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A PROPERTY OF SERIES OF QUASI-DIFFUSION PROCESSES 

I t is well known that the sum ( f in i t e or in f in i t e ) of d i f -
fusion processes may not be a diffusion process or more gene-
ra l the sum of Markov processes may not oe a Markov process. 

[ 2 ] conditions have been given under which the 
class of quasi-diffusion processes is closed with respect to 
the operation of the addition of a f in i t e number of terms. 
In this paper we are going to give conditions under which the 
series of quasi-diffusion processes is as well a quasi-diffu-
sion process. 

Let i.^, where t 6 i'0 = ( 0 , ï ) , be a stochastic process 
with values in K1. Let 0 £ t., < . . . < t < T, tQ = 
= ( t 1 t . . . f t n ) , * n = ( x 1 , . . . , x n ) , XQ e ±in and A is a Borel 
set in H1. 

>»e denote 

P(2.+ e A|Xt , . . . ) = , ; tn.-I i à ) . 
n+1 1 X1 zn 1 n + 1 

We say that Xt is a quasi-diffusion process i f for every 
n, t » X and £ > 0 we have 

(1) ;(n) (t. n' "n+1 V£ ( x n ) j = 
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2 A.Pluciriska 

n 'xn+1~xn < £ 

= ak{th» xnJ' k = 1»2' 

where A n = tn+1 - tn, 

Ve " { xn+1 8 xn " xn+1 

and lim denotes lim 
A —0 n t --t n+1 n 

(i.e. t is fixed and t ^—-tfl). 

In this paper, instead of (1), we shall consider a stron-
ger condition, namely we assume that 

/ < (3) lim 
a.-«*" V£ < V 

xn+1 ~ xn >2 p U , ( tn» *n* V i ' d W = 0 

wow we shall assume that 

E X+ = 0, 

and that the following expectations exist 

K ( W » 

(4} Pn+1 " = B(Xt n+1 T1 n 

6n+1 " 6 (tn+1<\. « • « < ) = E U x+ 1 • •.,x+ t 1 Xn 

tie admit also that the matrix [^(t^jtj is positive 
iefinite. 
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Quasi-diffusion prooesses 3 

If we admit (3) and the existence of (4), (5) then it is 
easy to see that (2) take the following form 

( 6 ) 

and 

V " xn] " a1(tn» xn} 
A n 

An-0 "n 

We shall use the following fact. 
P r o p e r t y 1 [3]» Let X^ be a gaussian process. 

Process X^ is a quasi-diffusion process if the following 
limits exist 

(a) 

and 

^ ^ [ ^ i ' W - K ( W ] = *in' 

9) . l jf 0^[ K ( tn +1- W - K ( V W ] • V 
A n 

We shall write 

(10) y{ K )— 

if the sequence of the r-dimensional (r=1,2,...) distribution 
(N) 

functions of Y^ converges, when M——00, to the r-dimen-
sional distribution function of Y^. 

We shall use the following theorems arising from'the well 
known theorems for random variables with values in Rr [4I, 
W -
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4 À.Plueinska 

T h e o r e m 1. Let x j ^ , be independent 
stochastic) processes with ident ica l r-dimensional d is t r ibu-
tions (r = 1 , 2 , . . . ) . If E = 0, E(xj.k ,)2< oo , k » 1, 
and 

( i d i f ' - l E * ! 1 ' 
i=1 

then Y^, given by (10), i s a gaussian process with the co-
varianoe function 

(12J Ky( t 1 t t 2 J = K(t1 , t 2 J = . 

(1 ) (2) 
'i' h e o r e m 2. Let X+ , X̂  , . . . be independent 

stochastic processes with ii = 0 , k > 1 and with the co-
variance functions 

such that there exist l imits 
N 

( i ) w Z—, D 
jj—. oo (13) f l i B I 2 K t i ' ( t 1 , t 2 ) = K( t 1 , t 2 ) 

~ i=1 

and K i s positive de f in i t e . I f , for every r ^ 1, the cu-
mulative distr ibution functions 

* ( i , ( x r ) = < x, < x r ) 

are such that for every £ > 0 we have 

K 
(14 ) l i m ^ V J . . . + x£) d i ( i ,(X r) = 0 , 

i=1 2 2 „ x^+... > e w 

then Yt given by (10), as a l imit process of (11), i s a 
gaussian process with covariance function K. 
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Q u a s i - d i f f u s i o n processes 5 

The fo l lowing two p r o p e r t i e s f o l l ows from Theorem 1, 
Theorem 2 and Proper ty 1. 

