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DAMPED VIBRATIONS OF STRINGS;CONNECTED IN A NODE 

In this work, which is a continuation of work [1], we 
shall consider a system of N strings - lying in a common pla-
ne in their equilibrium position - with one end of each con-
nected to a single common point called node, and the other 
end built - in (see Fig.lj. Assume the strings are identi-
cal - all their lengths 1 are 
equal and their masses per unit 
length ^ are equal and also the 
tensions T. We introduce the 
following assumptions: 

1) the node is massless; 
2) both points of strings and 

the node can move only in the di-
rection perpendicular to the pla-
ne in which whole the system lies 
in its equilibrium state (the no-
de moves in this direction without any drag); 

3) the node does not transmit any forces acting in the 
plane of strings. We assume moreover that the second ends of 
each strings, i.e. oposite to the node, are built-in. 

We shall be interested in vibrations of the strings caus-
ed by their initial shape, initial impulses and external for-
ces different for each string. Gravity forces of string will 
be treated as external ones. In this work we assume that the 
strings vibrate in an environment in which drag is proportio-
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nal to velocity. To simplify the calculations we take y^- = 1. 
For each string we introduce axis Ox directed from its 
build-in end (let here x = 0) along the string in its equi-
librium position to the node (let here x = 1). 

Let ui(t,x) denote the displacement of the point x 
from its equilibrium position at a time t for i-th string. 
The movement of each string is described by the equation 

(1) ujt(t,x) - u^ft.x) + ku£(t,x) = p
i(t,x) for x e [0,l] , 

t £ 0, i = 1,2,...,N, 

where p1(t,x) describes an external force acting on i-th 
string and k > 0 is a damping coefficient. We take initial 
conditions in the form 

ui(0,x) = f^x) 
(2) i ^ r i 

u£(0,x) = P1(x) for x e |_0,1J , i = 1,2,...,N. 

The built-in end of each string for which x = 0 leads to 
boundary conditions 

(3) u1(t,0) = 0 for t > 0, i = 1,2,...,N. 

i'or the node we have the following conditions: 
- equality of displacements of each string connected to the 

node 

(3') u1(t,l) = u2(t,l) = ... = uN(t,l) for t S> 0 

- equilibrium of force components acting along the direction 
perpendicular to the plane assigned by the system in its 
equilibrium position 

N 

(3") ^ u£(t,l) = 0. 
i=1 
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Solution of the problem 
We introduce additional funotions u(t,x) and p(t ,x) 

defined for t ^ 0 and x 6 [ o , l ] in the form 

N N 
u(t,x) = ^ ( t . x ) , p(t ,x ) = JT P 1 ^ » * ) * 

i»1 i=1 

The conditions of our problem imply that the function u(t,x) 
satisf ies equation 

(4) u t t ( t ,xJ - u^ i t . x ) + ku t ( t ,x) = p(t ,x) for x s [o , l ] , 
t > 0 

and in i t ia l conditions 

(5) u(0,x) = f ( x ) , u t (0,x) = F(x} for x e [ o , l ] t 

N N 
where f ( x ) = f 1 * * ) » = 2 p l ( x , ï 

i=1 i-1 
and boundary conditions 

(6) u(t,0) = 0, u ^ t . l ) = 0 for t > 0. 

We are seeking a solution of (4) under conditions (5) and (6) 
in the form of Fourier series. Further investigations w i l l be 
limited to the case for which k < j ; i f no, the Fourier 
series obtained below wi l l possess few additional terms whioh 
have no influence neither on convergence of series or on be-
havior of solutions. The obtained solution is of the form 

oo t k T y 
(7) u ( t , x ) = £ 2 / e2 pn (r ) sin -g} ( t - r ) s i n ^ ^ x dT+ 

n=0 n 

00 £ t 
• £ « 2 

n=0 

«n* 01 V "n* 

n 
s i n i 2n±pr x > 
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where p „ ( t ) , f „ and are Fourier c o e f f i c i e n t s an|d are de-r n * n n 1 

scr ibed by 

P n ( t ) - f / p ( t , S ) s i n l l ^ i v , f n = f 
0 

1 
Pn = I / ) s l n ( 2 P 2 l ) 3 r ? 8X1,3 wn = Vi2n+1)25T2-k2l2l 

0 

Coming back to the s t a r t i n g point of our problem, the e q u a l i -
ty of displacement condi t ion f o r the node and the d e f i n i t i o n 
of the func t ion u ( t , x ) lead to formulae f o r v i b r a t i o n des-
placements of each s t r i n g in t h i s point as fol lows 

t 
(8) u i ( t , l ) = J u ( t , l ) = J e 2 e 2 ' pn(r)sin 

n=0 

n=0 

"n't PI ir ^ 

n 

f ( t ) 

f o r i = 1 , 2 , . . . , I T . 
Let us i nves t i ga t e the v ib r a t i ons of each s t r i n g . Let us 

take the i - t h s t r i n g . We are looking f o r the func t ion u ^ i t j x ] 
which s a t i s f i e s equation (1) , i n i t i a l condi t ions (2) and 
boundary condi t ions 

