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ON FREE ALGEBRAS IN SOME EQUATIONAL CLASSES 
DEFINED BY REGULAR EQUATIONS 

I n t r o d u c t i o n 

Let K be an e q u a t i o n a l c l a s s of a l g e b r a s of some f i x e d 

type T without n u l l a r y o p e r a t i o n s . Let x - y = x be an i d e n -

t i t y i n K, where x«y i s a term of r , i n which the 

v a r i a b l e y o c c u r s . Fol lowing J. Plonka [3] an i d e n t i t y 

f = g i n K i s c a l l e d r e g u l a r i f the s e t of v a r i a b l e s 

oc-curing i n the term f i s the same as t h a t i n g . Let R(K) 

denote the e q u a t i o n a l c l a s s of a l g e b r a s def ined by a l l r e g u l a r 

i d e n t i t i e s holding i n K. I t i s known (see [ 5 ] ) t h a t any 

a l g e b r a i n R(K) i s the Plonka sum of a s e m i l a t t i c e - o r d e r e d 

system of a l g e b r a s from K (see § 1 f o r d e f i n i t i o n s ) . 

J. Plonka [ 6 ] proved t h a t a f r e e a l g e b r a i n R(K) i s the sum 

of a s e m i l a t t i c e - o r d e r e d system of f i n i t e l y generated f r e e 

a l g e b r a s from K. In t h i s paper we g i v e a .necessary and s u f f i -

c i e n t c o n d i t i o n f o r the a l g e b r a OL t o b e , f r e e i n the c l a s s 

R(K). Our theorem g i v e s a c h a r a c t e r i z a t i o n of f r e e a l g e b r a s 

i n the c l a s s e s of d i s t r i b u t i v e q u a s i l a t t i c e s , Padmanabhan 

q u a s i l a t t i c e s and sums of Boolean a l g e b r a s (see [ 2 ] , [ 4 ] , [ 7 ] 

f o r d e f i n i t i o n s ) . 

1 . P r e l i m i n a r i e s 

Let K denote an e q u a t i o n a l c l a s s of a l g e b r a s of some 

f i x e d type r without n u l l a r y o p e r a t i o n s . (Por these and o t h e r 

standard a l g e b r a i c n o t i o n s see [ 1 ] ) . 
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2 A. Romanomska 

By a semilattice-ordered system of algebras in K we mean 
a triple 

where & = (l,v) is a join semilattice, ̂ ^ i 6 j is a 
family of algebras in K indexed by the set I, and if i^j, 
i,jel, then a. . is a homomorphism from (X. into Oc. i»j 1 J 
satisfying the following two conditions. 
(i) <p-L ̂  is the identity mapping on A^. 
(ii) If' then JP 

Given such a family of algebras in K, J. Plonka (see [j]) 
constructed an algebra of type r in the following manner. 
Let A = W A., the disjoint sum of the carriers of the iel 1 

carriers of the algebras . For an n-ar;y operation symbol 
f of r we define its realization on A by setting 

f(Xll...,Xtl) = ' 

where j = i,v ... v i , x re A^ , r = 1,...,n. We call the 
r 

resulting algebra a = (A,P) the Plonka sum of the semilatti-
ce-ordered system <^,<a.> i e I , < f i i 3 > i < j ) i ) j f I > . 

T h e o r e m 1. [5] If there is a term x»y of r in 
which the variable y occurs such that x.y = x is an 
identity in K, then R(K) consists of all isomorphic copies 
of Plonka sums of semilattice-ordered systems of algebras 
in K. 

Prom now, we will assume that x-y = x is an identity 
in K. Now, let [aj> d e 136 f^ee generators of a free 
algebra ^^ JQ = j ̂  »• • • 136 a finite subset of 
J, Let T j be the subalgebra of generated by all 
elements of the form 

•.viae re i = 1,2,...,n. If n = 1, then = akj' 
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On free a] get)ras 3 

L e m m a 2. [6] is a free algebra in K with n 
o 

free generators g^. 
L e m m a 3 [6j ̂ (g) is "the Plonka sum of the semi-

lattice-ordered system of algebras & T , where J ranges 
o 

over all non-void finite subsets of J. 
T h e o r e m 4 [6] A free algebra in R(K) is the 

Plonka sum of a semilattice ordered system of finitely 
generated free algebras from K. 