Î1 ) (2) 
P r o p e r t y 2. I f X^ , X^ , . . . are independent 

q u a s i - d i f f u s i o n processes wi th i d e n t i c a l r -d imens iona l d i s t r i -
bu t ions ( r = 1 , 2 , . . . ) and wi th the covar iance f u n c t i o n K 
s a t i s f y i n g (8) and ( 9 ) , then Y t g iven by (10) , as a l i m i t 
of (11) i s a q u a s i - d i f f u s i o n p r o c e s s . 

P r o p e r t y 3. I f x j 1 ^ , are independent 
q u a s i - d i f f u s i o n processes s a t i s f y i n g (13) , (14) and i f K g i -
ven by (13) , i s p o s i t i v e d e f i n i t e and s a t i s f i e s ( 8 ) , ( y ) , 
then Y^ given by (10) , as a l i m i t of (11) i s a q u a s i - d i f f u -
s ion p rocess . 

In examples we s h a l l use the fo l lowing 
P r o p e r t y 4. I f X^ i s a q u a s i - d i f f u s i o n pro-

cess Y^.= giX^) , g e C 2 , t he re e x i s t a s e t such 
t h a t - oo = x 0 < x.j < . . . < x^ = oo and g i s s t r i c t l y mono-
tone i n (x^, ) f o r i = 0 , . . . ,M—1, then Ŷ . i s a qua-
s i - d i f f u s i o n p roces s . 

Now we s h a l l give examples of s e r i e s such t h a t the terms 
and the sum of the s e r i e s are q u a s i - d i f f u s i o n p roces se s . 

¿ x a m p l e 1. I f V ^ 2 ^ , . . . are independent 
gauss ian q u a s i - d i f f u s i o n processes wi th i d e n t i c a l r - d i m e n s i o -
n a l d i s t r i b u t i o n s ( r = 1 , 2 , . . . ) 

where 1 i s a p o s i t i v e i n t e g e r , then Y t g iven by (10) and 
(11) i s a q u a s i - d i f f u s i o n p rocess . 

In v i r t u e of Proper ty 4 x j ^ a re q u a s i - d i f f u s i o n pro-
c e s s e s . i h u s , t ak ing i n t o account Proper ty 1 and iheorem 1 
i t s u f f i c e s to show t h a t the covar iance f u n c t i o n K of 
x i 1 ^ s a t i s f i e s (8) and (9) 

à 

Let us uenote 

- 513 -



mk = —^ J xkexp 
K V2? 

¿hen we have 

i i j ; & i t . , t = • /» 1 J 
2r\/k..k., - k2, 

V n 3D i j 

/ -ft exp o— (x?k..-2k..x.x.+x?k..) i-2 \ i 03 i j i J J i i ' 2 (k , ,k . . -kf . ) _ i i 33 i3 

1 s 
= Z ( I ) - k?.)2 kh S m m„. , Vsy i i 03 io ' 13 s 21-s 

dx.dx. • 0 

s=0 

where evidently m2n+1 = ® 1 0 r e v e r y positive integer n. 
iiow l e t us not ice , that from (8) and (9 ) , i t follows that 

there the following l imi ts e x i s t 

(16) ¿ i f . h [ K ( t n + 1 - W " K ( t n * V ] 
n 

( 1 7 ) [ K ( V V K ( t n + 1 ' *n + 1 } " K ( V W ] 

Taking into account (15) we can express the left-hand s i -
des of (8) and (9) in the following form 

l i S i r [ K X ( t i ' t n + 1 ) - w v ] -
- J Q 

1 

V i g S ^ E ( s ) ° s m21-s * 
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Quas i -q i f fus ion processes 7 

( k i i k n + 1 , n + l " k i , n + 1 k i t n + 1 ~ t k i i k n n ~ k L i ) 2 k i n 8 

