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ON FREE ALGEBRAS IN SOME EQUATIONAL CLASSES
DEFINED BY REGULAR EQUATIONS

Introduction

Let K be an equat1onal class of algebras of some fixed
type t without nullary operations. Iet x.y = x be an iden~
tity in X, where x.y 1is a term of ¢ , in which the
variable y occurs. Following J. Pilonka [5] an identity
f =g in K 1is called regular if the set of variables
occuring in the term f is the same as that in g. Let R(K)
denote the equational class of algebras defined by all regular
identities holding in K. It is known (see [5]) that any
algebra in R(K) is the Ponka sum of a semilattice-ordered
system of algebras from K (see § 1 for definitionms).
J. Ptonka [GJ proved that a free algebra in R(K) 1is the sum
of a semilattice-ordered system of finitely generated free
algebras from K. In this paper we give a .necessary and suffi-
cient condition for the algebra @ to be free in the class
R(K). Our theorem gives a characterization of free algebras
in the classes of distributive guasilattices, Padmanabhan
quasilattices and sums of Boolean algebras (see [2] [4] [7]
for definitions).

1. Preliminaries

Let K denote an eguational class of algebras of some
fixed type t without nullary operations. (For these and other
standard algebraic notions see [1]).
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By a semilattice~ordered system of algebras in K we mean

a triple
S AP 5e1<P1,57 1,1,56T1 7
where & = (I,v) is a join semilattice, <& > ;. 1is a
family of algebras in K indexed by the set I, and if i<},
i,jeI, then Pi j is a homomorphism from ai into a:J.
]
satisfying the following two conditions.
(1) p; 4 1s the identity mapping on A;.
¥

(ii) If i< j<k, then 5 k" Pij = Pi,x°

Given such a family of algebras in K, J. Ptonka (see [3])
constructed an algebra of type t in the following manner,
Let A = 'UI A;, the disjoint sum of the carriers of the

ie

carriers of the algebras ai‘ . For an n-ary operation symbol
f of t we define its realization on A by setting

T(XgqeeesX,) = f@iq,j(x1>""’¢in,j(xn)) .

where J = iﬂ

resulting algebra @ = (A,F) the Plonka sum of the semilatti-
ce-ordered system <e7,<0:i> jeI? <9°i,,j>igj,i,jel>'
Theorew 1. [5] If there is a term x.y of t in
which the variable y occurs such that x.y = x 1is an
identity in X, then R(X) consists of all isomorphic copies

V... v~in' x. €Ay » r =7,...,0. We call the

of Ptonka sums of semilattice-ordered systems of algebras
in K.

From now, we will assume that x.y = x 1is an identity
in K. Now, let aj, je dp be free generators of a free
algebra ‘;rR(K)' Let J0 :{ k']"""kn} be a finite subset of

J. ZLet J‘J be the subalgebra of IR(K) generated by all
o .
¢lements of the form
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Lemma 2. [6] fJ is a free algebra in K with n
o
free generators gi.

Lenmnma 3 [6] Fr(x) 1s the Plonka sum of the semi-
lattice-ordered system of algebras \?J , Where JO ranges
o

over all non-void finite subsets of J.

Theorem 4 6] Afree algebra in R(K) is the
Pilonka sum of a semilattice ordered system of finitely
generated free algebras from K. '

The following example shows that the convers of Theorem 4
is not true. Consider distributive quasilattices, i.e.
algebras with two binary operations + and . satisfying the
following axioms

X+X = X XX = X,
XY = J+X, Xy = y-x,

(x+y )+2 = x+(y+z), (x-y)-z = x- (y-2),
x+(y-2) = (x+y)- (x+2), x- (y+z) = (x-y)+(x-2).

