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ON PARACONTACT MANIFOLDS

In [1] C.S.Hsu has obtained a necessary and sufficient
condition for a (2n+1)-dimensional manifold to admit a
(ﬁ,g,q)-structure which is closely related to almost contact
structure. An almost paracontsct struciture is defined and
studied by I.Sato [2].

In the present paper we obtain certain properties of al-
most paracontact structure manifold and finally in the last
part of the paper we obtain a necessary and sufficient condi-
tion for a manifold to admit an almost paracontact structure.

Let us consider an r-dimensional real manifold Mr of
differentiability class C™ ., Let there exist in Mr:

(i) a (1,1) tensor o ,
(ii) a non-zero vector field § ,
(iii) a non-zero 1-form g
which satisfy the following postulates:

(Py) (%) = o,
2 vt . -
(®,) $°(X) = X - (k)
for an arbitrary vector field X. Then we say that M, in
consideration has an almost paracontact stroncture and I, is

an almost paracontact manifold.
It can be easily shown that (P,} and (P,) imply:

(PB) Q(§)=1,
(P4) ne(x) = o,
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(25) 83(x) = #(x),

£).

[t}
|

(Pg) o4 (x)

Firstly, we consider the solution of ¢&(X) = 0. ‘his
equation implies #2(x) = 0 or n(x)§ = &, in consequence
of (P2}. 1hus the only solution of @(i}) =0 is X = § up to
a factor of proportionality. Hence the rank of ¢#is =r-1,

We will now obtain the eigen values and eigen vectors
of # . Let YU be an eigen value of ¥ , the corresponding
eigen vector being P, Then #(P) = uP or #2(F) = ue(p) =
= sz. Consequently using (P,}, we get (1-y?)P = n(E)g.

Thus there are two cases:

Case 1: P = t up to a factor of proportionality. then
using (PB), ye = 0, Consequently, there is a single eigen
value O, the corresponding eigen vector being ¥ .

Case II: P and § are linearly independent. Then us= t 1
and n(P) = O, Since the rank of ¢ is =r-1, there are,
say h, eigen values 1 and r-h-1 eigen values -1,

So, over the differentiable manifold Mr we have three
distributions L, ¥ and ¥ of dimensions h, r-h-1 and 1 re-
spectively corresponding to the eigen values 1, -1 and O re-
spectively, .

Let us now agree that if X, Y, 2, U occur in any egqua=-
tion, the equation stands for arbitrary vector fields X, Y,
Z, U, '

Lemma: The distributions L, il and N are complemsn~
tary distributions generated by complementary projection ope-~
rators 1, m and n respectively defined by

(1) 219i—f1+¢-qeg
(2) 2mde=fI-¢—qo§
(3) n &L neg

or equivalently
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. def
(4] 21 ==¢° + 0,
. def
(5] om =% - g,
def
(6) n—= -2 4+ I,

where I is the identity (1.1} tensor.
rro0o0f. ¥irst we show that 1, m, n are complemen=-
tary projection operators. we have

2

21 + 2m + 2n =82 + B+ 9% - @ + 20 - 2¢° = 21

i,e., 1+ m+n =71, From (PS) and (P6) we have

2

412 = 21.21 = (824 2) (%4 9) = o* + 2¢° + 8% = 2(p% + @) = 41

ioe. 12 = lo
Similarly,

and

n2=n'

Further, 4lm = 21(2m) = (#%+0)(8°-9) = % - 83 + 83 - 62 = ¢
i,e, lm = 0, From (P5) and (P6) we have

4ml = 2me21 = (8°-9)(0%+0) = 8% + 8% - 0> - ¢

j.ee ml =0, Thus 1lm = 0 = ml,
Similerly
ln = 0 = nl
and
mn = 0 = nm,

Moreover, using (PS) and (1) we get

281 = 2(21) =2 (8% + 8) =03 + #2 = 21,
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1., Fkrom (P5) and (1) we have

218 = (8%+0) 8= 93 + 82 = 21,

i,e, 1¢ =1, “hus

(7) 1¢=1=01 and %1 = 1.
Similarly

(8] mg= -m = gm, @°m =m

(9) ne= 0 = on, 0%n = 0.

“thus 1, m, n are complementary projection operators on M.
To complete the proof of the lemma we now show that

L, iy, 1 are the complementary distributions corresponding

to the complementary projection operators 1, m, n,: i.e.

(10} L= {1; t A€ 'fl(iﬂ)}
(11) i = {m;»; T X € Tl(m)}
(12) N = {m T X € '?;(lvl}} .

To prove (10), let
Z'e {1}( : X € 'il(m‘)} .
Then we have

Z’

n
'..l
&

@z =¢1la = 1a = 2",
la € Lo
Conversely, let 4 € L, then
QL = i,
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Also

(13) 2 =1%2 + mZ2 + nZ = 12 + mZ + ndZ = 12 + mZ,
again from (13)
(14) 72 =167 + m¢Z = 1Z - mZ.

Prom (13) and (14), if 2 = 1Z then Ze¢ {lX : X € GZ(M)}.
Hence L = {1X : X ¢ ?l(m)}. '
Similarly

i = {mX 1 X € 5l(m)}

and

N = {nX s X € zl(m)} .

Thus, over the differentiable manifold Mr we have three
complementary distributions L, M and N of dimensions h, r-h-1
and 1 generated by the complementary projection operators 1,
m and n respectively.

We will now prove our main theorem.

T heoremnm, A necessary and sufficient condition
for i, to admit an almost paracontact structure is that
there exist three complementary distributions L, M and N of
dimensions h, r-~h~1 and 1 respectively which together span a
linear manifold of dimension r.

Proof. The necessary condition immediately follows
from the lemma proved avove,

The condition is sufficient: Suppose yhere are three com-
plementary distributions L, « and N of dimensions h, r-ia-1
and 1 respectively which together span mr.

Let ;; X = 1,2,400yh and g; 8 = h+1,0.040-1 be li-

nearly independent basis vectors in L and & respectively

and § be a vector in . “hen {P, Q, S} is linearly in-
X a

dependent.
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X a
Consequently, there exists an inverse set ‘{p, q,l}}sa—
tisfying

B(e) =87, bla) =0, (5 =0,
X a
b b b P
q(?) = 0, qlQ) =35y, alf) =0,
X a
P = 0. = 0, ) = 1
q(x) rz(g) n (%
and
X a
p(X)P + ¢(X)Q + n(X)¥ = X,
X a
Let us put

x a
p(X) = p(X)P + €q(X)Q, where €=+1,
X a
then by virtue of the above equations, we have
nelx) =0, @) =0, pl§)=1

and

#2(x) = p 29(x)q =
p #(X)P + € oo(X)Q =
X

a

x|y b a |y b
p'{p(X)P + € q(X)Q] P+ €gq {p(X)P + 6 q(X)Q] Q =
y b| x y bl a

X a
p(X)P + g(XiQ = X - n(x)§ .
X a

Thus Mf admits an almost paracontact structure,
This proves the theorenm.
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Remarks:

(1) Let

X a
¢,(x) = p(X)P - q(x)Q,
X a

¢2(x)

X a8
p(X)P + q(X)Q.
X a

In the latter case, we have

82(x) = #(x).

(i1) By virtue of (4), (5) and (6) we have

[
1
B
]
A

-

l1+m+n-=1I,
(114) Again from (7), (8) and (9) we obtain
¢2r1 =1, ¢2r+11 =1,
¢2rm = m, ¢2r+1m = - m,

#Tn = 0 for every positive integer r.
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