The following example shows that the oonvers of Theorem 4 
is not true. Consider distributive quasilattices, i.e. 
algebras with two binary operations + and . satisfying the 
following axioms 

X+X = X X'X = X, 

x+y = y+x, x-y = y-x, 
(x+y)+z = x+(y+z), (x-y)-z = x-(y-z), 
x+(y-z) = (x+y)*(x+z), x-(y+z) = (x-y)+(x-z). 

It is known (see [4-]), that every distributive quasilattice 
is the Plonka sum of the semilattice-ordered system of distri-
butive lattices. Let Ct = (jâ  + , • ) be an algebra sa-
tisfying all mentioned axioms and x+y =x*y. (X is the Plonka 
sum of the semilattice-ordered system <e?t<a^> , 

^ I = {1.2,3}, 1,2<3,lAi = {a ±}.CZ 
is the sum of one element lattices, it is generated by â . 
and a2, but it is not a free distributive quasilattice with 
two generators, because of the following lemma. 

L e m m a 5- [8] A free distributive quasilattice with 
two generators has six elements. 

2. Main result 
The following theorem gives a characterization of free 

algebras in the class rc(K). 
T h e 0 r e 1a 6. An algebra (X is a free algebra in the 

class 5(K) with 0» free generators iff it is th« 
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Plonka sum of the semilattice-ordered system <& »^j^iel» 

1) 9 is the free semilattice with the set J of free gene-
rators, 

2) every algebra (X̂  is a finitely generated free algebra 
from the class K, moreover (X. has exactly n free j x 
generators g^ (j = 1f...,n) iff i = i^ v ... vi^, 
where i^...,!^ J", i^ ^ ik for i ^ k and if i e J, 
then <Xi is freely generated by g* = g ^ = gĵ  , 

3) for i«k, j,: O T ^ — a monomorphic extension of 
the mapping defined by k(g^) = ,1^1.) = Sj-» 
where j =• 1 . . ,n. 
P r o o f . (=>) Let Or be a free algebra in the class 

R(K) with free generators gj,jeJ. 3y Lemmas 2,3 and 
Theorem 4, cx is the Plonka sum of the semilattice-ordered 
system <£r,< 0 f j > i 6 l, <^ i (. > i <. j i j. e i : >, where every CX. 
a finitely generated free algebra from the class K and ff 
is the join semilattice of all finite subsets of J. We will 
prove now, that & is a free semilattice generated by one 
element subsets. Let <3 be a semilattice. Let fQ be a mapp-
ing of one element subsets of J into S. Let us define 
f({i1t...,ikj) = f q (| îj j ) V... Vf0({ikj), i1,...,ik e J. It 
is easy to see that f is a homomorphisro from & into <3 
extending fQ. Hence ff is a free semilattice. If 
then p? .(g£) =55? .(g. -g. • ... •g1 -g^ • ... -gt ) = 

= Sa 'Si * • • • «Bi 'g-i • ... -g. • ... -g. = , xk 2 k-1 11 k+1 r xn K 

where k = 1,...,r, are all free generators of (X̂  
and are all free generators of Oi 

) Let (X be the Plonka sum of the semilattice-ordered 
system described in the Theorem. By Theorem 1, (X belongs to 
the class R(X). Let aeA^, b e A^. Since x-y is a term, 

(1) a-b =P i f i v j(a)-y J j i v d(b) = 9 i f l v i ( a) 

