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ON FIELDS OF SETS WITH A NOWHERE DENSE BOUNDARY

It is well-known that every Boolean algebra is isomorphic
to a field of all closed-open subsets of a topological space
(see [3]). It seems to be interesting to ask under what con-
ditions a Boolean algebra is isomorphic to a field of all sub-
sets with a nowhere dense boundary. Let us say that a Boolean
algebra is representable iff this is a case. In this paper we
shall give a necessary and sufficient condition for a Boolean
algebra to be representable in the above sense. e shall prove
the following theorem.

Theorem, 4 Boolean algebra 4 is representable
iff it is atomic and there exists a mapping D : (W= sa-
tisfying the following conditions:

(1) p(1) =1 Dp(0) =0,
(2) Dp(p(a)) = D(a),

(3) p(-D(a)) = B(-a),

(4) Tlaab) = DlajAal(b).

(5)*)If X €0 has an upper bound a such that D(a) = @

then X has the supremum in OV,

(6) If X CO/ is such that for every a e X, 2 < D(a) then
X has the supremum in .
Proof. To prove the sufficiency let us assume that
Oy is an atomic Boolean algebra and D : -0 1is 2 mepping

.

after completing this pzazer the author hs: lzarant that the
concition (5) can be éizgensed with beceus:z it can te de-
vived Iirom the remaining conditions,
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2 S.Wroniski

such that the conditions (1),...,(6) are satisfied. It is
known (see [3]) that the mepping a +={x ¢ a|x is an atom }
is a complete embedding of the atomic Boolean algebra into
the field of all sets of its atoms, Thus, without loss of ge-
nerality we can assume that M is a field of sets, every atom
of ¢ is a singleton and all existing suprema in (M are set-
~theoretical. We shall prove succesively the following:

(i) The family of sets & = {a eM]ac D(a)} can be used
as a family of open subsets of the unit element 4 of the
field ¥4, i.e, @ 1is closed under finite intersections and ar-
bitrary unions,

(11) The family of sets &= {aed|D(a) = 0} is the fa-
mily of all nowhere dense subsets of the topological space
<1,8> .

(iii) The field M is the family of all subsets with a
nowhere dense boundary of the topological space <1,0>.

To prove (i) ohserve first that 4 , 0e& by (1). Assume
that a,be®™, a CD(a), b C D(b), thenm an b C D(a) nD(b)=
= D(a nb) by (4). Kow Let us assume that a C D{(a) for eve-
ry a e XC W Since by (4) it follows that the mapping D
is monotone and by (6) it follows that UXe & thus UXC
cUD(X) € DlUX).

Now it will be convenient to prove two lemmas, the first
characterising the interior operation of the topological spa=~
ce (1,8 for sets belonging to the field ¢ and the second
stating an useful property of the family & .

(%) For every ae(, la =an Dla) (Ca = a u -D(-a))

(x) If a e€® and bCa then bed.

To prove (%) assume that be®, b C D(b}) and@ b C a,
Then UD(b) ¢ D(a) which gives that % C a nL(a] and there-
fore we have only to check thet & n D(a)e @ . Indeed, _
an D(aj C D(a) = D(a) ~ D(D(a)) = D(a » D(a)) by virtue of
(2) and (4).

To prove (%) assume that a € § and > C a. Let at(eal,
at{b) Vve the sets of all stoms of ¢ contained in a,b re-
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On fields of sets 3

spectively. Since a € & and At{b) C 4t(a) then Uit{b)le ¥
by {5). Clearly UAt(b) € b. To prove the converse inclu-
sion suppose that x € b. Since a 1is an element of the
atomic field % then U at{a) = a and it follows that
xeUAkt(a), Since every atom of ¢ is a singleton thus {x}
must be an atom of O and consequently {x} e 4t(b). This
means that xe UAt(b) and thus we get that b =ULt{b)e .

