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1. Introduction 
The paper deals with boundary value problems of the type 

Re {aTt )w( t ) } = •y(t), w+(t) = g(t)w~(t) + h( t ) for the ge-
neral e l l i p t i c l inear system of two f i r s t -order rea l equations. 

Let L = LQ + L̂  + , . . . , + Lm be the boundary contours 
of an m + 1-connected iiiapounoff [11] region D, where LQ 
contains a l l contours L ^ k 1. Consider the equation 

(1 .1) w_ - q-jUJw^ - q2(z)wz + A(z)w + B(z)w = P(z) , (in D) 
z 

w = w(z) = u(x,y) + i v (x ,y) , z = x + i y, which i s the 
well-known complex form of the general e l l i p t i c l inear system 
of two f i r s t - o r d e r rea l equations for the unknown functions 
u(x,y) and v(x,y) of two independent variables x, y. Let 
w sat is fy the following boundary conditions 

(1 .2) Re { a T t l w ( t ) } = y ( t ) , (t £ L). 

The boundary value problem ( 1 . 1 ) - ( 1 . 2 ) for the unknown func-
tion w wi l l be br ief ly called Problem I . 

The simplest case is the boundary value problem I for a 
complex function w(a) - i . e . when q̂  = q 2 = A = B = F = 0 
ard (1 .1 ) reduces to the familiar complex form of the Cauchy-
-Riemann system for analytic functions. 
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2 A.Mamourian 

If q.j = qg = 0. Problem I is reduced to the Riemann-Hil-
bert problem of generalized analytic functions. To this prob-
lem, are devoted the papers of L.Bers, B.Bojarski, I.N.Vekua, 
V.S.Vinogradov, W.Wendland and many others If one uses the 
regularity-proposition of the similarity-principle which was 
proved by L.Bers and I.N.Vekua, then the Green function me-
thod works for the Riemann-Hilbert problem of generalized 
analytic functions in a simply-connected domain. W.Wendland 
[14] developed the latter problem for multiply-connected case 
by application of the modified Green's function, which leads 
to a system of Jredholm integral equations with compact ope-
rators. In this case important results were elaborated by 
B.Bojarski [ 2 ] and Q3]. When q̂  = q2 = 0, another method 
was established by Vekua [12] using Noether's and Muscheli-
schwili's theory of singular integral equations. This method 
works for multiply-conneoted domains. 

When D is a simply-conneoted domain, V.S.Vinogradov 
[13] solved Problem I through the utilization of a conformal 
mapping onto the unit disc. 

We have proposed not only a method different from the 
above, but one which can be used for the general boundary 
value problem I in multiply-connected domains. 

2. Green's funotion and Dlrichlet Integral 
Following Courant [6j, let g(z,4) be the Green function 

for the domain D of the Dirichlet problem, where D is the 
connected domain bounded by a finite number of simple smooth 
non-intersecting contours L. It is known that this function 
can be represented in the form 

(2.1) g(z,<) = log |g 1 ̂  + h(z,$) 

z = x + iy, $ = 4 + i1?» Z e L, j; e D, where £ is a fixed 
point in D and h(z,l;) is a harmonic function of the varia-

*)por a great many special references see C7], [12]. 
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Boundary value problems 3 

ble z which has the boundary value h(z ,£) = log (z—^j, 
z e L, ^ e D . The dependence of the Green function on the 
parameter point t, i s c l a r i f i e d fay application of the Green 
identity which proves the symmetry law 

(2.2) &U,t,) = g(2, ,z) . 

Henoe we may consider z as a parameter point} then we obser-
ve that g (z ,$ ) as a function of t, , wi l l be the Green fun-
ct ion. Since for z e L, g (z ,$ ) = 0, f o r a l l ¿; CD, we 
obtain 

(2.3) 3 g a \ , Z z £ L * 4 £ D* 

The following combinations of the derivative are of part icu-
lar interes t for future consideration. 

U t t) - 2  3  

(2.4) l ( z , ^ ) = L(z ,$) + l—x-, 

Obviously, l ( z , £ ) i s a regular analytic function of z and 
£ in D, therefore the function L(z,$) has at z ~ 4 
a double pole; K(z,$) i s a regular analytic function of z 
and ^ over the whole of the domain D and continuous for 
z e D + L as long as ^ e D. As a direct consequence of 
(2.4)« we obtain 

(2.5) L(z ,<) = L (4 ,z ) , l ( z , $ ) = 1(<>,z). 