- 1134 -
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we can 

Using (1) , i t i s easy to check tha t x»y define a P-funct ion 
( for the d e f i n i t i o n see [ 3 ] ) . Moreover, f o r a , b e A^, we have 
a*b = a , b-a = b, furthermore i f a e J L , then (p. _.(a) = a-b 

f o r beA^. and f i n a l l y i ^ j i f f g k ' s k = gk" H e n c e » 
by Theorem 2 in [3]» the decomposition 01 into the described 
sum can be obtained by means of x-y. Therefore, co, . (g., ) = 

k ' k 
= Si -x» where x i s an a r b i t r a r y element of and 

k . . 
i = i 1 v . . . v i k v . . . ViQ , i ^ , . . . , i n e J . Let g} , .> . , g* be 
a l l f r e e generators of Of.. Since g. • . . . ^g. = 

1 X1 xn 
= . . . - ^ . i ^ ) = Si- ••• 

assume t h a t x = g. « . . . «g. . Hence g£ = cp. . (g . ) = 
X1 n * k ' xk 

= Si ' (S± - '8* ) = S* •£: • ... -g^ . 
11 xn 2 I k-1 X1 Lk+1 xn 

Therefore, f o r i e l , a l l generators of CX̂  can be expressed 
by generators g.. with help of . . Hence (X i s generated by 
the se t I Ŝ j »0 6 j}> 

Let » be an algebra from R(K). By Theorem 1, 0 i s 
the Plonka sum of a semi la t t ice-ordered system > £ e L , 
^ i . f i i j . i . j e l ^ ™ f o ! j ^ L ' Since ^ i s a f r e e 
s e m i l a t t i c e , f Q can be extended to a homomorphism f je7— 
We prove now tha t any mapping hQ: jg^ , j e j | —B can be exten-
ded to a homomorphism h: CIHS. We def ine a mapping h as 
fo Hows: 

h(a) = h i ( a ) f o r a c A ^ , 

where : ® f ( i ) a homomorphic extension of the 
mapping 

- y f ( l j ) t f ( i ) [ b o i s I ^ ] » * 1 = V v V 

h^ can be extended to a homomorphism because Qf̂  i s f r e e 
in £ . Let e F be a fundamental n-ary operat ion of the 
algebra C*. Let x ^ q f o r r = 1 . . ,n , i = ^ v . . . v iQ , 
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i r - ^ v . . . v r t , where e J , l e t k_ =1 > - - - '"K:. 

i r . i r . r „ r i be a l l f r e e genera tors o f . Then x r = f (g^ • • , S k ) 
r r 

f o r some term f . 

h V i 1 , i < 6 ^ , . • • ) , • • • i [ f n ( 4 n , • • • , 6 ^ ) 

4 (g^ )» • • •» t iV - i ) r | 1 t 1 ' V-

= 

= Fa. 
k » k K 1 J 

. . , f 

h l ( 4 > 1 j 

V n J 
= 

n ^ ( g j ) ^ ( g j ) 
n 

) , f ( i ) ' h o ( S l t J 
M J 

> • • • V f C n ^ . f i i ) 0 ^ ^ 5 ' - - " 

* f ( n k _ ) t f ( i } , b b ( 8 n k n J J = V 

» • • * 
i i 

Y f ( i n ) , f ( i ) ° h (Si ) . • • • » 

1/1 r / x i " 
^ f ( i 1 ) , f ( i ) * h ' [ f i ( g i g ^ ) . - . 

•p fe a
 cr n ) 
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On f r e e a lgebras 7 

This r e s u l t a p p l i e s , of course , t o equa t iona l c l a s s e s of 
d i s t r i b u t i v e q u a s i l a t t i c e s , Padmanabhan q u a s i l a t t i c e s and 
sums of Boolean a lgeb ra s (see [ 2 ] , [ 4 ] , [ 7 ] f o r d e f i n i t i o n s ) . 
Added i n p r i n t . Af t e r the submission of t h i s paper the author 
have learned t h a t a s i m i l a r r e s u l t was proved independent ly 
by A. Mitschke i n her d o c t o r a l t h e s i s . 
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