W, then the direct
product of these groups has the property W.

Proof., If Gy or G2 is of exponent p then the
theorem is clear., Let us assume that G1 and G2 are of ex-
ponent p?. et X; = Gy 0Ky, Y, = GynK;. Then by Lemna 1.6
Gy = XX, uX,X, and G, = Y2Y2uY1Y2. Now for a¢X X, and

1 272 271
bé#Y Y, we have a = x,xq and b =7y,y,, where x;eX;,

yiegi? Hence ab = Xo¥1%X435 and x2y1,x1y2€K2. The other
ceses are evident. Therefore K2K2 = G, It is obvious that
'K1K.l <G.

4s it is easy to ‘see, we did not use the assumption that
(KynGy)(KynGy) is @ subgroup of G;. Thus the following
corollary is true.

Corollary 8e The direct product of two groups
G, and G2 of exponent p2 has the property W if and only if

1
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