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Agnieszka Pluciriska

A PROPERTY OF SERIES OF QUASI -~ DIFFUSION PROCESSES

It is well known that the sum (finite or infinite) of dif-
fusion processes may not be a diffusion process or more gene-
ral the sum of Markov processes may not be a ilarkov process,

In [1], [2] conditions have been given under which the
class of quasi-diffusion processes is closed with respect to
the operation of the addition of a finite number of terms.

In this paper we are going to give conditions under which the
series of quasi-diffusion processes is as well a quasi-difru-
sion process,
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2 A.Pluciniska

(Xp4q = xn)k P(n)(tn”‘n‘tn+1"13311-1)=

n |xn+1 -xnl <E

= ak(th’ xn)' k = 1’2,

where An =t - tn,

n+1

Ve (xy) = {xn+1 : ‘xn - n+1|> e}
and 1lim denotes 1lim (L.e. t_  is fixed and t_,,—1t ).
- - n n+1 n
Agm0 tn+1 1;n
In this paper, instead of (1), we shall consider a stron-
ger condition, namely we assume that

2 plnly ) = 0.

1 ‘
(3)  lm - { ) (Xpeq = %p) n® *né Fnerr Ixpy
X

Wow we shall assume that
B Xt = 0,
and that the following expectations exist

K(t,,t,) = B(x, X, )
10%2 t, Tt

(4)  ppeq = y(tn+1,xt1,...,xtn) = E(xg e seensky )s

n+1‘

(5) 62 . = 62(f .. .% ,eee X, ) = E{(X, =~ )2‘x o
n+1 n+1 ’t:1 ' tn tn+1 f‘ln+1 t1 ' tn

ie admit also that the matrix [K(ti,t )]1<i j¢n 18 positive
qefinite,

- 510 =



Quasi-diffusion processes 3

If we admit (3) and the existence of (4), (5) then it is
easy to see that (2) take the following form

1

(6) Alifo'-A—n— y(t:n-!-‘l’ Xn) - xn] = 81(tn, Xn)
n
and
1 2 .
(7) Tm 60t X,) = eyl ).
n

we shall use the following fact.

Property 1 [3]. Let Xt be a gaussian process.
Process Xt is a quasi-diffusion process if the following
limits exist

1 -
(8) 1;30—5;[1{&1,%”) - K(ti,tn}] =2, 1<ign
An
and
1 [ _
(9) Anfo-A-;[x(tm, tyr) - Kltg, £y 0] = 2,
; ,
We shall write
(n)_ 1
(10) Y Y,

if the sequence of the r-dimensional (r=1,2,44+) distribution
functions of Yim) converges, when N—eoo, to the r-dimen-
sional distribution function of Yt'

We Bhall use the following theorems arising from-'the well
known theorems for random variables with values in RT [4],

[5]:
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4 A,Plucinska

Theorem 1. Iet Xi'), x{2),.., ve independent
stochastio processes with identical r-dimensional distribu-~
tions (r = 1,2,0..)s If E x{¥) = 0, E(Xik))asw, k>,
and

(11) y{M o157 xld)
1=

then Yt’ given by (10), is a gaussian process with the co-
varianoce function

b ol (1 (1)
(12) KY(t1,t2) = h(t1,t2) = “(%t1 At2 .
fheorem 2, Let X(1),_X£2),... be independent
stochastic processes with & Xik =0, k> 1 and with the co=
variance functions

(1) i) S (1)
K (t1,t2) = B{Xg "0 Ky
1 2
such that there exist limits

N
‘ im 1 g i) ) =k ,
(13] NEELN 12 K ,1,) = By,
=1

and K 1is positive definite, If, for every r » 1, the cu~
mulative distribution functions

(L) ) = ) (1)
F (Xr) = P(){t: < x1,ooo, At::; < Xr)

are such that for every €& > 0 we have
i) (1)
1 2 2, ..(i _
(14) in 3 3 [ v altog) = o,
i=1 x$+...+x§> EN
then Y, given oy (10/, as a limit process of (11), is a

gaussian process with covariance function K,
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Quasi-diffusion processes 5

The followingz two properties follows from Theorem 1,
Theorem 2 and Property 1.

