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A. Mamourian

GENERAL TRANSMISSION AND BOUNDARY VALUE PROBLEMS
FOR FIRST - ORDER ELLIPTIC EQUATIONS
IN MULTIPLY - CONNECTED PLANE DOMAINS

1. Introduction

The paper deals with boundary value problems of the type
Re {£T¥7w(t)} = y(t), w{t) = g(t)w™(t) + h(t) for the ge-
neral elliptic linear system of itwo first-order real equations.

Let L = LO + L1 + geeny + I’m be the boundary contours
of an m + 1-connected Liapounoff [11] region D, where L,
contains all contours I’k' k > 1. Consider the equaiion

(te1) w_ - q‘](z)wz - qa(z)'v?z + A(z)w + B(z)w = F(z), (in D)
z

w =w(z) = u(x,y) + i v(x,y), 2 =x + iy, which is the

well-known complex form of the general slliptic linear system

of two first-order real equations for the unknown fumctions

u(x,y) and v(x,y) of two independent variables x, y. Let

w satisfy the following boundery conditions

(1.2) Re {a(t) w(t)} = y(t), (¢t ¢ L).

The boundary value problem (1.1)-(1.2) for the unknown func-
tion w will be briefly called Problem I.

The simplest case 18 the boundary value problem I for a
complex function w(z) - i.e. when 99 =9, =A=B=F=0
ard (1.1) reduces to the familiar complex form of the Cauchy-
~-Riemann system for analytic functions,
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2 A . Mamourian

Iif 99 =9, = 0. Problem I ig reduced to the Riemann-Hil-
bert prcblem of generalized analytic functions, To this prob-
lem are devoied the papers of L.Bers, B.Bojarski, I.N.Vekua,
V.S.Vinogradov, W.Wendland and many others*). If one uses the
regularity-propoeition of the similarity-principle which was
proved by L.Bers and I.N.Vekua, then the Green function me-
thod works for the Riemann-Hilbert problem of generalized
analytic functions in a simply-connected domain. W.Wendland
[14] developed the latter problem for multiply-connected case
by appiication of the modified Green’s function, which leads
to a system of Fredholm integral squatians with compact ope-
rators, In this case important results were elaborated by
B.Bojarski [2] and [ 3]. When 9, = g, = 0, another method
was established by Vekua [12] using Noether s and Muscheli~
schwili’s theory of singular integral equations. This method
works for multiply-connected domains,

When D 1is a simply-conneoted domain, V.S.Vinogradov
[13] solved Problem I through the utilization of a conformal
mapping onto the unit disc,

We have proposed not only a method different from the
above, but one which can be used for the gemneral boundary
value problem I in multiply-connected domains,

2., Green's function and Dirichlet integral

Following Courant [6], let g(z,3) be the Green function
for the domain D of the Dirichlet problem, where D 1is the
connected domain bounded by a finite number of simple smooth
non-intersecting contours L. It is known that this function
can be represented in the form

(2.1) glz,2) = log TE—}——— + h(z,Z)

51

z=x+1y, &= &+ 1inp, 2 ¢ L, ¥ € D, where ¢ is a fixed
point in D and h(z,%) is a harmonic function of the varia-

*) For a great many special references see [7], [12].
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Boundary value problems ‘ 3

ble 2z which has the boundary value h{z,&) = log |z-¢l,

z € L, &£€eD. The depsndence of the Green function on the
perameter point §& ie clarified by applicatlon of the Green
identity which proves the symmetry law

(2.2) glz,z) = g(g,2).

Hence we may consider 2z as a parameter pocint; ihen we obser-
ve that g(z,5) a8 a function of &, will be the Green fun-
ction., Since for 2z ¢ L, g(z,5) = 0, for all & ¢ D, we
obtain

(2.3) 35%5g51—= 0, z &L, & £D.
The following combinations of the derivative are of particu-
lar interest for future consideration.

