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ON PARACONTACT MANIFOLDS 

In [ l ] C.S.Hsu has obtained a necessary and s u f f i c i e n t 

condit ion f o r a (2n+1)-dimensional manifold to admit a 

i f)-structure which i s c l o s e l y r e l a t e d to almost contact 

s t r u c t u r e , hn almost paracontact s t r u c t u r e i s def ined and 

studied by I . S a t o [ 2 ] . 

In the present paper we obtain c e r t a i n p r o p e r t i e s of a l -

most paracontact s t r u c t u r e manifold and f i n a l l y in the l a s t 

part of the paper we obtain a necessary and s u f f i c i e n t condi-

t i o n f o r a manifold to admit an almost paracontact s t r u c t u r e . 

Let us consider an r-dimensional r e a l manifold M̂  of 

d i f f e r e n t i a b i l i t y c l a s s C°° . Let there e x i s t in M :̂ 

( i ) a ( 1 , 1 ) tensor 0 , 

( i i ) a non-zero v e c t o r f i e l d $ , 

( i i i ) a non-zero 1-form q 

which s a t i s f y the f o l l o w i n g p o s t u l a t e s : 

(p.,) * m = 0, 

(P2) 02(x) = X - qUi\ 

f o r an a r b i t r a r y v e c t o r f i e l d X. Then we say that i n 

cons iderat ion has an almost paracontact s t r u c t u r e and M̂ , i s 

an almost paracontact manifold. 

I t can be e a s i l y shown that (P-j) and (Pg) imply: 

(P3) l? = 1 , 

(P4) 7 * U ) = 0, 
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(P 5 J 0 3 ( X ) = 0 ( X ) , 

( P 6 ) 0 4 ( X ) = 0 2 ( X J . 

F i r s t l y , we c o n s i d e r the s o l u t i o n of 0 (X) = 0 . This O 
equat ion i m p l i e s 0 ill = 0 or /y(X)| = X, i n consequence 
of ( P 2 ) . Thus the only s o l u t i o n of 0 ( X ) = 0 i s X = $ up to 
a f a c t o r of p r o p o r t i o n a l i t y . Hence the rank of 0 i s r - 1 . 

We w i l l now o b t a i n the e i g e n va lues and e igen v e c t o r s 
o f 0 . Let ¡i be an e igen value of 0 , the corresponding 
e igen v e c t o r being P. Then 0 ( P ) = ¿¿P or 0 2 ( i ) = ¡x4>(P) = 
= f i 2P. Consequently using ( P 2 ) , we ge t = 

Thus there are two c a s e s : 
Case I : P = £ up to a f a c t o r of p r o p o r t i o n a l i t y . Then 

using (P^) , ¿¿2 = 0 . Consequently, t h e r e i s a s i n g l e e igen 
value 0 , the corresponding e igen v e c t o r being J . 

Case I I : P and | are l i n e a r l y independent. Then ¿z= + 1 
and f j (P ) = 0 . S ince the rank: o f 0 i s r - 1 , there a r e , 
say h , e i g e n v a l u e s 1 and r - h - 1 e igen va lues - 1 . 

bo, over the d i f f e r e n t i a b l e manifold ii^ we have t h r e e 
d i s t r i b u t i o n s L, M and If o f dimensions h , r - h - 1 and 1 r e -
s p e c t i v e l y corresponding to the e igen va lues 1 , -1 and 0 r e -
s p e c t i v e l y . 

Let us now agree tha t i f X, Y, Z, u occur i n any equa-
t i o n , the equat ion s tands f o r a r b i t r a r y v e c t o r f i e l d s X, Y, 
Z, U. 

L e m m a : The d i s t r i b u t i o n s L, M and ft are complemen-
t a r y d i s t r i b u t i o n s generated by complementary p r o j e c t i o n ope-
r a t o r s 1 , m and n r e s p e c t i v e l y def ined by 

, • def ( 1 ; 21 = 1 + 0 - 1 7 » ! 

( 2 ) 2m = I - 0 - r?«$ 

. , def 
( 3 ) n = 11 ® \ 

or e q u i v a l e n t l y 
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/ def ? (4J 21 = 0^ + 0 , 

(5) 2m = = 0 - 0, 

def p ( b) n = = + I, 

where I is the identity (1.1) tensor. 
r o o f . Ĵ irst we show that 1, m, n are complemen-

tary projection operators, «e have 

21 + 2m + 2n = 0 2 + 0 + 0 2 - 0 + 2i - 202 = 21 

i.e. 1 + m + n = I. i'rom (Pc) and (P/-J we have 

j b 

412 = 21.21 = (02+ 0) (02+ 0) = 0 4 + 203 + 0 2 = 2(02 + 0) = 41 

i.e. I 2 = 1. Similarly, 

and 

m2 m = m 

n2 = n. 