Xow we are gble to characterize the family of all nowhere
dense subsets of the topological space < 4,Q> by proving
(ii). Suppose first that a €4 and ICa =0. Since Ca ¢ %
than 0 = ICa = Ca nD{Ca) by (¥} and next 0= D(0) =
= [(Ca n D(ca)) = D(Ca) n D(D(Ca}} = L{Ca) n C(Ca) = D(ca)
which means that Ca € § and thus one gets that a ¢ & apply-
ing (**). We have proved that every nowhere dense subset of
the topological space < {,Q> belongs to the family & . Now,
let us suppose that ae®. Then D(a) = 0 and consequently
b(-a} = D(~D(a)) = D{~0) = 4 by virtue of (3) and (1). Next
apolying (*) one gets that ICa = (a u -D{(~a)) n D(au=-D(-a))=
={au-1)nllau-1 =andla) =an@=0 which means
that & 1is a nowhere dense subset of the topological space
<4,8>

Now we zre in the position to prove the condition (iii).
Having proved that ¢ is the fami;y of all nowhere dense sub-
sets of the topological space <4,8> we need only to show
that for every aC{, Fr(a) e & iff aecW. Let us suppose
first that a e . Then

Fr(a) = Ca -~ Ia = (a u - D(-a)) - (a n D(a)) =

(-a - D(-a)) v (a - D{a)) v - (D(-a) u D(a)).

Now applying the conditions (1), (3) and (4) one can show
that each the component of the sum above belongs to & . Indeed,

D(-a - D(-a)) = D(-a) » D{(-D(-a)) = D(-a) n D(a) =

p(-a na) = D(0) = 0.
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4 S.Wronski

D{a -~ D(a)) = D(a) n D(-D(a)) = D(a) n D(-a) =

Dlan -a) = D(0) =0.

p((-p(-a) uD(a))) = D(-D(-a) n -D(a)) =
=0(-p(-a)) » p(-D(a)) = D(a) n D(-a) = D.

‘e 'know that ® is an ideal of ¢ by virtue of (ii) and
thus it follows that the whole sum (i.e. Fr{a)) belongs to &
which was to be shown. Now let us suppose that Pr(a) ¢ 3.
Then a nFr{a) e 8 CW by virtue of (*¥), Next observing
that Ia e M and a =Ia u (an Fr(a)) we get that a &
which finishes the proof of sufficiency.

To prove the necessity let us suppose that we are given
a topological space <({,R> with a family @ of open sub-
sets and with a field O of sll subsets having a nowhere den-
se boundary. First we shall prove that the field 4 is atomic.
Suppose the converse, then there exists a € & such that
a # 0 and there is no atom of % contained in a. We claim
that for every b Ca if b e @& then be &, Indeed, since
Fr(b) is a nowhere dense set and b = Ib u (b~ Fr(b)) ' then
b n Fr(b) = 0 because in the opposite case there exists a
nowhere dense atom {x} C a such that x ¢ b n Fr(b)). Now,
let us consider the ideal ® = {be%|b Ca}. It is clear
that B is a nontrivial field of sets and ® CQ . Thus for
every XCB, UX ¢ B and consequently the field H as a
nontrivial complete and completely distributive Boolean alge-
bra would ve.atomic, a contradiction. Now, if we define a map~
ping D : &= by putting D(a) = ICa for every a e (%
then it is easy to check that the conditions (1),...,{4) are
satisfied. To prove (5) observe that the sum of a family of
sets having a nowhere dense upper bound must be a nowhere
dense set and thus it must have a nowhere dense boundary. To
prove (6) assume that a CICa for every a € XC& . Cbserv-
ing that set x has a nowhere dense boundary iff ICxC CJdx
we get succesively ICa C CIa, ICa C ICIa and a C ICIa for
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On fields of sets 5

every a ¢ X, This gives that UX C ICIUX and consequently
ICUI € ICICIVUX = ICILMX C CIUX which was toc be shown. (.3.C.

It is worth noticing that by a theorem of Von Neumann
(see [2]) it follows that every 6-field of sets with 2 com~
plete and 6-finite measure is representsble and thus it is
atomic, On the other hand one can construct an example of
atomic field of sets which is not representable.
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