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1. In t roduc t ion 
Up to now a l o t of var ious d e f i n i t i o n s of the not ion of 

a measure of noncompactness have been proposed (see e . g . b i -
bliography in [ 8 ] ) . Almost in a l l d e f i n i t i o n s a measure of 
noncompactness i s a f u n c t i o n which i s def ined on,the family 
of a l l nonempty and bounded subse t s of a metr ic space with 
r e a l nonnegative values and ye t s a t i s f i e s some other condi -
t i o n s ( c f . [ 8 ] ) . Among those condi t ions the most c h a r a c t e r i s -
t i c i s t ha t which r e q u i r e s the measure of noncompactness to be 
equal to zero on the whole family of a l l r e l a t i v e l y compact, 
s e t s . 

The most important measures of noncompactness are the Ku-
ra towski measure a and the Hausdorff measure 2 [ 8 ] . 
The l a s t one i s def ined hy the formula 

X(X) = in f e> 0: X can be covered by a f i n i t e number 
of b a l l s of r a d i u s e 

The above measures ( i . e . the measures a and % ) was o f t e n 
used ([V], [6] , [ 8 ] ) . In many works we can a l so f ind some 
exact formulas f o r these measures of noncompactness i n a con-
c r e t e metric spaces ([5]» [6 ] , [ 7 ] , [¿J J. 

In many s i t u a t i o n s the a p p l i c a t i o n s of such measures as 
the measures a , % are not convenient because we do not a l -
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ways know a handy necessary and sufficient condition for re-
lative compactness of subsets of a given space. B.N. Sadovskii 
was trying to overcome these difficulties, but he gave the 
axiomatic system of a measure of noncompactneas which is too 
general and not very useful for applications. 

In the paper [l] another definition of a measure of non-
compactness was introduced. This one overcomes the mentioned 
above difficulties and seems to be useful for applications [2]. 

In this paper we accept this definition and we give a con-
crete realisations of it in the space of continuous tempered 
functions. Also, some comparisons between the measures defined 
here and Hausdorff'a measure of noncompactneas are given. 

flotations and definitions 
Let (is, || ||) be n given Banach space. 

Throughout this paper wa shall employ the same notations as in 
paper [1]. ?or instance, we shall denote: 

33ig - the family of all nonempty and bounded subsets of E, 
Jig - the family of all nonempty relatively compact sub-

sets of E. 
If St is a nonempty family of sets then 

where Z denotes the closure of the set Z. 
We shall accept the definition of the measure of noncom-

D e f i n i t i o n . The function ^ s Wig — < 0,+o©) 
will be called a measure of noncompactness if it subjects to 
the following conditions: 
1° the family 9 = [Xe®^: ¿x(X) = 0] is nonempty and fc3lg, 
2° X C Y 4fi(Y), 
3° M(X) - ^(X), 
4° (Conv X) = ¿z(X), 
5° p U X + il-A)YUJlfi(X) + for 5U<0,1> , 

2 C = [z: Z ea] 

pacrtness 
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6° i f Xn, n = 1 , 2 , . . . , are closed s e t s such tha t c XQ 
eo 

and lim u(X ) = 0 then the set ioo . n i i s non-— n ~ i n n n=i 
empty. 
The family ? described i n the axiom 1!° i s said to be 

the kernel of a measure ji and i s denoted by ker (i. I t can 
be shown tha t the family (ker p ) c i s a closed subspace of . 
the space Jflttg with respec t to the topology generated by the 
Hausdorff dis tance D and has some other proper t ies [ 2 ] . 

Notice tha t the func t ions a and % are measures of 
noncompactness such tha t ker a = ker % = [6] , [8 ] . 

3. The space of continuous tempered func t ions 
Let p{t) be a given func t ion defined and continuous on 

the i n t e r v a l < 0,+oo) with r e a l pos i t ive values . We s h a l l 
denote by C(<0 ,+oo) , p ( t ) } = C the se t of a l l r e a l c o n t i -
nuous func t ions x ( t ) defined on the i n t e r v a l < 0,+©o) and 
such tha t 

s u p [ | x ( t ) | p ( t ) : t > 0 ] < +00. 

I f we norm i t by 

|| x| | = s u p | j x ( t ) | p ( t ) : t 5i o j 

then C i s a Banach space. This space w i l l be ca l led space 
of continuous tempered f u n c t i o n s . 

I t i s worth mentioning tha t the space C was of ten used-
in a l o t of appl ica t ions ( [3 ] , [4 ] , [ 9 ] ) . 