K (Z,£) = K(4 ,z ) . 

Ir connection with the symmetry law (2 .5 ) , by d i f f e ren t i a t ion 
from (2 .3 ) , we have 
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32&U.*> a . + fl^L^l z' = 0, 
3 z ' 

z £ L, 4 £ D, z ' = dz/ds; s- the length parameter of the curve 
system L. In other worde 

(2 .6) L(z,*;)z' = -K(z, ¿;)z' z £ L, i £ D. 

Of fundamental importance for methods used in th is paper 
wi l l be the following Dirichlet integral 

(2 .7 ) J J L(z,$)$(z)d6rz = 2 f f 
D D 9 z 

d6L - the area element, the function $ (z) i s analytic in the 
domain D. Bearing in mind the def ini t ions ( 2 . 4 ) , we observe 
that the function L ( z h a s a double pole at z How-
ever the integral may be understood as the Cauchy principle 
value. Making use of the Green formula 

(2.8) lim If L(z,<;)§(z)d6; = lim / $(z)dz = 0, 

where = D n ( l z - >e) which makes sense for every 
i n t e r i o r point i, of D and s u f f i c i e n t l y small £ ; L £ i s 
the circumference |z - £ . 
Since l ' (z,4) i s a regular analytic function with respect 
to z and ^ inside D, in view of the def ini t ions ( 2 . 4 ) , 
we obtain the following Dirichlet integral 

(2 .9) / i U 7 ^ 7 i ( t , z ) d < r t = / l 4 ^ - d < r t . 
D D 

We remark that the above representation contains an improper 
integral on the right-hand side, which w i l l be understood in 
the same sense as the integral (2 .8) i . e . in the sense of the 
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Cauchy principal value. Making use of formal rules on integra-
tion by parts and the Green formula, we establish the follow-
ing formula: 

(2.10) JJ = -¿fUhlitt + o(e), 
DU,e) L 

where D($,e) = D <-> (¡t-<^| > £) (see (2.8)). Passing to limit 
as t — - 0, we have 

D L 
On the other hand, bearing in mind the boundary condition 
(2.6), we can write 

(2.12, d t L(t,z)t_'(s) d a = 

I t ~ 4 L 

= 1 fK(t,z) t' (s) d a = 1 / K(t,z) d t Sri«/ t r u a 2xi«/ t-i Uk' 
L ^ L 

t'is) = dt/ds. Therefore in view of the residue theorem 
we obtain 

(2.13) ¿ I d t = K(4,i) = 
L 

More can be said about the function l(z,$); by simple 
computation, it can be observed that in the case when the 
domain D is the closed disc | zj ̂  R, then l(z,<) = 0. 
Moreover, if D e C^ÌL £ C3), then the function l(z,^) 
is continuous in both variables in the closed domain D + L 
(multiply-connected case) (see [6]). 
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6 D.Mamourian 

3. Integral equations and general boundary value problem I 
We consider the Riemann-Hilbert boundary value problem 

(1.2) for equation (1.1) which is not reduced to the canonical 
form in a multiply-connected domain. 

Concerning equation (1.1) and boundary conditions (1.2), 
we make the following assumptions. 

H y p o t h e s i s I. 1) The coefficients q.,(z) 
and qg(z) are measurable function; satisfying the condition 
of uniform ellipticity 

(3.1) |qi(z)| + |q2(z)| < qQ < 1; (in D); 

2) A, B and ¥ are given complex functions of the point z 
belonging to the class Lp(D) for some p > 2. 

3) The complex function a(t) and real function 
y(t) (t = t(u) e L, s-the length parameter), satisfying the 
Holder condition (a, y e Cd(L), 0 < ot < 1) on L (a^0, on L). 

4) The index n corresponding to the boundary value prob-
lem I is equal to zero (n = 0). 

