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ON SOME SYSTEM OF INTEGRAL EQUATIONS 
WITH DEVIATED ARGUMENT 

I n t r o d u c t i o n 
Le t a £ < 0 ; 1 ) . Le t us o o n s i d e r the s e t o f a l l c o n t i n u -

ous and i n c r e a s i n g f u n c t i o n s if s < 0 ; » ) - — < 0 ; oq) f o r which 
<p(0) = 0 h o l d s . F u r t h e r m o r e , l e t the f u n c t i o n s s a t i s f y the 
f o l l o w i n g i n e q u a l i t i e s : 

(11 V ^ v ip(6>, 
V?J>1 6*0 

oo 

(2) f y ( 6 ) d g < A 

A ^ O 0 6 ( 1 + 6 ) 

(3 J 3 \ / f X § l 6 6 < A 2 V ( s > , 
A 2>0 S>0 0 

<•> 3 V / f «<», ^ • 
Ry>0 0<aib a ° 

x n i s s e t i s denoted by $ 
Le t S and S 0 be s i n g u l a r i n t e g r a l o p e r a t o r s which a r e 

d e f i n e d by the i n t e g r a l i n the s e n s e of C a u c h y ' s p r i n c i p a l 
v a l u e , r e s p e c t i v e l y : 

(5 J ( b h ; ( t ) = / d r , 
L 
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( 6 ) (VHt) =J tUUjtr, 

where L i s a sfflooth arc with d i f f e r e n t end-points a and b. 
f u r t h e r , s : L>—*>L, s (a i = a , s(b) = b and 

(7) V ü < ° a 
t j t^cL 

s ( t ) - s ( t 1 ) 
t - t -

Let ni e (O; « I . In the papers [ l ] , [2] and [V] on LQ 

= L - |a»b} there was defined the c lass JÎ (o.,ct,yi. There 
was a l so shown that the conditions ip e and a e ( 0 ; 1 ) 
implied the r e l a t i o n 

(a) S : JHm,a,if) —- M{C.jM,«*, if), 

where Ĉ  i s some posi t ive constant. On the other hand in 
[4] there was proved that i f ip 6 a e (0; 1 /, then 

(9) fc>s : A(C2i£,a,if) 

where C^ i s some pos i t ive constant. 

The Problem 
Let us consider the system of s ingular in tegra l equations 

the card ina l i ty i s the same as that of a set B 

( 10) f ( t ) = h.(t) 
, K b f . K ^ ) } b e B ' { f b [ s a l ( b ) ( ^ ] } b e B ] 

+ L ^ ^ d T + 

+ n J . <*r, b « B. 

there 0 6b a ^/'s^eni unknown funct ions . 
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«e make the fo l lowing assumptions} 
1. if e and a e (0;1 ). 
2. j u n c t i o n s h^ : l o — - C belong to t h e - c l a s s A(ui^ 

f o r each b fc B, where cons tan t M^ > 0 . 
3. iiet C- = c f o r each b e b. i?or every b 6 b f u n c t i o n s 

! Lo *fCb}beB x{Cb}b€B f u l f i l o v e r t h e i r d o m a i n s 

the fo l lowing i n e q u a l i t i e s : 

l t - t* l 

+ ÏSI. (sup I x J + sup | y b | ) , K D6B 1 D | beB I 

( 1 2 > K [ * i { xb]bêB W b £ a ] " K
b [ V K } b e B K i b e s ] | < 

* M f + M k i ! S | x ' d " x ' d I + S ' 

where t * denotes t h i s e n d - p o i n t , e i t h e r a or b , of 
the arc L, f o r which the cond i t i on l e t t * = min(le a t , l e t b j 
(symbol l e means l e n g t h ] h o l d s . 

