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MEASURES OF NONCOMPACTNESS IN THE SPACE
OF CONTINUOUS TEMPERED FUNCTIONS

1. Introduction

Up to now a lot of various definitions of the notion of
a measure of noncompactness have been proposed (see e.g. bi-
bliography in [8]). Almost in all definitions a measure of
noncompactness is a function which ig ‘defined on.the family
of all nonempty and bounded subsets of & metric space with
real nonnegative values and.yet satisfles some other condi-
tions {cf. [8]). Among those conditions the most characteris-
tic is that which requires the measure of noncompactness to be
equal to zero on the whole family of all relatively compact.
sets,

The most important measures of noncompactness are the Ku-
ratowski measure a and the Hausdorff  measure x[B].
The last one is defined by the formula

%(X) = inf [€>0: X can be covered by a finite number
of balls of radius €

The above measures (i.e., the measures o and x ) was often
used ([5], [6], [8]). In many works we can also find some
exact formulas for these measures of noncompactness in a con-
crete metric spaces ([5], [6], [7], [8]).

In many situations the applications of such measures as
the measures o, 7 are not convenient because we do not al-
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ways know a handy necessary and sufficient condition for re-~
lative compactness of subsets of a given space. B.N. Sadovskii
was trying to overcome these difficulties, but he gave the
axiomatic system of a measure of noncompactness which is too
general and not very useful for applicaticns,

In the paper [1] another definition of a measure of non-
compactness was introduced. This one overcomes the mentioned
above difficulties and seems to be useful for applications[Z].

In this paper we accept this definition and we give s con-
.crete realizations of it in the space of continnous tempsred
functions. Also, some coxparisons between the measures defined
here and Havsdorff’s measgure of noncompactness are given,

2. Notations end definitions
Let (&, | I} be a given Banach space.
Throughout this paper we shall empioy the same notations as in
paper [1]. For lnstance, we shall denote:
IHE ~ the family of all ronempty and bounded subsets of E,
ﬂE ~ the family of all nonempty relatively compact sub-~
sets of E.
If & is a nonenpty family of sets then

z2° = [Z: Ze%] ’

where Z denotes the closure of the set Z.

We shall accept the definition of the measure of noncom-
pactness of the paper [1].

Definition. The function y:mE——<0,+oo)
will be called a mesasure of noncompactness if it subjects to
the following conditions:
1° the family P = [Xewy: u(x) = 0] is nonempty and P c @y,
2° XcY==pu(X) <plY),

30 }-l(i) = H(X)’
4° ulConv X) = u(x),
5 p(aX + (1-A)Y)<AulX) + (1-Ap(Y), for 2€<0,1> ,
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6° if X, n=1,2,..., are closed sets such that X _,CX/

and lim y.(X ) = 0 then the set Xeo = ﬂ X, is non-

n-—eco n=1

empty.

The family % described in the axiom 1° is said to be
the kernel of a measure p and is denoted by ker p. It can
be shown that the family (kerp)c is a closed subspace of .
the space m" with respect to the topology generated by the
Hausdorf? distance D and has some other properties [2]

Notice that the functions o and yx are measures of

noncompactness such that kero = ker g =‘3‘lE [6], [8].

3. The space of continuous tempered functions

Let p(t) be a given function defined and continuous on
the interval < 0,+o0) with real positive values. We shall
denote by C(< 0,+e0), p(t}) = C the set of all real conti-
nuous functions x(t) defined on the interval < 0,+eoc) and
such that

sup [[x(t)l p(t): t > 0] < t+oo.
If we norm it by

x| = sup[l‘x(t)l p(t): t > 0:'

then C 1is a Banach space. This space will be called space
of continuous tempered functions.

It is worth mentioning that the space C was often used:
in a lot of applications ([3], [4], [9]).

