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REMARKS ON SOME FIXED POINT THEOREM 

In [1] the second author of this note proved the f o l -
lowing theorem. 

T h e o r e m 1. Let (X,d) be a nonempty complete 
metric space and let Ts X —»X. I f j 
1° f i {o, <») —[o,<*») i s nondecreasing, 

2° lim y n ( t ) = 0 for t e [ o , o o ) , n-»oo 
3° lim (t - fl-(t)) = oo for t > 0 , 

4° for every x e X there i s a positive integer n = n(x) 
such that for every y e X 

(1) d(Tn(x),Tn(y)} £ ar(d{x,y)), 

then T has exactly one fixed point a e X and for every 
x e X lim Tk(x) = a . 

/ k 
(Here f as well as T denotes the k-th i terat ion of 

and T, respectively), 
l e t us; note that conditions 1° and 2° imply 

t - fit) > 0 for t > 0 

(c f . Lemma in [ l ] ) . On the other hand condition 3°' requires 
that lim (t- j f(t)) = o© » One can easi ly observe that can-

't— oo 
dition 3° i s superfluous for bounded metric d. 
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In this note we shall construct an example which shows 
that in general case condition 3° is essential and therefore 
cannot be omitted. 

E x a m p l e 1. Let X = , a g , . . w h e r e 

°n -ti 
k=1 

and put 

d^ak'al^ = |ak " al|' ^k'1 € 

Evidently, (X,d) is a complete metric space. 
It is.easily sean that the shifting map T: X —*-X de-

fined as follows 

T(an) = a Q + 1, (n € N) 

has no fixed point in X. We shall show that besides 3° all 
the conditions of Theorem 1 are fulfilled. 

L e m m a . If l,n e l , 1 > 1 and 

M , 
s = s(n,l) s*(n,l) - £ J j 

i=1 i=1 

then 

S # < S " 3 T T + S T • 

P r o o f . For an odd 1 > 1 we have 

2k+1 8 = S H+i ' 
i-1 
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and 

k+1 
V _ L i n+i ' s* , ' • n+i 
i = 1 

A 

where k = (1-1) . Therefore, we have 

2k+1 
1 ^ k s - s ' = * = ^ S " > _ * >. n+i n+2k+1 n 

i=k+2 k 

and 

Hence we get 

and consequently, 

s < I _ 2 k + l 
s < n " n n * 

i l < 3 
k < s 

* . 1 _ s 
3 , " I T s + T T » 
s 

which completes the proof fo r an odd 1. 
Suppose now that 1 i s even. Then 

2k k 
s = V ~ ~ a n d s* = N — Z_i n+i Z_i n-

and we have 

k=1 i=1 

n n 
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Hence < "§ £ n d » c o n s e r . ' u e n ' i ; l 3 ' » 

k 
a* V 1 k 1 . 3 s 3 

fa " 3 " n+k+1 ' n+2k " n A 0 2 ( 1 + s ) ? 3 ( 1 + s ) 
i=1 1c 

w h i c h c o m p l e t e s the p roo f of t h e lemma. 

Now p a t i n our e x a m p l e 

J. 
n ( a k ) = k+1 and gf-(t) = t - j f j ^ t j . 

I f x = a k , j = a k + i ' » k e M, we h a v e 

/ n ( a v ) \ - 1 1 
d (T ( a k ) , T < a k + 1 ) ) d K . a k + 1 > < ^ a k ' a k + 1 » ' 

I f x = a k , y = a k + l w - ^ e r e 1 > 1 , t h e n we h a v e 

/ n ( a , ) n ( a i J \ 
d ( l ( a k ) , T ( a k + 1 ) ) = a 2 k + l + 1 - a 2 k + 1 = 

1 . 1 1 1 1 
= 2 (k+1 ) + 2 (k+1)+1 + 2 (k+1)+2 + ' 2 (k+1)+3 + • • • + 2 ( k + 1 ) + ( l - 1 

= k+T + k+2 + ** • + 1: i [ , 1 + 1 ] " = S * ( k , 1 ) ' 

A p p l y i n g o u r Lemma we g e t 

/ n ( a v ) n ( a i J \ o / \ 
d(T ( a k ) , T ( a ^ i j <s - 3 ^ = ^ ( 3 ) = f \d ( d ' k ' a k + l v • 

T h i s shows t h a t T s a t i s f i e s c o n d i t i o n 4 ° . 

I t i s e a s i l y s e e n t h a t c o n d i t i o n s 1° and 2 ° a r e f u l f i l l e d ; 

2 . I n t h i s s e c t i o n we s h a l l s h o w - t h a t by a s l i g h t m o d i f i -

c a t i o n of i n e q u a l i t y ( 1 ) c o n d i t i o n 3 ° c a n be o m i t t e d . 
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Fixed point theorem 5 

T h e o r e m 2. Let (X,d) be a nonempty complete 
metr ic space and l e t T: X—»-X. I f ft : [o,°®) — 
f u l f i l s 1° , 2° and the fo l lowing cond i t i on 
(5) the re e x i s t a f u n c t i o n n : X — N such t h a t f o r every 
x e X and y € X 

d ( T n ( x ) ( x ) > T n ( y ) ( y ) ) ^ r ( d ( X t , ) ) f 

then T has exac t ly one f i xed point a c X and l im T n (x ) = a 
f o r every x e X. n—<» 

P r o o f . P u t t i n g S(x) = T n ( x ) ( x ) , x e X we ob ta in 

d ( S ( x ) , S ( y ) ) ^ 2T(d(x,y}), x ,y e X. 

Theorem 1.2 i n [2] impl ies t h a t S has exac t l y one f i x e d 
point a e X. One can e a s i l y v e r i f y t h a t a i s a unique 
f ixed point of T and l im T n (x ) = a f o r x e X. 

n _ 
E x a m p l e 2. Let X = [o , °o), d (x ,y ) = | x - y | , 

T(x) =-
s i n x , x e [ 0 , 1 ] , 

k , x e (k,k+"l] , k = 1 , 2 , . , 

ar(t) = . 
2s in | , t e [ 0 , 1 ] , 

1, t > 1 

and 

n(x) = 
1, x e [ 0 , 1 ] , 

k , x e ( k , k + l ] f k = 1 , 2 , . , 

A simple c a l c u l a t i o n shows t h a t a l l the cond i t i ons of Theo-
rem 2 are f u l f i l l e d . On the o ther hand there i s no such a 
f u n c t i o n ft t ha t cond i t ion 3° and i n e q u a l i t y (1) h o l d . 
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For an indirect proof suppose that there is such a func-
tion y • 

Thus, by inequality (1), for x = 0 there exist a positi-
ve integer n = n(0) such that for every y e |~0,°o) 

l i ^ U i i y ) . 

Hence, by 1°, 2° and the definition of T we have 

[y] - n < Ttxy < < y, y > n = n(0) 

which implies that 

lim sup iy-jp<y)) ̂  lira sup (y - [y] + rj $ n+1. 
y -«»-CO y OO 

This contradiction shows that condition 3° does not hold. 
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