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ON SOME SYSTEM OF INTEGRAL EQUATIONS
WITH DEVIATED ARGUMENT

Introduction

Let o € <0;1), Let us consider the set of all continu-
aus and increasing functions y : < 0; o) —=< 03 o) for which
¢{0) = 0 holds. Furthermore, let the functions satisfy the
following inequalities:

(1) 7 Vo(v6i < vpl6),
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A3>O 0<a$b a

vais set is denoted by &%

Let S and Ss oe singular integral operators which are
defined by the integral in the sense of Cauchy’s principal
value, respectively:

(5) {shi(t) = f alz) 4,
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2 G.Decewicz, W.Leksinski

(6) (54h) () = f ;’j—(—(ﬁftl;dr,
L

where L 1is a smooth arc with different end-points a and b.
Further, s : L>» 1L, s(a, = a, s(b) = b and

s(t)-s(t_L)

<Ml o
1:-1:1 s®

(7) v 0 < m <

Let i € (0; o)., In the papers [1], [2] and [3] on L, =
=L - {a,b} there was defined the class A (i,a,¥). There
was also shown that the conditions we 3" and a€e{0;1)
implied the relation

(s) S 2 filuw,o, ) — f(C u,a,),

where C, 4is some positive constant. On the other hand in
[4] there was proved that if 1})5@* and a € (031, then

(9) Sy ¢ filu,a,y) — A(C,id,d, Y

where 02 is some positive constant,

‘the Problem
18t ue consider the system of singular integral scuations
the cerdinality 4is the same as that of a set B

K lr,1f (1) oL s (z)
(10} £,(4) = b (3) + ”‘ "[ {Fu(O}res { b[%, (b) ‘]}bea] .
L .
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System of integral equations 3

+¢ make the following assumptions:

1o 9 ¢ ®* and  ae {031/,

2. runctions iy : L, —=C Dbelong to the' class .ﬂ(mh,a,¢}
for each b e¢ B, where constant Mh > U,

3. Lev C.. =¢ for each b e B, tor every b € b functions

0

hb : Lo x{Cb}beﬁ x{Cb}beB —=— C fulfil over their domains

the foliowing inequalities:
(11 t,{x, . —-m—k——- +
|56 [t {%o}nen {Tn}oes]| < L

e (2 (%] * g2g ol

(120 8o [t {%p}oen {Tolven] = ¥o[t1+{=t}pes {To}ves]| <

-t
e Yt + g ol gt

where t* denotes this end-point, either a or b, of

the arc L, for which the condition le tt" = min(le at, letb)

{(symbol le means length) holds,

e - s * e T ——
4. ror.each b € B functions Ky @ L, x {Cb}beB X {Cb}beB c

satisfy over their domains the following inequalities:

s
i
ll.l]

(13) IK:[t’_{xb}beB [0} oeg]| CTepP

+ N; (ggg ‘xbl + s |yb|)

(14) |K; [+ {=t} ven {Tn}ven] - K;[tﬂ{x{)}beB {Fo}oen <

(D) gt s
et o) M g Pl * gl
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5. ¥or each beB functions sy : L>>>L fulfil the condi-
tions sb(a} = a, 8,(bj = b and the following inequality

sb(t) - sb(t1)
t - t1

g .

(15) YV o<n <

t,%,€L

6. Functions o, map B into B, i =1,2,3.

Now, we shall show the existence of a solution of the sys-
tem (10) in the class A{M,a,p).

The problem stated above is a generalization of results
obtained in the paper [5] and it will be solved by means of
topological methods, Let,for each b e A,/\b be the linear
space whose points are complex functions fb : Lo-—*-c. These
functions are continuous and on Lo they satisfy the Tollowing
inequalities:

(16} ::E'o [It - t*l 1"'Ol|f.’b(‘l‘.)|]<oo.

The norm "fb" we define by the formule

1.

It is the known fact [6], that every space /\., defined
as above is & locally convex Hausdorff space. Furthermore, it

is evident [6] that the product A = TTA, with the Tichonov
beB
topology is also a locally convex Hausdorff space., In the spa-

ce JALwe consider the set

(17) I = 5350 It - £ 179 £, (%)

(18) z(%) = {{fb}bsB e A X £, e.ﬂ(«ga,w)},
beB

where 2 1s some positive constant., It will be evaluated
further. The set 2(2¢) is nonempty, convex and compact ([1],

[2], [5)).
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System of integral equations 5

We define the following operation
(19) v z(a)—=— A

on the set Z(2). This operation maps every point of the men-
tioned set Z(s) to a point of the space /\ i.e.

z2(2) s {fplpep —”‘-’[{fb}bes] = [¥y}ves ¢ /N

where
(20) Wy = by +AS [Ky e (14, [fr)peps {T0° %, (o)} ben] *

+ps [K; o (id, {fb}beB’ {fbosaz(b)}béB‘)]

sa3(b)

for every b € B.

Now, we shall find a sufficient condition for the range
of the operation ¥ to satisfy the following inclusion:
RY Cz(s), It is easy to show that there exists a positive
constant - H such that for every b e B and 1 = 1,2 the im~
plication

(21) £, € Kloe,a,p) = £ 0 sai(b) € A (H¥,a,y)
holds., Further, according to (8) and (9) and using the assump-
tions 1 - 6 we obtain the validity of the following implica-
tion
(22)  fye Aloe,a,p) = ¥y e Ry +|A] Cy [a+5, Ge+H)] +
N, * Yy i
+|ufcy [u + wyp (se+ da)], oy )

for each b € B, Then, if the inequality
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(231 wy +|A] o) fuy iy (esoe)] + u] CE[L’I;+1‘£;(3€+ Ha)] coe

holds, then the operation described by (19) maps the set
z(%) into itself. Let,for the constants Nk’ and N: the
following condition

(24) (2] cqmy + |p]comp) (14H) <1
holds, Now, if

My +|A] Oyl +|p|Coy

(25) =
’ 1= (2] oy + |u|oomg) (1+:)

it is easy to see that the operation (19) maps the set %(se)
into itself,

fiaking use of the method described in [5] one can prove
that the operation (19) is continuous. rfurther, due to the
bchauder - dichonov theorem [6],we can rormulate the rollowing
theorem one.

YT'heorem., If the assumptions 1 - 6 are fulfilled,
the insquality (24) holds and % is given by the formula (25},
then the system of integral equations (10) has at least one
solution in the class A(a,a,y).

rEPERENCES

[1] W, Leksinskiz: Onsome class A(u,a,p) of
functions defined on a non-closed arc, Demonstratio Math.
4 (1972) 51-61,

[2] W. Leksideki, We Zakowski: On some
classes of non-bounded functions, bLemonstratio Math. 4
(1972) 125-131.

[3] wo Leksidski, W. Lakowskit: & the-
orem on preserving the class A(M,x,y) by a singular in-

- 526 ~



System of integral equations 1

tegral in the sense of Cauchy s principal value. Demon=-
stratio Math. 5 (1973) 139-145.

Go Pecewicz, W. Leksinskdi: On some
class preserved by a singular integral with a deviated
argument, Demonstratio Math. 11 (1978) 1065-1070.

We Leksinski, W, Zakowskdi: Investi-
gation of a certain system of singular integral equations
of arbitrary power. Annales Polonici Mathematici 29 (1975)
373=-378.

Heby dwards: Functional Analysis, Theory and
Applications, New York 1965,

INSTITUTE OF MATHEMATICS, TECHNICAL UNIVERSITY OF WARSAW
Received December 8, 1978,

- 527 -