Property 2. If X£1), Xéz),... are independent
quasi-diffusion processes with identical r-dimensional distri-
butions (r = 1,2,...) and with the covariance function K
satisfying (8) and (9), then Y, given by (10}, as a limit
of (11) is a quasi-diffusion process.

Property 3. Ir X£1), X£2),... are independent
gquasi-diffusion processes satisfying (13), (14) and if K gi-
ven by (13), is positive definite and satisfies (8), (v),
then Y, given by (10), as a limit of (11) is a quasi-diffu-
sion process.,

In examples we shall use the following

Property 4., if Xt is a quasi-diffusion pro-
cess Y, = g(Xt), g e 02, there exist a set (xo,...,xm) such
that = oco= Xy < Xy < eee < Xy = o0 and g 1is strictly mono-
tone in (x;, x; 4) for i = 0,ss.,u-1, then Y, is a qua-
si~diffusion process,

Now we shall give examples of series such that the teras
and the sum of the series are quasi-diffusion processes.

sxample 1. If V£1), Véz),... are independent
gaussian quasi-diffusion processes with identicel r-dimensio-
nal distributionsg (r = 1,2,.e.)

Xi(:i) - <V£i)>l ,

where 1 is a positive integer, then ¥, given by (10) and
(11) is a quasi-diffusion process.,

In virtue of Property 4 xﬁl) are gquasi-diffusion pro-
cesses, thus, taking into account Property 1 a2nd wheorem 1
it sufrices to show that the covariance function Kh or

xél’ sutisfies (8) and (9).

Letv us uenote
(1) -.(1} . .
K., =&{v.; v = a(%.,t:)
i} (ri Lj i273°%
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f exp — ;E)dx.

when we have

(15, K .(t.,t.; = x
1) Aﬁ\tlrtal

1.1 1 2,
xfxx.exp -—— (X -2k xx+xk)
%5 ( 2 R PR P o M T &5
2 [akiik -ky4)

- 1 2,2  1l-s
DI ECRUNER Kij ®s M21-s’

where evidently Bopnei = 0 for every positive integer n.

Wow let us notice, that from (8) and (9), it follows that
there the following limits exist

(16) A11mA [K(tnn' theq! = Kty tn)],

(17} lim—— Bty t,) K(t

2
A 08, n+1? 17r1+1) -K (tn’ LW )]

Taking into account (15) we can express the left-hand si-
des of (8) and (9) in the following form

limA [Kx(ti,tnﬂ) Reltg0t,)] =

= 1“‘A Z( ) mg myy g x

B =0

- 514 -



Quasi-difiusion processes

2 2 l-g 2,2 . 1-8
[(k n+1 n+1 k:. n+t) 1‘:i,n+1 = (kg5 kpp=Kip) kin]
1
. 1
=Ali'g (s) By @23-g *
n 8=0
8 . l-8 - kl-s
2 2 "i,n+1 in
X (k n+1 n+1 kl n+1) * A, +
8 8
le-g 1 2 2 2 ,2
+ ki Z (kn n+1,0+1 ~ ki,n-t-1 (kil nn kin) ’

1 1

A]ig by [K*'(tn+1 'tn+1 ) Kx(tn'tnﬂ ):I A‘E"g Ay ln2ll.kn+1 s+l

1 -
- 1 K2 2 1-g

20 (s) Mgy s Knnkpy1 o1 = ¥p oner)” My n+1) =

8=

1 2

= _i Z—[mﬂknﬂ 0+ =ty (K kg ,n+1 = Kp n+1) n n+1]

Op

1 8

.1 l-8 2 2

+ 2 ( ) BgP21-s AE%A_n Knyn+1 EnnEnet ne1 = En,ne1)

8=0 n

Taking into account the fact that the covariance function
K satisfies (8) and (9) and consequently that there exist
limits (16) and (17}, it is easy to see that there exist 1li-
mits of the right sides of (18) and (19). In other words, the
relations (8) and (9} hold for K.