In the space C the Arzela c r i t e r i o n of compactness 
f a i l s to work and we do not know the convenient desc r ip t ion 
of the family of a l l r e l a t i v e compacts. We may give only a 
"good" descr ip t ion of the some subfamil ies of "ilr. 
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4. borne measures of noncompactness i n the space C and 
t h e i r propertiea 

Let C = C(<0 , + oo), p( t ) ) be a f ixed space and le t 
x e C, X For a given T > 0 and e > 0 l e t us de-
note ; 

w T ( x ,e) = sup p x { t ) p ( t ) - x ( s i p ( s ) j : t , s e <0,i>>, |t-s|«ej, 

o ,J?(x,e) = supj j j 1 (x t e) : x € x ] , 

u P U ) = l im uF (X ,E ) , 

M ( X ) = l i m oiUX). 

0 T—oo 0 

Fur ther , we s h a l l denote» 
sup a(X) = l im sup 

T~+oo xeX 
b(X) = l im sup 

i-+oo xeX 
sup 

|x(t)p(t) - x ( s )p(s) | : t , s * l j j , 

|x(t J | p( t ) : t ^ T ^ J , 

c(X) = l i m sup diam (X( T )p( T ) ) , 
T-+oo 

where X(T )p(T ) = [ x ( T )p ( T ) : xe x ] and diam(X(T)p(T)) de-
notes the diameter of the set X ( T )p ( T ) , 

Now we have the fol lowing theorem. 
•The o r e m . The functions 

y a (X) = uQ(X) + a(X), 

Hb(X) = oo(X) + b(X), 

^ ( X ) = wo(X) + c(X), 

are the measures of noncompaotness i n the space C. Moreover, 
the fol lowing inequal i t ies hold 

( 1 ) 

( 2 ) 

(3) 

* C ( X ) < ¿xa(X), 

* C ( X ) £ ^ ( X ) , 

f ia(X) £ 2/ib(X), pc(X) é 2 ^ ( X ) . 
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P r o o f . F i r s t we prove the inequality (1) . l e t us 
assume that = r and let (X) = r^ , a(Xy = r 2 , 
r^ + r^ = r . For ar. arbitrary given & > 0 we may find T > 0 
such that 

(4) s u p | j x ( t ) p ( t ) - x ( s )p ( s 

We consider now in the space Ĉ , = C( <0,T> , p(|t)) the set 
Xrp = [ x ( t ) p ( t ) ^ T ( t } s x e x ] , where ^ denotes the charac-
t e r i s t i c function of the interval <0,T> . By virtue of the 
formula for Hausdorff 's measure of noncompactness in the spa-
ce C^ [6]j we may find the + e - net x^ , x 2 , . . . , , x k of 
the set Xj in the space C^, i . e , for any x e X there 
e x i s t s m e { l , 2 , . . . » k j such that 

(5) | x ( t ) p ( t ) - x m ( t ) p ( t ) | i i J + e 

fo r t e <0,T> . 
We consider now the extlensions x_ of the functions x_ m m 

(m = 1 , . . . , k ) on the whole interval <Oj+ooJ, given by the 
formula 

for t e <0,T> , 

for t > T. 

and (5) , for any t £ T we 
have 

| x ( t ) p ( t ) - x n ( t ) p ( t ) | < | x ( t ) p ( t ) - x(T)p(S-)|+|x{Sjp{T) -
r 1 

- x m ( t ) p ( t ) | ¿ r 2 + e + |x(T)p(T) - xm(T)p(T)| < r 2 + + 2e. 

Finally we get 
jx ( t ) p ( t ) - x m ( t ) p ( t ) | + r^ + 2e = r + 2t 

xm(T)p(T) 
p i t ) 

Hence and with respect to (4) 
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for any t ^ 0, whioh means that the functions xm ( t )p ( t ) 
(m=1,,..,k) form r+2e - net of the set X In the space C. 
This completes the proof of the inequality (1) . The proof 
of the inequality (2) is similar and the proof of the inequa-
l i t ies (3) follows directly from the definition of the func-
tions { i c . 

We remark now that from (1) , (2) and (3) it follows that 
our functions satisfy the condition 1° of the definition of 
the measure of noncompaotness. In view of the properties of 
Hausdorff*s measure % [6] it is easy to deduce that these 
functions satisfy the condition 6°, too. The proof other con-
ditions is easy and may be omitted. 

It is worth mentioning that kernels of the measures 
Hb* f e a r e bounded sets X consisting of 
functions which are equicontinuous on each compact interval 
and additionally satisfying one of the following conditions, 
respectively: a{X) a 0, b(X) = 0, c(X) = 0. Obviously 
ker ^ c ker n ker Moreover it is easy to observe 
that ker ¿ tt^, kar ¿ and ker ± ker ¡j.Q. 

Finally we notice that in our consideration we may repla-
ce the interval < 0,+°« ) by any locally compact domain. 
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