In the space C the Arzela criterion of compactness
fails to work and we do not know the convenient description
of the family of all relative compacts. We may give only a
"good" description of the some subfamilies of .
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4. Some measures of noncompactness in the space C and
their properties

Let C = C(<0,+o00), p{t)) be a fixed space and let
xeC, XeW,., Foragiven T >0 and €> 0 let us de-
note:

wT(x,e) sup [Ix(t)p(t) - x(s)p(s)l: t,8 ¢ <0,'1"),|t-slse],
Wl (X, €) Bup[c.)T(x,E) t X € .X],

oo (X) = lim o' (X,E),

£€~0 o
wy{x) = lim & (X).
T—woo

Further, we shall denofe:

a(X) = 1lim sup sup[lx(t)p(t) —x(s)p(s)l: t,s;T]},
Teioo X€X

b(X) = lim sap sup[lx(t)lp'(t): t;T]},
Tet00 x€X

c(X) = lim sup diam (X(?)p(T)]),
Tt 00

where X(T)p(T) = [x(T)p(T): xeX] and diam(X(T)p(T)) de-
notes the diameter of the set X(T)p(T).

Now we have the following theorem.

Theoremn, The functions

pe(X) = mo(x) + a(X),
pp(X) = w (X) + b(X),
pc(X) = wo(X) + c(X),

are the measures of noncompaotness in the space C. Moreover,
the following inequalities hold

(1) x2c{X) < p, (X)),
(2) xc(X) < y, (X)),
(3) U (X) < 2pp(X), p (X)) < 2p (XD
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Proof. First we prove the ineguality {(1). Let us
assume that p (X) = r and let w (X) =1y, alX) = Ty
Ty + T, =T, For arn arbitrary given €>0 we may find T > O
such that

(4) sup[|x(t)p(t) -x(S)p(S)!: t,s;T] ST+ E .

e consider now in the space Cp = c( <0,7> , p(lt)) the set
Xp = [x(t)p(t) TT(“‘ xeX], where g denotes the charac-
teristic function of the interval <0,T> . By virtue of the
formula for Hausdorff’s measure of noncompactness in the spa-
r

ce Cq [6]’ we may find the 2—1 + € - net Xy, X5,e0.,%, of
the set XT in the space CT’ i.e. for any x € X there
exists me{1,2,...,k such that

r
(5) |x(t)p(t) - F (t)p(t)|<5t +e

for t € <0,T)>.

We consider now the extensions Xn of the functions im

(m = 1,¢.0,k) on the whole interval <0,+w), given by the
formula

Xp(t) for t e <0,T> ,

(t) =
m % (1)p(T)

JW for t > T.

Hence and with respect to (4) and (5), for any t 2 T we
have

|x(t)p(t) = x (t)p(t)]< |x(t)p(t) - x(P)p(T)]+|x(2)p(D) -
r

- xm(t)p(t)| £, + e+|x(T)p(T) - i‘m(T)p(T)l <, +-§1 + 2¢.

Finally we get

|x(t)p(t) - xm(t)p(t)|sr2 + Ty + 26 =T+ 2¢

-131 -



6 J.Banas

for any t > O, which means that the functions x,(t)p(t)
(m=1,,+.,k) form r+2¢ - net of the set X in the space C.
This completes the proof of the inequality (1). The proof
of the inequality (2) is similar and the proof of the inequa~
lities (3) follows directly from the definition of the func-
tions Has Bps Poe

We remark now that from (1), (2) and (3) it follows that
our funétions satisfy the condition 1° of the definition of
the measure of noncompactnéss, In view of the properties of
Hausdorff’s measure % [6] it i8 easy to deduce that these
functions satisfy the condition 60, too. The proof other con-
ditions is easy and may be omitfed.

It is worth mentioning that kernels of the measures pg,
Mps B, B8re the families of all bounded sats X consisting of
functions which are equicontinuous on each compact interval
and additionally satisfying one of the following conditioms,
respsctively: a(X) = 0, b(X} = 0, ¢(X) = 0., Obviously
ker By € ker u, n ker Hge Moreover it is easy to obssrve
that ker u, ;éTLC., ksr u, ;éa'tc an@ ker p, # ker Po-

Finally we notice that in our cbnsideration we may repla-
ca the interval < 0,+<9) by any locally compact domain,
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