4. ¿'or each b e B f u n c t i o n s K* : LQ x { c b } b e B * { c b } b 6 B — C 
s a t i s f y over t h e i r domains the fo l lowing i n e q u a l i t i e s : 

rt* 

K ^ v W b e B M b e B ] | + 

| < p . W b . B W b « B ] - ^ [ V K l b e B W } b . B ^ 

+ < + ¡ 3 M i l 
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5. ior each beB functions sb : L>—»L fulfil the condi-
tions s^(a) = a, s^ib) = b and the following inequality 

( 1 5 ) \ / 0 < a a 4 

t,t^eL 

sb(t) - sb(t1) 
t - t1 4 M S 

6. Functions a i map B into B, i = 1,2,3. 
Now, we shall show the existence of a solution of the sys-

tem (10) in the class it(M,a,ipj. 
The problem stated above is a generalization of results 

obtained in the paper [5J and it will be solved by means of 
topological methods. Let,for each b e be the lioear 
space whose points are complex functions fb : LQ—~-C. These 
functions are continuous and on LQ they satisfy the following 
inequalities: 

(16:) sup [|t - t*| 1 + a |fb(t)|]<oo. 
teL 0 

The norm ||i"ij|| w e ^ formula 

(17) I M b ^ p [I11 - * V + a k b M ] -
0 

It is the known fact [6], that every space A.. defined 
as above is a locally convex Hausdorff space. Furthermore, it 
is evident [6] that the product .A. = T~OY h with the Tichonov 

beB 
topology is also a locally convex Hausdorff space, in the spa-
oe y\_we consider the set 

(18) Z(ae) = {{fb}beB e W : \ / fb 6 JCi«,«,^}, 
1 beB 

where at is some positive constant. It will be evaluated 
further. The set Z(af) is nonempty, convex and oompact ([l], 
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tfe define the following operat ion 

( 1 9 ) ¥ : Z ( 9 c ) ^ 7 V 

on the s e t Z(ae). This operat ion maps every point of the men-
tioned Bet Z(ae) to a point of the space yv. i . e . 

3 { f b } b c B — « [ { f b } b e f l ] - {«b}bea 

where 

, ( 2 0 ) V b = h b + A S [ K b o ( i d , ( f b ] b € B , { f b - » a i ( b ) } b a B i ] + 

+ t i S \ ( b ) K ° ( i d ' { f b } b e B ' { f b ° s a 2 ( b ) } b 6 B ^ ] 

f o r every b 6 B. 
Now, we s h a l l find a s u f f i c i e n t condit ion f o r the range 

of the operat ion V t o s a t i s f y the following inclusions 
K Ï CZ(3€). I t i s easy to show that there e x i s t s a pos i t ive 
constant • H such that f o r every b e B and i = 1 , 2 the im-
p l i c a t i o n 

( 2 1 ) f b e jc(* ,a , ip) = > f b « s a ^ ( b ) e A(Hae,a,ip) 

h o l d s . F u r t h e r , according to ( 8 ) and ( 9 ) and using the assump-
t i o n s 1 - 6 we obtain the v a l i d i t y of the following implica-
t i o n 

( 2 2 ) f b 6 J H x , « , i f ) =><t!b e / t ( M h +|A|C1 [ j ^ + H j j f e f + H * ) ] + 

+ \n I C2 [m* + 3tf* ( * + H*)] , a , tf ) 

f o r each b e B. Then, i f the inequal i ty 
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( 2 3 ) i i h + U | C 1 [i,ik+ak(af+Hie)] + | f i | C2[l.:*+I\*(3e+ H 

h o l d s , then the o p e r a t i o n d e s c r i b e d by ( 1 9 ) maps the s e t 
Z(9i) i n t o i t s e l f . L e t , f o r the c o n s t a n t s N^ » and the 
f o l l o w i n g c o n d i t i o n 

( 2 4 ) (| i i|c 1 j a k + | i i | c 2 k J ) (1+H) < 1 

h o l d s . Now, i f 

( 2 5 ) \ + l * l C 1 M k + H C 2 < 
1 - (|A| C n K k + | C 2 l i * ) ( U i i ) 

i t i s easy t o see t h a t the o p e r a t i o n ( 1 9 ) maps the s e t Z(9i) 
i n t o i t s e l f . 

Making use o f the method d e s c r i b e d i n [ 5 ] one can prove 
t h a t the o p e r a t i o n ( 1 9 ) i s c o n t i n u o u s . F u r t h e r , due t o the 
bchauder - i ' ichonov theorem [6 ] ,we can f o r m u l a t e the f o l l o w i n g 
theorem one. 

h e 0 r e m . I f the assumptions 1 - 6 a r e f u l f i l l e d , 
the i n e q u a l i t y ( 2 4 ) h o l d s and K i s g iven by the formula ( 2 5 ) , 
then the system of i n t e g r a l e q u a t i o n s ( 1 0 ) has a t l e a s t one 
s o l u t i o n i n the c l a s s A(ae,ot,ip). 
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