2
L(z,5) = 2 2glzghl

(2.4) 1z,8) = L(z,8) + —1—y
Z,8 2,5) + (z-;)z

2
R(z,5) = 2 250280

Obviously, 1(z,%) is a regular analytic function of 2 and
& in D, therefore the function L{(z,%) has at z = ¢

a double pole; K(z,Z) is a regular analytic function of =z
and & over the whole of the domain D and continuous for

2 ED+ L as long as & g D, 48 a direct consequence of
(2.4), we obtain

(2.5) {z,g) = L(,2), Hz,8) = 1{s,2).

K(z,Z) = K(¢,z).

Ir connection with the symmetry law (2.5}, by differentiation
from (2.3), we have
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4 A.Memourian

2
3 g(c.z) Fels,2) 5 .
Bt,'AZ + 3z 1z 2 0,

2 €L, ¢ &D, 2! = dz/ds; g~the length paremeter of the curve
gsystem L., In other words

(2.6) L(z,£)z’ = -K(z,E)z’ =z & L, ¢&& D.

Of fundamental importance for methods used in this paper
will be the following Dirichlet integral

(2.7) ‘I{/m“z)”z -2 V/Z—fi—zfg-o(z)ae,

d6, - the area element, the function $(z) is analytic in the
domain D. Bearing in mind the definitions (2.4), we observe
that the function L(z,%) has a double pole at 2z =¢., How-
ever the integral may be understood as the Cauchy principle
value., Making use of the Green formula

(2.8) 1 /f L(z,5)8(z)ag, = 11m ,/ ag(g, $(z)dz = 0,
D(e; £) 0 1+ +Lg

where D(gz,e) = Dn{lz = gl>g) which makes sense for every
interior point & of D and sufficiently small ¢; L5 is
the circumference |z - ¢|=¢.

Since 1{z,¢) is a regular analytic function with respect
to z and & inside D, in view of the definitions (2.4),
we obtain the following Dirichlet integral

(2.9) //iﬁfﬁl(t,z)d@t =/]—f—tg-z-2 d 6.
D D

We remark that the above representafion contains an improper
integral on the right-hand side, which will be understood in
the same sense as the integral (2.8) i.e. in the sense of the
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Boundary value problems 5

Cauchy principal value. laking use of formal rules on integra-
tion Yy parts and the Green formula, we establish the follow-
ing formula:

(2.10) [/ Altaz) g5 o - L[ 1l8:2) g4 o o(e,

D(z,e) (3-8)° L %
where D(&,e) = D n ({t-&|>€) (see (2.8)). Passing to limit
as &€ — 0, we have

(2.11) //-_1—2(1;"_? ds, = - ‘zli/‘—‘—l;(ct.z) at .
-5 L a4

. D

On the other hand, beering in mind the boundary condition
(2.6), we can write

(2.12) 55 jLét%z’ gt = 5ir /L(t.;)t_’ (8) 44 -
1 -4 L -

. /K(t,i) t' (s) - jK(t,E)
2nl L -2 48 = 551 L t-¢ as,

t'(s) = dt/ds. Therefore in view of the residue theorem
we obtain

(2.13) 5y /L;sz_) dt = K(¢,2) = K(z,3).
L -

More can be said about the function 1(z,Z); by simple
computation, it can be observed that in the case when the
domain D 1is the closed disc |z| £ R, then 1l{z,z) = 0.
Moreover, if D ¢ c3L € 03), then the function 1(z,z)
ie continuous in both variables in the closed domain D + L
{multiply-connected case) (see [6]),
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6 D.Mamourian

3. Integral equations and general boundary value problem I

We consider the Riemann-Hilber{ boundary value problem
(1.2) for equation (1.1) which is not reduced to the canonical
form in a multiply-connected domain,

Concerning equation (1.1) and boundary conditions (1.2),

we make the following assumptions.
Hypothesis I, 1) The coefficients q1(z)

and q2(z) are measurable function; satisfying the condition
of uniform ellipticity ’