Example 2. Let V£1),

m(vii))z = 6§t

. (véi))l
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& A.Plucinska

where 1 is a positive integer. Suppose that there exist a
constant 6° such that

62< 62 for i=1,2,...

If the following limit exists

(18) lim = Z 621 ,

N—oot

then Y. given by (10) and (11) is a gquasi-diffusion process.
It is sufficient to show that the conditions (13) and (14)
hold.

It is evident by (15), that we have

(1) (1)) _
By
. 21 _§ 8
21 1 2
6i Z (s) meMoy g1 (t -% )
8=0
Thus, in virtue of (18), we obtain that

§
15 ke ,5, =

ie=1

x(“(t1,t2)

"

8

s —_—
Z (l> mg 21-3"1 2“2"t )2 11\1 Z 65+

has a limit when N-—=oc and this limit is a funotion posi-
tive definite.

Now we are goln% to show that (14) hglds. et 1 be a
non-even number, ¥ be c.def. of X « From the proper-
ties of integrals it follows that
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Quasi-aifiusion processes

N
R}
1Y ] Eeed e

+...+x2>eN
by

N
=%Z r L 1 x

¥ ‘,—é- r
(am) (Bgseens -ty 1 )7 6y

x2 v (x_-x )2
2 e
X f (x21+...+x'1) exp | - LSS I i =~ dX_ =
1 r 2 2 r
21 21 24465 2(t,-t,_4)67
X, "#euetx_ >N
1 r
N
_ 1 21
= T 1 261 x
. 2 2 x=1
N(2T)® (bgaee(t -t o))
x2 (x_-x )2
21 21 1 r “r-1’
X - - =
j (x1 tooodX } exp R R T dX =
3 S I 3 | rore
1 sve r)'_'21
i
2 2
21 (x-x )
= 6 f 21 2 x‘l-_ T -1
T j— (1(1 +...+xrl)exp~g ...;—2—(%—_1;——\ dxr -0
@t el P Bhernriah EX ! ~
R A

when WN-—=oco,

In a similar way we can show that (14) holds in the case
when 1 is even. i

mxample 3. Let x£1), kiz',... be independent
quagl-diffusion processes with identical r-dimensional di-

stributions (r = 1,2,...)} with covariance function

(19) K(ty,t5) = afy(8q) + 052, (tp=ty) + a324(t,8,),
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10 A.Plucinska

vhere q?, qg, q§ are some real numbers, f1 € C1, f3 € C1,

f2 has the right-hand side derivative and f1, f2, f3 are
covariance functions, then Yt given by (10) is & quasi-dif-
fusion process.,

It is evident that K given by (19) is a covariance fun-
ction and that K satisfies (8) and (9). Thus, in virtue of
Property 2, lt is also a quasi-diffusion process.

‘The assertion of Example 3 is also true even if we omit
the assumption that 1£1), xﬁa’,... are quasi-diffusion pro-
cesses, Thus (19) can be treated as a condition which makes
the 1imit of the sum (11), the sum of independent stochastic
processes with identical r-dimensional distributions (r =
= 1,2,e00s), & quasi-diffusion process.

rormula (19) is quite general. The special cases of (19)
are the most often encountered covariance functions

n
62 exp (-cz(tz-t1)2), 62 :E: °i|t2't1|i exp ('°2lt2't1|)’
i=t

M

, 2
ci co8 ﬂi(tz-t1), cos(tz-t1)exp(-‘t2-t1|), c“t,, etec.
1

WY
i

(evidently these functions are covariance functions if the
coefiicients ¢y satisfy some additional conditions).
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