Moreover, the solution w of the problem I will be sought 
in the class of functions, continuous in the closed domain 
D + L and belonging to the class Wp(D) for some p > 2 
(see [4]). We recall that the index n corresponding to the 
boundary value problem I is the integer 

n = n0 + n1 + ,..., + nm = arg a(t), 

where 

ni = 8 1 8 ^ = °»1 »2»* •• 

We shall prove the following theorem. 
T h e o r e m 1. Under Hypothesis I, the general 

boundary value problem (1,1) - (1.2) is equivalent to a 
two-dimensional integral equation of Predholm type with com-
pact operator. 
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Boundary value problems 7 

Some remarks are necessary before the proof of the theorem. 
Let q1 = q 2 = A = B = F = 0 . Consider the following particu-
l a r case of the boundary value problem If: 

Find a function Hz), holomorphic in D, continuous in 
the closed domain D + L, sa t i s fy ing the boundary conditions 

(3 .2 ) Re ( # ( t ) } = y ( t ) t £ L. 

Taking for j ( t ) a function of the form f i t ) = + 

on Lj ( j = 0 , 1 , 2 , . . . , m ) , where c^ ( j = 1 , 2 , . . . , m ) are 
unknown r e a l constants, c 0 = 0 and ")(Q(t) i s a given func-
tion continuous on L, we obtain the modified formulation 
of the Dir ichlet problem which was investigated by Muskheli-
s h v i l i [11] . A somewhat di f ferent method of solution of th is 
problem i s presented by Vekua [12] . 

The boundary value problem (3 .2 ) for the right-hand side 
of the form If = Tfo + c j 6 1 , 0 determind constants, 
has always a solut ion, moreover, a unique solution for a de-
fined constant c^ . Clearly, i f y i s Holder continuous on L, 
then the solution § i s Holder continuous on the closed do-
main D + L. As a direct consequence of (3*2 ) , we note the 
following representation formula. 

Every function i^(t) belonging to the c lass C^(L), 
0 < JJ < 1 can be represented in the form 

(3 .3 ) i?(t) = ¥ ( t ) - i q ( t ) + c ( t ) (on L) , 

where q i s the imaginary part of the function V ; Viz) i s 
a function holomorphic in D, continuous in the Holder sense 
in the olosed domain D + L and s a t i s f i e s the boundary condi-
t ion (3 .2 ) with } ( t ) = ^ ( t ) + c ( t ) , c ( t ) - a piecewise con-
stant function on L; CQ = 0 , on LQ and c = c^ = const, 
on L. ( j = 1 , 2 , . . . ,m). V and c sire uniquely expressible 
by 17(t). In connection with the problem I and Hypothesis I , 
we observe that , by subsitution of the form (see [12] also [8]) 

w ( Z ) e * { z ) , 
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8 A.Mamourian 

the boundary condition (1.2) can be reduced to the canonical 
form (since n = 0) 

where Tf̂  (t) is continuous in the Holder sense on L(t g L). 
In view of the boundary value problem (3.2), with no loss of 
generality we shall assume that ^(t) = 0. These substitu-
tions leave invariant the form of the equation (1.1) and do 
not violate the condition (3.1). Therefore we shall consider 
the equation (1.1) with the boundary condition 

(3.4) Re{w(t)} = 0 (t e L). 

The remaining assumptions concerning the data of the boundary 
value problem I are preserved. 

We shall prove Theorem 1 through the following lemmas 
L e m m a 1. If D £ C"*. Then, any function w(z), 

continuous in the closed D + L, belonging to the class 
Wp(D), p > 2 and satisfying the boundary condition (3.2) 
can be represented by the formula 

z t D + L, <5 e D where g(z,£) is the Green function for 
the domain D of the Dirichlet problem (see (2.1)); The fun-
ction A is introduced as the following 

L is the boundary of the domain J)j u is an arbitrary function 
of the class Lp(D), P > 2 and p(z) is a continuous con-
stant function of the point z. 

Re{w(t)} = ^ ( t ) 

(3.5) 
D 
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P r o o f . The function w(z) is continuous in the 
closed domain D + L (for instance see [12] or [10] ). We 
shall prove that w belongs to the class Wp(D), p > 2. 