Further, 41m = 2l(2m) = (02+0j(02-0) = 0 4 - 0 3 + 0 3 - 0 2 = o 
i.e. lm = 0, fTom (P^) and (pg) we have 

4ml = 2m*21 = (02-0)(02+0) = 0 4 + 0 3 - 0 3 - 0 2 = 0 

i.e. ml = 0. ihus lm = 0 = ml. 
Similarly 

In = 0 = nl 
and 

mn = 0 = nm. 

Moreover, using (P^) and (1 ) we get 

201 = 0(21) =0 (02 + 0) = 0 3 + 0 2 = 21, 
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i . e . 0 1 = 1. i?rom (P c ) and (1 ) we have 

210 = ( 0 2 + 0 ) 0 = 0 3 + 0 2 = 21, 

i . e . 10 = 1. Thus 

(7) 10 = 1 = 0 1 and 0 2 1 = 1 . 

s i m i l a r l y 
2 

(8) m0 = -m = 0m, 0 m = m 

(3) n 0= 0 = 0n, 0 2 n = 0 . 

i'hus 1, m, n a re complementary p r o j e c t i o n o p e r a t o r s on M^, 
To complete the proof of the lemma we now show t h a t 

ii, k , in a re the complementary d i s t r i b u t i o n s cor responding 
to the complementary p r o j e c t i o n o p e r a t o r s 1 , m, n , : i . e . 

(10) L = [ l i . s X e ?Q (m) | 

( i 1 ) M = jmX : X e I^Ui) j 

(12) ¡i = jnX : X e S£(M)} . 

i o prove ( 1 0 ) , l e t 

z ' e {lX : X € i ^ ( m ) j . 

Then we have 

•¿' = IX, 

<t>L' = 0 1a = IX = Z' , 

IX € L. 

Converse ly , lex Z e L, then 

0Z = Z. 
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Also 

(13) Z = lZ + mZ + nZ = lZ + mZ + n0Z = 1Z + mZ. 

Again from (13) 

(14) Z = 10Z + m0Z = 1Z - mZ. 

From (13) and (14), if Z = 1Z then Ze jlX : X e 3^(11)]. 
Henoe L = jlX t X e 
Similarly 

M = |mX : X t ^(M)] 

and 
If = jnX : X e 3fJ(M)| . 

Thus, over the dliferentiable manifold we have three 
complementary distributions L, M and K of dimensions h, r-h-1 
and 1 generated by the complementary projection operators 1, 
m and n respectively. 

tfe will now prove our main theorem. 
T h e o r e m . A necessary and sufficient condition 

for Mj, to admit an almost paracontact structure is that 
there exist three complementary distributions L, M and ii of 
dimensions hf r-h-1 and 1 respectively which together span a 
linear manifold of dimension r. 

P r o o f . The necessary condition immediately follows 
from the lemma proved above. 

The condition is sufficient: Suppose jhere are three com-
plementary distributions L, & and w of dimensions h, r-ii-1 
and 1 respectively which together span iâ . 

Let P; x = 1,2,...,h and Q; a = h+1,...,n-1 be li-x a 
nearly independent basis vectors in L and m respectively 
and | be a vector in Then j P, Q, is linearly in-
dependent. 
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J x a 1 
Consequently, there exists an inverse se t ^ p, q , 7 J 

t i s f y i n g 

s a -

p(P) = 5*, p(Q) = 0, p(§) = 0 , 
a 

q(p) = o, q(Q) = 5°, qt$) = 0 , 

n(P) = 0 , qlQ) = 0, q($) 
x a 

= 1 

and 

x a 
p(X)P + q(X)Q + r{(X)$ = X. 

Let us put 

x a 
0(X) = p(X)P + eq(X)Q, where e = + 1, 

x a 

then by v i r t u e of the above equat ions , we have 

rj0(X) = 0, ) = 0, = 1 

and 

X & 
ef2(x) = p 0(X)P + e o0(x)Q = 

x a 
x 

= P 
y b 
p(X)P + 6 q(X)Q 

y b 

a 
P + e q 
x 

y t> 
p(X)P + 6 q(X)Q [ Q 

y b J a 

x a 
= p(X)P + q (X)Q = X - rj(X)!; . 

x a 

Thus iij, admits an almost paracontact s t r u c t u r e . 
This proves the theorem. 
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R e m a r k s : 
(i) Let 

x a 
0.,(X) = p(X)P - q(X)Q, 

x a 
x a 

0?(X) = p(X)P + q(X)Q. c x a 
In the latter case, we have 

02(X) = 0(X). 

(iij By virtue of (4), (5) and (6) we have 

1 + m = 0 2, 

1 - m = 0 , 

1 + m + n = I. 

(iii) Again from (7), (8) and (9) we obtain 

0 2 rl = 1, f>2r+1l = 1, 

0 2 rm = m, 0 2 r + 1m = - m, 

0rn = 0 for every positive integer r. 
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