(9) u i ( t , 0 ) = 0, u ^ t . l ) = f{t), 

where f ( t ) i s defined as above. 
Vie see tha t the func t ion w( t ,x) 

the equation 
= u ( t , x ) s a t i s f i e s 
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(10) w t t ( t , x ) - w n ( t , x ) + kw t ( t ,x ) = 1 p ( t , x j , 

and the i n i t i a l conditions 

(11) f ( 0 , x ) » J f l i l , w t (0 ,x ) = ^ i ( x ) 

and the boundary conditions (9)« 
The function u ^ t j x ) can be written in the form 

(12) u i ( t , x ) = w(t ,x ) + z i ( t , x ) , 

where z 1 ( t , x ) s a t i s f i e s the equation 

(13) z £ t ( t , x ) - z^^(tyX) + k z j ( t , x ) = p 1 ( t , x ) - j p ( t , x i , 

and the i n i t i a l conditions 

(14) z i ( 0 , x ) = f ^ x ) - J f ( x j , z£(0 ,x) = 7i(x) - | r (x j 

and the zero boundary conditions 

(15) z 1 ( t , 0 ) = 0 , z 1 ( t , l ) = 0 . 

We see that the form of external force in equation (13) 
and the i n i t i a l conditions (14) imply that the condition (3"] 
i s s a t i s f i e d by the sum of functions z 1 ( t , x ) , namely 

^ z * ( t , x ) = 0 . .ve denote 
i=1 x 

h i ( x ) = f (x J - J i ( x ) , H^x) = i?1̂ " ( x i - 4- ¿ ' (x j , 

q 1 ( t ,x> = p x ( t , x ) - 4 D ( t , x ) • 
Al 

ïhe solution of the equation (13) under conditions (14) , 
(15) i s 
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't O O ¿ i ^ £ 

(16) zi(t,x) = e 2 £ |i / e 2 qj(r )sin ¿f (t-r)sin xdT + 
t k 7 

n=1 n 0 

"¿t 00 

S 
n=1 n 

sin nr "T x' 

where <jjj![(t), ̂ n an<* Hn a r e Four3-er coefficients and are 
described by 

1 1 
qj(t) = I J qi(t, p sin Jd|f hj - f / hj({) sin ̂  J d$, 

0 0 

Hn = Ï / s i a T ^ d 5 a n d a n = "^n2*2 - k2l2. 
0 

Finally, the solutions of problem considered in this work are 
functions of the form 

(17) u^t.x) = J u(t,x) + zi(t,x)f 

where u(t,x) is given by (17) and z1(t,x) by (16). 
We see that when the functions f^x), Pi(x) and p (t,x) 
are identical for every i = 1,2,...,N we have zi(t,x) a 0. 
The above considerations (see formulae (12)) lead to the con-
clusion that the vibrations of i-th string may be treated as 
composed of two components: vibrations of the whole system 
caused by averaged external forces and under averaged initial 
conditions and vibrations peculiar to the i-th string caused 
by corrected ? external forces and under corrected initial con-
ditions* 

Taking into account the form of u_ and a„, we see 
j H u 

that the functions u (t,x) described by (17) may be rewrit-
ten by the following formulae 
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"•fet 0 0 t k r 

(18) u^t.x) = e 2" £ fi-J e 2' Q*(r)sin |§(t-r)sin g x dr + 
n=1 0 

S 
n=1 

^P* L 21 . „ i j ,i| . „ ftp 
n 0 0 8 "21 ~~n ( Bn + 2 V sin "SI 0 <„ nir ̂  

sin 2ï xi 

where 

Qj(t) = 

(19) 

q^(t) for even n 
2 

1 P N n-1 for odd n 

n 
2 

for even n 

, ^ = V n V - *212' 

H^ for even n 

n 

ÏÏ fn-1 f o r o d d n' N Pn-1 f o r 0(3,3 

Particular cases 
1. Let us assume that there are no external forces acting 

on a system; it means that all the functions p1(t,x) a 0. 
In this case the solutions of problem considered are of the 
form 

(20) u i ( t , x ) = e 2 t 2 
n=1 

where A*, B*f ft are described by (19). 
As is seen from the above formulae - due to presense of 

"ft 
decreasing exponential factor e - the free vibrations of 
each string tend to die down. 

A„ cos n 
fa* 
21 

21 /flijc a i V a S r . ^ 
+ n 2 n ~2T 

. nir sxn^yx, 
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2. Let us assume that the damping of environment is so 
small, that it can be neglected, i.e. let k = 0. Under this 
assumption the solutions of problem considered are of the form 

oo \ 
(21 ) u1(t,xi = §e J wn ( r ) B i n IT (t~Z) s i n fl x d r + 

n=1 0 

+ f U j cos|Jt + g B j s i n f J t ) S i n g x , 
n=1 

where ^(t)» an<* a r e described by formulae (19). 
•¿•his particular result is identical to that obtained as the 
general result in paper [l] , while the working methods are 
different; in paper [l] the d'alembert method was used. 
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