The formulae for the generalized derivatives of w (3.5) 
with respect to z and z take the form 

(3.6, 
3z 3z p 

(3.6a) ¿w l U . z M O - l A l i ^ i ^ j U 
3z 3z " ^ [ ( ^ - z ) 2 3z J 

where 

l(z ,j = 2 

M(^,z) = 2 ¿ J ^ l + m n i i , 
az 3z 

h(z,^) is defined by (2.1). Let us prove that M(^,z) is 
continuous in both variables on the closed domain D. In view 
of the definitions (2.4) and symmetry law (2.5), we obtain 

(3.7) MUTzT = K(z,$) + # dz 

By means of the identities (2.9), (2.13) 

(3.8) M(j;,z) = - ̂  f j l(t,l;)l(t,z)d«t. 
D 

Vith regard to our observation in Sec. 2, we have proved the 
continuity of M(^,z) with respect to i, and z in the 
closed domain D + L. Here, the derivatives are understood 
in the generalized Sobolev-Schwartz sense, which in this ca-
se is equal to the Pompeiu sense and the existence of the sin-
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gular integral (3.6a) f o r any function cj eL p (D ) , p > 2 
follows from the Calderon-Zygmund Theorem ( for instance see 
[ 4 ] or [12] ) . Hence w given by representation formula (3.5) 
belong to the class Wp(D), p > 2. 

On the other hand, making use of the identity (2 .3 ) , i t 
can be readily ver i f ied that, the real part of w defined 
by (3*3) equals zero on the boundary L. 

Introducing the expression (3.5) into the equation (1 .1 ) , 
we obtain for the following integral equation 

(3.9) ü) - q1 S(to) - q2 S(ui) + A .T(u>) + B T(w) + 

+ - p » 
D 

where 

Slai] - l i - i l M -Siw¡ ~~7z ~ dz • 

and M($,z) is defined by the formula (3 .8 ) . We shal l prove 
the equality 

(3.10) 11 S(oj)I| L 2 < ] ) ) = || <0|| L 2 (D ) ' 

I t suf f ices to assume that, for instance, w belongs to the set 
of the linear manifold D^, (D):. Then we have 

listtojll-2 = ü s M s(to)dírz = iS^^-sü*ld<rz = 
D D 

- df fa 
D 

= - 2i Z 1 ^ ) S(wJ dz 
I 

where we have used Green's formula. 
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Boundary value problems 11 

Since 

3S(CJ) . 3 / 3T(oj) \ 8 /3T(o))\ 
—n Tz - 3 i -

mJ_7i1 Ul^-ff -iS, 
*3z \ 3z / 3 z \ «g V 3 z 

we obtain 
( 3.11) 11 S(oj) 11 2 = - l j / t ( » ) dz - a r / wT(co)dz + 

L L 

+ J j f u 5 d e r a . 
D 

Taking in to account tha t the f i r s t and second i n t e g r a l on 
the r ight-hand side of the l a s t r e l a t i o n (3.11) are zero, we 
have proved tha t the norm A j of the operator S in the spa-
ce L2(D) i s equal to 1. The above r e s u l t s have been per-
formed by a few app l ica t ion of the i n t eg ra t i ons by p a r t s , ma-
king use of the Green i d e n t i t y . 

We represent the equation (3.9) in the form 

( 3 . 1 2 ) w - S1 (&>) + T.| (to) = F , 

where 

S1 (w) = q1 S(to) + q 2 S(<o) 

T.,(w) = A T(to) + B T(w) + ^ j j M($,z) 
D 

In view of (3.1) and (3 .12) , since | | S | | L ^ ^ = 1 and 

qQ < 1, we can choose the number p > 2 such tha t <3o'/^p< 

< 1 , A p - the norm of S in Lp , i . e . A p = | | S | | L 
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12 A.Mamourian 

Consequently (3.9) is reducible to the following integral 
equation of Fredholm type with compact operator: 

o>- (I - S.,)""1 T J M = (I - S 1)"1p. 

4.. Mixed Riemann-Hilbert and Hilbert type boundary value 
problem for the general elliptic linear system of two first-
s-order real equations. 

Consider the nn-1-connected Liapounoff region D (see 
Sec.1) with boundary L. Let L' be a system of finite non-in-
tersecting oriented contours in the domain D. Assume that 
the systems L and L' have no points in common. Then the 
system L' decomposes the domain D into a finite number of 
connected subsets (Figure 1). The union of all these region D 
will be called domain G. 