(3.1) la4(z)] + o (z)] < 95 <13 (in D);

2) A, Band F are given complex functions of the point z
belonging to the class L (D) for some p > 2.
3) The complex function a(t) and real function
y(t) (t = t(s) € L, s-the length parameter), satisfying the
Holder condition (a, y& C (L), 0 < a<1) onL (a#40, on L}.
4) The index n corresponding to the boundary value prob-
lem I is equal to zero (n = 0}, ‘
- Moreover, the solution w of the problem I will be sought
in the class of functions, continuous in the closed domain
D+ L and belonging to the class w;(n) for some p > 2
(see [4]). We recall that the index n corresponding to the
boundary value problem I is the integer

D =Dy + Dy + geeey + Oy = LAL arg a(t),
where

n; = 515(-AL1 arg a{t) (i = 0,1,2,...,m),
We shall prove the following theorem.

Theorem 1. Under Hypothesis I, the general
boundary value problem (1,1) - (1.2) is equivalent to a
two-dimensional integral equation of Fredholm type with com~
pact operator,
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Boundary value problems 7

Some remarks are necessary before the proof of the theorem.
Let 94 =9, = A =B=F =0, Consider the following particu-
lar case of the boundary value problem Ij:

Pind a function &(z), holomorphic in D, continuous in
the closed domain D + L, satisfying the boundary conditions

(3.2) Re {§(t)} =y (t) t e L.

Taking for j(t) a function of the form 7y(t) = y5(t) + cy
on L3 (3 = 0,1,2,00.,m), where c. (j = 1,2,e..,m) are
unknown real constants, ¢, = O and 1o(t) is a given func-
tion continuous on L, we obtain the modified formulation

of the Dirichlet problem which was investigated by Muskheli-
shvili [11]. A somewhat different method of solution of this
problem is presented by Vekua [12].

The boundary value problem (3.2) for the right-hand side
of the form 7} =Jo + ©j where cy are determind constants,
has always a solution, moreover, a unique solution for a de-
fined constant c¢,. Clearly, if q is Holder continuous on L,
then the solution ¢ is Holder continuous on the closed do-
main D + L. As a direct consequence of (3.2), we note the
following representation formula,

'~ Bvery function 7(t) belonging to the class Cp(L),
0 <p <1 can be represented in the form

(3.3) (t) = ¥(t) - 1 q(t) + c(t) (on L),

where ¢ 1is the imaginary part of the function ¥; V¥(z) is
a function holomorphic in D, continuous in the Holder sense
in the closed domain D + L and satisfies the boundary condi-~
tion (3.2) with y(t) = n(t) + c(t), c(t) - a piecewise con-
stant function on L ¢y = 0, on Lo and ¢ = c3 = const.

on L, (j =1,24eee,m)e ¥ and ¢ are uniquely expressible
by p?t). In connection with the problem I and Hypothesis I,
we observe that, by subsitution of the form (see [12] also[8])

w(z)ex(Z),
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8 : : A.Mamourian

the boundary condition (1.2) can be reduced to the canomical
form (since n = 0)

RO{W(t)} = 71 (t)’

where 11(t) is continuous in the Holder sense on L{t g L).
In view of the boundary value problem (3.2), with no loss of
generality we shall assume that 11(t1 = O, These substitu-
tions leave invariant the form of the equation {1.1) and do
not violate the condition (3.1). Therefore we shall consider
the equation (1.1) with the boundary condition

(3.4) Re{w(t)} =0 (t € L)

The remaining assumptions concerning the data of the boundary
value problem I are preserved.
We shall prove Theorem 1 through the fellowing lemma:
Lemma 1. If DegCo. Then, any function w(z),
continuous in the closed D + L, belonging to the class
W;(D), p > 2 and satisfying the boundary condition (3.2)
can be represented by the formula

(3.5)  wlz) = Tw) =+ ff{z 3elez) izl o) -
D

- A(;,z)m(;)}ds‘; + iplz]),

z ¢eD+ L, £eD where g(z,%) is the Green function for
the domain D of the Dirichlet problem (see (2.1)); The fun-
ction A is introduced as the following

Alz,z) = 1 _ _@t .
(5,2 emd {(t-q)(t-z)

L is the boundary of the domain D; w is an arbitrary function
of the class Lp(D), p>2 and plz) is a continuous con-
stant function of the point z.
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Boundary value problems 9

Proof. The function w(z) 1is continuous in the
closed domain D + L (for instance see [12] or [10] ). We
shall prove that w belongs to the class w;(n), P> 2.

