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SOME REMARKS ON FINITE p-GROUPS 

This paper con ta in s some r e s u l t s concerning f i n i t e p-groups. 
We i n v e s t i g a t e p-groupa of the property W int roduced by 
J.Ambrosiewicz i n [2] , We give some* r e s u l t s on p-groups of 
order and p-groups of exponent pP. 

We s t a r t wi th the d e f i n i t i o n of the proper ty W f o r 
p-groups. 

D e f i n i t i o n [J .Ambrosiewicz) . We s h a l l say t h a t 
a p-group G has the proper ty W i f K ^ 0 impl ies K K <G, 

- „ ^ i i _ < I I i l 

where = [ x e G : o(x) = p / and AB = {ab: a e A , b e B ) . The 
symbol o(x) denotes the order of x . 

In [1] i t was proved t h a t a l l r e g u l a r p-groups have t h i s 
p rope r ty . In [3] a unique group of the order 2^ was found 
which i s not a W-group. This group i s of the sma l l e s t order 
which doe3 not have the proper ty W. The f i r s t theorem and 
example show t h a t the above obse rva t ions can be g e n e r a l i z e d . 
In the second theorem we prove t h a t the c l a s s of W-groups of 2 
exponent p i s closed under .operat ion of d i r e o t p roduc t . The 
proof t h a t t h i s f a c t i s not v a l i d f o r d i f f e r e n t exponents w i l l 
be given i n a s epa ra t e paper . We a l s o prove two p r o p o s i t i o n s 
concerning p-groups of the exponent not g r a t e r than p p . 

In the paper symbols and terminology are s t a n d a r d . 
T h e o r e m 1. I f G i s a p-group of the order l e s s 

than then G has the property W. 
P r o o f . Let G be a group s a t i s f y i n g the assumption 

of the tiieorem. I f the order of G i s l e s s than p p + 1 or 
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class of nilpotency of G is less than p, then G i8 regu-
lar ( [4].III.10.2.). So, according to the result of [l] men-
tioned above, we may assume G = pp+1 and c(G) = p. More-
over let ua assume p>3. For p = 2 the theorem is simple; 
for p e 3 see [3]. 

If <Ki> = H < G, then K ^ = H follows from the regula-
rity of H. Let <K ±>= G. Lemma III.14.2 ( [4]) implies 
l%l - e2 d{G> • 2 ) and by lenuna HI.14.14. ([4]) 
expG = p. Since cannot be cyclic, p'th power of each ele-
ment of G belongs to G'. Then only K̂  and K2 are non-
empty. Let us choose two elements x,y from K^ such that 
G = <x,y>. It is clear that G =<x><y,G'>. This means that 
each element of G is of the form x V c (c £ G , 0 <m,n <p ). m w J 

For (m,p) = (n,p) = 1 o(x ) = o(y c) = p . Indeed, 
c«y,G'»<p-1 and by regularity of <y,G'> (ync)p = ynp. 
If p|m or p|n, then ofx1^1^) = p1 or x V c e G ' , But 
<y,G"> c Ki Ki and for p ̂  2 K^cK,^. Henoe the theorem 
is proved. 

The following example shows that for eaoh odd prime p 
there exist a group of the order pp+^ which has not the pro-
perty W. 

E x a m p l e . Let G be a group generated by elements 
aja^,a2,...,ap which satisfy the following relations 

ap = a? = ... = ap
 i = ap = 1 (p - fixed odd prime 1 P_1 p number) 

(1 ) I [ai'aj] = 1» 1 < P 
[a»alJ - [ a» a

p] = a2» [a»a
23 = a3 ta.ap_2J = ap-i 

^ [a»ap-lJ = apP' 
The subgroup A generated by the elements a^,a2,...,ap 

is abelian, its order is equal to pp+^ and [G : A | = p. Hence 
G is of the order pp+^. We will show that G is generated 
by elements of the order p and i G. 

To this aim we need some calculations. By the relations 
(1) we have 
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( 2 ) 

- 2 2 - 2 a a^a * 

^ ^ a" W ( £ ) ' a ! a » a 1 a 2 a^ v a p ; 

so 

a i = ( 3 ) V " 1 ) ( a - * * " 2 > a / " 2 ) • . . ( a " \ a ) 

g®-gei® 
= a a 2 . . . a ^ a p 

= « 1 a 2 a 3 . . . a ^ a p a p 

Simi lar ly 

"(p-l) -p 
•*• P-1 P 

and for 1 < i < p 

( a - ( P - 1 ( a " ( P - 2 ^ a " " 2 ) . . . ( a ' V K = 

p n i 
l e t now g£ A* Then g = [H a_,J and ( D - ( 4 ) implies 

.i=1 J 
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(5) (ag)p = a* a-^" 1 V " 1 . . . ( a " V ) g = I I = 
i=1 

Therefore o(ag) = p i f and only i f nq s O(modp) i . e . 
when ;ieB where B is the subgroup generated by the elements 
a 2 » a 3 » " » »ap» Similarly i t can be proved by means of (1)~(4) 
that for m O(modp) o{amg) = p i f and only i f g e B , 

As a ^ a ^ , . . . b e l o n g to G' and G' i3 contained in 
the Fratt ini subgroup of G, G is generated by the elements 
a, a^, ap. Hence the elements a, a^, aap generate the group 
G too and by (5) o(a) = o(a^) = o(aap ) = p. 

Now we w i l l show that the element a«a„ from A"- B does i p ? 

not belong to K-jK^. Since a-j^p is of the order p", a^p 
cannot be expressed as a product of two elements of order p 
from A beoause A is abelian. I f o(ang.j) - o(ang2 ) = p, then 
S l , g 2 e B and (an g l ) (amg2) = an + m (a"mg i a m )g2 e A i f and only 
i f n + m==0(modp). But (a~mg1am)g2 belongs to B. Thus 
a i 8 p ^ K i K r 

In the further part of the paper we consider only f i n i t e 
p-groups fo r p odd. 