We consider here the general form of the equation (see 
also (1.1)) 

(4.1) w - q - i z} w„ - q0 (z) w„ + A(z) w+B(z) w = F(z) Z Z c Z 

in the domain G. 
For Eq. (4.1) we investigate the following boundary value 

problem. Problem II; Find a solution w = w(z) of (4.1), 
bc.7jnging to the class p > 2; continuous in the domain G, 
having continuous extension up to the boundary of every con-
nected components of G, and satisfying the boundary condi-
tions 

(4.2) Re{a(t) w(t)} = y(t), (tel), 

(4.3) w+(t) = g(t) w"(t) + h(t) (t e L' ). 

The symbols w+ and w~ are understood in the sense of the 
theory of the Hilbert boundary value problem* 

In case when equation (4.1 ) has been reduced to the canno-
nical form, i.e. q1 = q? = 0, Problem II is investigated in 
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Lo 

Fig .1 

the a u t h o r ' s paper Here we cont inue the study of the 
problem I I f o r the gene ra l form of equa t ion ( 4 . 1 ) . 

Concerning the c o e f f i c i e n t s of the equat ion (4 .1 ) and 
boundary cond i t i ons (4 .2 ) - ( 4 . 3 ) . we make the fo l lowing 

H y p o t h e s i s 2 . 
1) <J-|t <J2

 a r e m e a s u r a b l e f u n c t i o n s s a t i s f y i n g the cond i -
t i o n of uniform e l l i p t i c i t y (3 .1 ) i n G; 2) L £ C 3 , L' e C 1 ; 
3) a ( t ) , f ( t ) e Cp(L), 0 < ^ < 1 ( t t l , a j i O l j 4) The com-
plex f u n c t i o n s g ( t ) and h ( t ) e 0 ^ ( 1 / ) , j < V < l ( t E l ' , 
g i 0 ) ; 5) A, B and P E, L p , p > 2 i n G. 

The fo l lowing lemma i s of p a r t i c u l a r i n t e r e s t f o r f u t u r e 
c o n s i d e r a t i o n . 

L e m m a 4 . 1 . Let L' be a f i n i t e number of smooth 
n o n - i n t e r s e c t i n g or ien ted contours L!J , L ^ , . . * ^ ^ i n the f i -
n i t e p a r t of the p lane , f o r i n s t ance in the domain D, such 
t h a t the domain bounded by the contours L' wi th r e s p e c t to 
a l l plane i s connected (Figure 2a) and l e t g ( t ) be a non-va-
n i sh ing f u n c t i o n , cont inuous in the Holder sense on L ' . Then 
the re e x i s t s a f u n c t i o n , holomorphic i n s ide the connected 
domain and ou ts ide ( f + ( z ) , f ~ ( z ) r e s p e c t i v e l y ) , Holder c o n t i -
nuous from l e f t and r i g h t on L' and vanish ing nowhere in the 
f i n i t e par t of the p lane , inc lud ing the boundary va lues f + ( t ) , 
f ~ ( t ) , t e L and s a t i s f y i n g the boundary cond i t i on 
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14 A.Mamourian 

(4.4) = g ( t ) , t E L' , 
f"(t) 

There ex is ts such a function, for expl ic i t form of th is func-
tion see [ 8 ] or [11] . 
We r eca l l an important property of the Cauchy type integra l 

(4.5) « ( . ) ^ / ^ I d t , 
L 

which, we have already used in Sec.3. This w i l l be of our 
great use from l a t t e r on. Consider the comain D with bounda-
ry L. Let D e c£+1, and fx E Ck(L), 0 < |i < 1, k > 0. Then 
the Cauchy type integral (4.5) belongs to the c lass C (̂D+L), 
i . e . $ ( z ) £ Cp(D+L). When k = 0, the proof i s obtained 
from Muskhelishvil i 's resul ts [ l l ] , and making use of the 
property of boundary L, i t can be generalized for an arbi -
trary f i n i t e integer k. 