The formulae for the generalized derivatives of w (3.5)
with respect to Z and 2z take the form

(3.6) w _amlw) %/]M(e;,z)w(;)dcfg,
22 3z D
6a) 3® 3T(w) _ 1 JfJmela) g0 a)u(s) -ﬂﬁ?—’_(c—)}ds
(3 a) g Py ‘Il’]t)/ —G?z—)é'+ ‘;,Zlb 23 @ x
where
2
1z,z) =2 2 féza;

M(z,2) = 2 2°n(3,2) , 24(z,2) ’
o 2Z 22

h(z,&) 1is defined by (2.1). Let us prove that M(3,z) is

continuous in both variables on the closed domain D. In view
of the definitions (2.4) and symmetry law (2.5), we obtain

(3.7) ulz,2) = K(z,%) +3£§uz£l X

By means of the identities (2.9), (2.13)

(3.8) H(g,2) = -%ffl(t,;)l(t,z)dst.
D

"iith regard to our observation in Sec. 2, we have proved the
continuity of u{g,z) with respect to ¢ and 2z in the
closed domain D + L. Here, the derivatives are undersiood

in the generalized Sobolev-Schwartz sense, which in this ca-
se is equal to the Pompeiu sense and the existence of the sin-
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10 A,Mamourian

guler integral (3.6a) for any function w el (D), p > 2
follows from the Calderon-Zygmund Theorem (for instance see
[4] or [12] ). Hence w given by representation formula (3.5)
belong to the class W;(D), P> 2.

On the other hand, making use of the identity (2.3), it
can be readily verified that, the real part of w defined
by (3.3) equals zero on the boundary L.

Introducing the expression (3.5) into the equation (1.1),
we obtain for the following integral equation

(3.9) ® - G4 S(w)-qzé_(_w)+A.T(w)+Bm_)+

+ %'”M(';,z)w(c) de, = F,
D

where

and M(%,z) is defined by the formula (3.8). We shall prove
the eqguality

(3.10) [is(w] L,(D) =|""'|L2(D)-'

It suffices to assume that,for instance, w belongs to the set
of the linear menifold Dg, (D). Then we have

sl 2 = Jf 5t slwlds,, = /s %) 5{wlas, =
D D

. Jf2tnte) 56 o I 2t a5lw) 4, -
T D

= ..ﬁ-fw(w) S(w) dz - ,/7 T(w) A_‘T-’-do'z.
1 D az

where we have used Green’s formula,
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=%( T )-alz (m%jg' M(;,z)w(;)ae;) =;—_z,5.

we obtain

(3.11) |IS(w)||2 = %5_,/ w) =z~ BT("") -gl—j T (wldz +
L

L
+ fj mmdsz.
D

Taking into account that the first and second integral on
the right-hand side of the last relation {(3.11) are zero, we
have proved that the norm 1\2 of the operator S 1n the spa-
co L2(D) is equal to 1. The above results have been per~
formed by a few application of the integrations by parts, ma-
king use of the Green identity.