=
 A

n ° S ( s ) ms m21-s x 
A n u s=0 

- k 1 " 8 - it1"8 

(k k -k 2 )2 _i1n+1 
i i n+1 ,n+1 i,n+1 ^ ^ 

+ k^- 8 J -
s 8 

( k i i k n+1,n+1 " k i , n + 1 ) 2 " ( k i i k n n " k i n * 2 

lim-^— K X { i n + - \ * ~ V W t - l ) n+1 

1 

- H ( s ) m 8 m 2 l - s ( k n n k n + 1 , 
8=0 

- k2 )2 k 1 " 8 
n+1 n,n+1 *n,n+1 

^ ^ ¿ ¡ - [ ^ i + l . n + l - ^ l ^ n n ^ + l . n + l " kn,n+1 , k i , n + l ] + 

1 8 
+ £ U ) " s ^ l - s " " ¿ T k irn+1 ( knnkn+1,n+1 " kn,n+1 ^ • o_n A.r-0 n 

Taking in to account the f a c t tha t the covarianoe func t ion 
K s a t i s f i e s (8) and (9) and consequently tha t there e x i s t 
l i m i t s (16) and (17), i t i s easy to see tha t there ex i s t l i -
mits of the r i g h t s ides of (18) and (19)* In o ther words, the 
r e l a t i o n s (8) and (9) hold f o r K^. 

E x a m p l e 2. Let V^1) , V ^ ? ) , . . , be independent 

Wiener processes , = 6 2 t 

4 1 ' - ( ' H 1 . 
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A.Plucinska 

where 1 i s a pos i t ive i n t e g e r . Suppose tha t there ex i s t a o constant 6 such tha t 

6? < 6 2 f o r i = 1 , 2 , . . . 

I f the fol lowing l imi t e x i s t s 

jft 

(18) ^ i S 6 ? 1 ' 
iM— i_. j 

then Yt given by (10J and (11) i s a q u a s i - d i f f u s i o n process. 
I t i s s u f f i c i e n t to show tha t the condi t ions (13) and (14) 
ho ld . 

I t i s evident by (15), tha t we have 

- 6 ? 2 ( i ) v W i 1 " 5 < W 5 • 

s=0 

Thus, in v i r t u e of (18), we obta in tha t 

N 
1 X K ( i , ( t 1 f t 2 ) = 

i=1 

8=0 i=1 

has a l imi t when J S I — — °o and t h i s l im i t i s a func t ion pos i -
t ive d e f i n i t e . 

Now we are going to show tha t (14) holds . Let 1 be a 
non-even number, be c . d . f . of X ^ K From the proper-
t i e s of i n t e g r a l s i t follows tha t 
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Quasi-aiffusion processes 
ri 

i=1 2 2 x. +... +x > é N n r 
N 

1 _ 1 1 
" N Z_ r T 

1=1 (2T)2 (^.....(tj.-t^))2 6J 

/ 
21 

X1 

(x1 
.21 21v .+xr ) exp 

.+x21>N r 
2t„6? 1 1 2 < V W 6 ? 

dX = 

— i 3 î ¿ 6 i l » 

l ,+xr ) exp 
21 21 £N 

X1 + " * +xr >721 
6i 

2t„ 
r r-1j 

2(t -t J r r-v 

6 2 1 f ,21 2L ( A [ V V A 
v2 21 21 eN \ 1 r 

- ' V 2 T 

when N — . 
In a similar way we can show that (14) holds in the case 

when 1 is even. 
e x a m p l e 3. Let xj1^, ij2',... be independent 

quasi-diffusion processes with identical r-dimensional di-
stributions (r = 1,2,...) with covariance function 

(19) K(t-, , t 2) = qff1 (t1 ) + q|i , 2 ( t2" t1 ' + ^ ^ V V » 
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10 A.Plueinska 

2 2 2 1 1 where qlj', qij, q^ are some real numbers, f̂  6 C , f^ t C , 
f"2 has the right-hand side derivative and f-j, fg, f^ are 
covariance functions, then Ŷ . given by (10) is a quasi-dif-
fusion process. 

It is evident that K given by (19) is a covariance fun-
ction and that K satisfies (8) and (9). Thus, in virtue of 
Property 2, is also a quasi-diffusion process. 

The assertion of Example y is also true even if we omit 
the assumption that i. 2̂̂ ,... are quasi-diffusion pro-
cesses. Thus (19) can be treated as a condition which makes 
the limit of the sum (11), the sum of independent stochastic 
processes with identical r-dimensional distributions (r = 
= 1,2,...), a quasi-diffusion process. 

formula (19) is quite general. The special cases of (19) 
are the most often encountered covariance functions 

n 
6 2 exp (-c2(t2-t1 )2), 62 2 ci|t2~tl|i exp ( - ^ I V 6 ! 

i=1 

c? cos ^(tg-t.,), cos(tg-t1 )exp(-jtg-t11 ), c2t1f etc. 
i=1 

(evidently these functions are covariance functions if the 
coefficients c^ satisfy some additional conditions). 
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