When k = 0, the requirement in respect of the domain can 
be weakened,in other words, i f DEC and p. t C^(L), 
0 < (i < 1, then $ (z ) E. Cp(D+L). More can be said about such 
a function, for instance the derivative 
where 6 i s the distance of the point z from the boundary 
L of the domain D; M-const. This inequality implies that 
$ ' ( z ) 6 L (D) where p i s an arbitrary number sa t i s fy ing 

P 1 1 the re lat ion 1 < p < ^ , obviously, p > 2, when 1 > (i > g". 
We sha l l give below an investigation of the problem I I . 
An important stop i s the introduction of the so-called tota l 
winding number corresponding to the boundary conditions 
(4.2) - (4 .3) , which we shal l define in the sequel. 

D e f i n i t i o n . Let n = arg a ( t ) end r = 2^AL , 
ars &(•&)» then the integer n̂  = n + r w i l l be called the 
tota l winding number corresponding to the boundary conditions 
(4.2) - (4 .3) . 

Then, concerning the general mixed boundary value prob-
lem II , we have the following theorem. 
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Boundary value problems 15 

T h e o r e m 2. Under Hypothesis 2 if the total 
winding.number n^ corresponding to the boundary conditions 
(4.2) - (4.3) equals zero (n̂  =0), then the boundary va-
lue problem II is equivalent to a two-dimensional integral 
equation of Predholm type with compact operator. 

The proof is carried out with the help of the result pro-
posed in Sec.3 and the above considerations. 

At first, we shall restrict ourselves to the case when 
the domain bounded by the contours 1/ with respect to all 
plane be connected. This domain was chosen merely for the 
sake of convenience. As a matter of fact, our method permits 
us to treat the general case of the domain G (Figure 1). 
We make a subsitution of the form 

(4.6) w(z) = W(z) D(Z) fTiT zT 

where f(z). is a sectionally holomorphic function inside the 
connected domain and outside, vanishing nowhere in the finite 
part of the- plane, satisfying the boundary condition (4.4)> 
g(t) being the coefficient of the boundary condition (4.3) 
and 

(4.7) )(z j 
L' 

h(t) f(t) dt. 

h(t) is the free term of the boundary condition (4.3). In view 
of the properties of the Cauchy type integral (4.5) and Hy-

a) 

Fig. 2 
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16 A.Mamourian 

pothesis 2, it can be verified that the boundary .value prob-
lem II is reduced to the general form of Problem I in the do-
main D for the unknown function W. By simple computation, 
we observe that the condition of the uniform ellipticity (3.1) 
holds in the domain D. On the other hand W is continuous 
on the closed domain D + L and belongs to the class Wp(D), 
p > 2. The index corresponding to this boundary value prob-
lem is n^. If we assume that n^ = 0, it can be verified 
that all the requirements of Hypothesis 1 are satisfied. The-
refore, problem II leads to an equivalent integral equation 
of Predholm type with compact operator. 

In accordance with the above considerations, Theorem 2 
is also valid for the case where the domain bounded by L' 
is not connected. Substitutions of the form (4.6) leave in-
variant the form of the equation (1.1) and boundary condition 
(1.2), also they do not violate the conditions in Hypotihe-
sis 1. 

R e m a r k . In particular, if m = 0, i.e. D is 
a- simply-connected domain, the requirement in respect to the 
boundary L may be somewhat weakend. We make the following i 

H y p o t h e s i s 3. Let m = 0 and L e C^, 
0 < < 1. The remaining assumptions concern the data of 
Problem II (Hypothesis 2) are preserved. 

Then we haves 
T h e o r e m 3. Under Hypothesis 3, if the to"|;al 

winding number n1 > 0, the non-homogeneous Problem II is 
always solvable and the corresponding homogeneous problem of 
the Problem II has exactly 2 n1 + 1 linearly independent so-
lutions (over the field of real numbers). 

C o r o l l a r y 1. Under Hypothesis 3, if n^ is 
a negative number, the corresponding homogeneous Problem II 
has no non-trivial solutions. 

In view of substitutions of the form (4.6) and the results 
established by Vinogradov [13], Theorem 3 and Corollary 1 can 
oe easily proved. 

V/hen n1 is a negative number, the conditions of solva-
bility of the latter non-homogeneous problem II can be de-
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Boundary value problems 17 

rived, but we shall not bring here the conditions, since it 
would involve extremely lengthy expressions. 
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