We represent the equation (3.9) in the form

(3.12) w = S4(w) + T,(w) = F,
where

§4(w) = g4 S(w) + 9, S{w)

T,(w) = & T(w) + B T(w) +%‘gm(;,z) w (5 )46, .
In vi £ (3.1) and (3.12), si IS = 1 d
n view o an since | IILZ(D) an

9 < 1, we can choose the number p > 2 such that qoj\ <
< 1,A, - the norm of § in L, i.e. Ap =||s|le(D,.
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12 A.Mamourian

Consequently (3.9) is reducible to the following integral
equation of Fredholm type with compact operator:

w=- (I -8 2 (w) = (T -5,

4, Mixed Riemann-Hilbert and Hilbert type boundary value
problem for the general elliptic linear system of two first-
~order real equations.

Conaider the m+1-connected Liapounoff region D (see
Sec.1) with boundary L. Let 1 be a system of finite non-in-
tersecting oriented contours in the domain D. Assume that
the systems L and L' have no points in common, Then the
system L’ decomposes the domain D into a finite number of
connected subsets (Figure 1). The union of all these region D
will be celled dcmain G,

We consider here the general form of the equation (see
also (1.1))

(4.1) w_~glz)w, - a,(z) W, + A(z) w+B(z) W = F(z)
Z

in the domain G.

For Eq. (4.1) we investigate the following boundary value
problem. Problem II: Find a solution w = w(z) of (4.1),
beionging to the class W;, p > 2; continuous in the domain G,
having continuous extension’'up to the boundary of every con-
nected components of G, and satisfying the boundary condi-
tions

(4.2) Re{alt) w(t)} = y(t), (t eI,

(4.3) wh(t) = g(t) w(t) + h(t) (¢t L' ).

The symbols wh and w~ are understood in the sense of the

theory of the Hilbert boundary value problem.
In case when equation (4.1) has been reduced to the canno-
nical form, i.e. 94 =45 = o, Problem II is investigated in

- 796 -



Boundary value problems 13

Pig.1

the author’s paper [9]. Hers we continune the study of the
problem II for the general form of equation (4.1).

Concerning the coefficients of the equation (4.1) and
boundary conditions (4.2) -~ (4.3), we make the following

Hypothesis 24

1) 94, 9, are measurable functions satisfying the condi-~
tion of uniform ellipticity (3.1) in G; 2) L € ¢3, L' e C';
3) alt), y(t) ¢ CE(L)’ 0<p<1(tel, a#o0); 4)The com-
plex functions g(t) and h(t) ¢ Co(L/), T < v <1t e T,
g £0); 5) A, B and F ¢ Lp, p>2 in G.

The following lemma is of particular interest for future
consideration.

" Lemma 4.1, Iet L be a finite number of smooth
non-intersecting oriented contours L%, Lé,...,L; in the fi-
nite part of the plane, for instance in the domain D, such
that the domaih bounded by the contours L’ with respect to
all plane is connected (Figuvre 2a) and let g(t) be a non-va-
nishing function, continuous in the Hilder sense on L', Then
there exigts a function, holomorphic inside the connected
domain and outside (f£¥(z), £7(z) respectively), Hdlder conti-
nuous from left and right on L' and vanishing nowhere in the
finite part of the plane, including the boundary values f+(t),
£f7(t), t ¢ L and satisfying the boundary condition
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14 A,Mamourian

(1)

=glt), tel,
£7(t)

(4'4)

There exists such a function, for explicit form of this func-
tion see [8] or [11].
We recall an important property of the Cauchy type integral

(4.5) 8 (z) =2ﬂ%f {t) g4,
L

which, we have already used in Sec.3. This will be of our
great use from latter on, uon51der the comain D with bounda-
ry L. et DeCgt', and pecf(L), 0 <p<i, k > 0. Then
the Cauchy type integral (4.5) belongs to the class Cﬁ(D+L),
i.e. 6(z) ¢ CB(D+L). When k = 0, the proof is obtained
from Muskhelishvili’s results [11], and making use of the
property of boundary L, it can be generalized for an arbi-
trary finite integer k.