P r o p o s i t i o n 2. I f G is a p-group of exponent 
pn, where n<p , thon there exists i , 1<m<n, such that 
< K > = G. m 

P r o o f . We proceed by induction on the order of G. 
I f G is cyc l ic , then the proposition is clear. So we can 
assume that G is not cyc l ic . According to Burnside's basis 
theorem, there exi.st at least p + 1 maximal subgroups 
k }i p+1. Bach M̂  is of exponent less than pp+1 and 
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< |G Then by induction M̂  i s generated by elements 
of the order pm for some m, i . e . M̂  = <Kmr»M^>. 
The number of maximal subgroups M̂  of G i s g ra te r than the 
number of se t s Km. Then at l eas t two subgroups M̂  must 
be generated by elements from th i s same set Km, that i s 
Iff. = <K n i l . > and M. =. < L n M , > , Henoe G = <IL uM->«= 1 m i 3 m 3 1 3 
= <(M inKm)n(M.nKm)> = <Km>. 

P r o p o s i t i o n 3. G i s a p-group of exponent 
pn , where n<p, and for each i , 1 < i < n , i t m, <K^> / G 
then KK = G. m m 

P r o o f . Since for i / m <Ki> 4 G, each subgroup 
<Ki> i s contained in any maximal subgroup M .̂ We have not 
more than n - 1 subgroups i 4 m, containing a l l s e t s K̂  
except Km. By inequal i ty n-1 <p, VJ M̂  / G. Let x be 

any element from G \ U M_.. Since for i ^ m K. C U M. , 
Um 1 1 1 

x e K . m 
Nov/ l e t y be any element of a group G. If j e K m , then 

K cKK y i e l d s y e K_K . Suppose y e K. , i . t m. Therefo-m m m mm l ^ ' i 
re xy e K. , i 0 t i i ; otherwise y e K. . But then x = 

1 2 1 1 
= (xy )y c K̂  K̂  c U M±. If xyeKm then y =x~'(xy)e KmKm. 

1 1 i^m 
By the same argument x^j e K. , i^ £ i - p i g . Rea l l y , i f 

x 2 yeK. then (x 2 y )y" 1 eK. K. c U M,; i f x2y e K, then 
2 2 x2 i^m 1 h 

x = (x2y)(y~1x~1) eK, K, c U M,. Hence there i s k, k<n , 
11 ijini x 

k k such that x y € Km. Since n<p implies x e Km, we have 

y = x~k(xky) eKmKm. 
C o r o l l a r y 4. Let G be a p-group such as in 

Proposition 3. If for each i , j , i ^ 3, <Ki> n K^CM^, where 
i s a maximal subgroup of K̂  then G has the property W. 

It i s not d i f f i c u l t to construct a i r r egu l a r p-group which 
s a t i s f y assumptions of corol lary 4. 

2 
If G i s of exponent p we can prove something more« 
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2 
L e m m a 5. I f G i s o f exponent p t hen K-jK., = G 

o r K 2 K 2 = G. 

P r o o f . Suppose K^K^ £ G. S i n c e K̂  cK^K^, t h e r e 

e x i s t s y i n Kg such t h a t y $ K^K^. Then xK^ C K 2« Indeed , 

i f f o r some y e K̂  xy e K 1 , t hen x = (xy}y~] e K ^ . Hence 

K 1 c x " 1 K 2 c K 2 K 2 and by G « ^ u K g u j l } , K 2 c K 2 K 2 , we have 
K 2 K 2 = G. 

L e m m a 6. I f G . i s o f exponent p n , t h en f o r eaoh 
n n 

i , 1 < i < n , G = U K . K , / ( G = U K . K J . 
d-1 3 1 3=1 3 

P r o o f . . I f x ^ K ± K ± t hen x K ^ K . ^ 0 i . e . f o r 

each y e K ^ t h e r e i s z e K j such t h a t xy = z . Hence 

x = zy~1 « K 3 K 1 # 

T h e o r e m 7 . I f Ĝ  and G2 a re p -g roups o f e x -

ponent l e s s t han p^ and have the p r ope r t y W, then the d i r e c t 

p roduc t o f t hese groups has the p r ope r t y W. 

P r o o f . I f Ĝ  o r G2 i s o f exponent p t hen the 

theorem i s c l e a r . Le t us assume t ha t G1 and G2 a re o f e x -

ponent p 2 . Le t X.̂  = G.j «K^, Y^ = G2 n K ^ Then by Lemma 1 .6 

G1 = X 2 X 2 u X 2 X 1 and G2 = Y g l g u Y - j Y ^ Now f o r a f X^X2 and 

b # Y 2 Y 2 we have a = x2x^ and b = y^y 2 , where x ^ e x i f 

7 i e Y i * H e n c e a b = X23 ,1X1?2 a n d V 1 > V 2
 e V T i i e o ^ 0 1 

cases a re e v i d e n t . T he r e f o r e K 2 K 2 = G. I t i s obv i ous t h a t 

K^K^ ^ G. 

As i t i s easy to s ee , we d i d not use the a s sumpt i on t h a t 

( K 2 n G ^ ) ( K 2 n G^) i s a subgroup o f G ^ Thus the f o l l o w i n g 

c o r o l l a r y i s t r u e . 

C o r o l l a r y 8 . The d i r e c t p roduc t o f two g roups 2 
G1 and G2 o f exponent p has the p r ope r t y W i f and on ly i f 

{GinK^)(0±nK^ ) < G r 
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