When %k = 0, the requirement in respect of the domain can
be weakened,in other words, if D & c! and M & Cﬁ(L),
0 <p<1, then d(z) e Ca (D+L). More can be said about such
a functlon, for instance the derivative |§'(z)] < m(p, p)(&)p-1
where & is the distance of the point 2z from the boundary
L of the domain D; M-const. This inequality implies that
§ (z) € L (D) where p is an arbitrary number satisfying
the relation 1 <p< 1 B obviously, p > 2, when 1 >p> %;
We shall give below an investigation of the problem II.

An important stop is the introduction of the so-called total
winding number corresponding to the boundary conditions

(4.2) - (4.3), which we shall define in the sequel.,
Definition. Iet n=wrAp arg alt) gnd r = 5-A;,
arg g(t), then the integer ng=n+r will be called the
total winding number corresponding to the boundary conditions
(4.2) - (4.3).
Then, concerning the general mixed boundary value prob-~
lem II, we have the following theorem,
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Boundary value problems 15

Theoren 2. Under Hypothesis 2., if the total
winding number n, corresponding to the boundary conditions
(4.2) - (4.3) equals zero (n; = 0), then the boundary va-
lue problem II is equivalent to a two~dimernsional integral
equation of Fredholm type with compact operator.

The proof is carried out with the help of the result pro-
posed in Sec.3 and the above considerations,

At first, we shall restrict ourselves to the case when
the domein bounded by the contours L with respect to all
plane be connected. This domain was chosen merely for the
sake of convenience. As a matter of fact, our method permits
us to treat the general case of the domain G (Figure 1).

Y¥ie make a subsitution of the form

(4.6) wiz) =%%“‘§T(:—)r'

where f(z). is a sectionally holomorphic function inside the
connected domain and outside, vanishing nowhere in the finite
part of the plane, satisfying the boundary condition (4.4),
g(t) being the coefficient of the boundary condition (4.3)
and

(4.7) plz) = 2;}] alt) £7(t) 4y,
LI

h{t) is the free term of the boundary condition (4.3). In view
of the properties of the Cauchy type integral (4.5) and Hy-

a)

Fig.2
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16 A.Mamourian

pothesis 2, it can be verified that the boundary .walue prob-
lem II is reduced to the general form of Problem I in the do-
main D for the unknown function W. By simple computation,
we observe that the condition of the uniform ellipticity (3.1)
holds in the domain D. On the other hand W is continuous
on the closed domain D + L and belongs to the class W;(D),
p> 2. The index corresponding to this boundary value prob-
lem is n,. If we assume that n, = 0, it can be verified
that all the requiremente of Hypothesis 1 are satisfied. The-
refore, problem II leads to an equivalent integral equation
of Fredholm type with compact operator.

In accordance with the above considerations, Theorem 2
is also valid for the case where the domain bounded by L/
is not connected. Substitutions of the form (4.6) leave in-
variant the form of the equation (1.1) and boundary condition
(1.2), also they do not violate the conditions in Hypothe-
sis 1.

Remark. In perticular, if m =0, i.e., D 1is
& simply-connected domain, the requirement in respect to the
boundary L may be somewhat weakend, We make the following

Hypothesis 3. Llet m =0 and I e C;,
0 < p <1, The remeining assumptions concern the data of
Problem II (Hypothesis 2) are preserved.

Then we have:

Theorem 3, Under Hypothesis 3, if the total
winding number n, > 0, the non-homogeneous Problem II is
always solvable and the corresponding homogeneocus rroblem of
the Problem II has exactly 2 n, + 1 linearly independent so-
lutions (over the field of real numbers).

Corollary 1. Under Hypothesis 3, if n, is
a negetive number, the corresponding homogeneous Problem II
has no non-trivial soiutions.

In view of substitutions of the form (4.6) and the results
established by Vinogradov [13], Theorem 3 and Corollary 1 can
oe easily proved.

“lhen n, is a negative number, the conditions of solva-~
bility of the latter non~homogeneous problem II can be de-

- 800 -~



Boundary value problems 17

rived, but we shall not bring here the conditions, since it
would involve extremely lengthy expressions.
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