It is known (see [4]), that every distributive guasilattice
is the P¥onka sum of the semilattice-ordered system of distri-
butive lattices. Let a = ({a1,a2,a5}+,-) be an algebra sa-
tisfying all mentioned axioms and xX+y = x-y. & is the Ptonka
sum of the semilattice-ordered system <& ,<0r.> jeT?
<¢i,j>isj,i,jcl>’ where I = {1,2,3}, 1,2<3, Ay = {ai}.a
is the sum of one element lattices, it is generated by 2,
and  a,, buﬁ it is not a free distributive guasilattice with
two generators, because of the following lemms.

Lemma 5. [8] A free distributive quasilattice with
two generators has six elements.

2. Main result
The following thcorem gives a chnaracterization of free
algebras in the class =(X).
Theoren 5, Ain algsbra & is a free algebra in the
cizes SF{K) with o free gonerators {gﬁ,je J} iff it is the
¢
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Plonka sum of the semilattlice~ordered system <& ,<a iel?
<¢i,j>iéj,i je> such that

1) # is the free semilattice with the set J of free gene-
rators,

2) every algebra ai is a finitely generated free algebra
from the class K, moreover Ot has exactly n free
generators (J = 1gee.,0) iff 1=1,v .0 vig
where 11,...,1 e d, iagéik for i;ék and if ieJ,
then is freely generated by g = g:,

i 1 11 i

3) for igk, g)i k* Oli——>01 is a monomorphic extension of
the mapping ?i,k defined by pg,k(gﬁ) = pij (gi ) = ga ,
where J = 1,...,0,

"Proof. (=>) Let O be a free algebra in the class
R(K) with free generators gj,j e J. By Lemmas 2,3 and
Theorem 4, & is the Plonka sum of the semilattice-ordered
system <é7,<011>ieI, <9°i,J>143, e > where every Oli
a finitely generated free ‘algebra from the class XK and
is the join semilattice of all finite subsets of J. We will
prove now, that & is a free semilattice generated by one
element subsets. Let G be a semilattice. Let fo be a mapp-
ing of one element subsets of J into S. Let us define

({1 1,...,1kj) = £, ({1} v... ve SCE D P VRURIE NP I A i

is easy to see that f is a bomomorphlsm from ¢ into &

extending fo. Hence & is a free semilattice. If 1<,
o iy _ o . . . . . .

then Pi’a(gk) —Pi,a(gik 812 e glk-,] gi,] gikﬂ r

g 8 8. * e *Br ¢ s B =8

11 i’l k41 ir 1n k*

where k = I J8 g,i]‘,... ,gi‘. are all free generators of ai

=g * 8.
iy S

and g,al,... ,gg are all free generators of ..
(== ) Let @ be the Plonka sum of the semilattice~ordered
system described in the Theorem. By Theorem 1, « belongs to

the class R(K), Let a€h;, behs, Bince x-y is a tem,

J
(1) a:b "?1ivah)¢ vl =955y ()
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Using (1), it is easy to check that x-y define a P-function

(for the definition cee [3]). ioreover, for a,bei;, we have

a:b = a, b-a = b, furthermore if aec4l,, then Py J.(a) = asb
L]

for i<j, beh; and finally is<j iff &g = gi. Hence,

by Theorem 2 in [3], the decomposition ‘Ol into the described

sum can be obtained by means of x.y. Therefore, 2 i(gi ) =
k! k

= 8§ +X, where x 1s an arbitrary element of &; and
k

i=dgVees ViV Vi, 1,000,160, Let g},,f,~.,g; be

all free generators of ;. Since g, - ... g, =
i A i, in

: _ i oA
=9’i1,i(gi1)' -pin’i(gin) = 8y ».+ *BpeQ;, We can

assume that x = gi1- vgin. Hence gi = Soik,i(gik) =

'1k+’| in'
Therefore, for ie€I, all generators of Oy can be expressed
by generators gj with help of . . Hence Q is generated by
the set gj,j € J}.

Let be an algebra from R(K)., By Theorem 1, P is
the Ptonka sum of a semilattice-ordered system <&x@>. 1,
<vi,j>i<,j,i,jeL->' Let f :J~L. BSince & is a free
semilattice, fo can be extended to a homomorphism f: & —d.
We prove now that any mapping hoz{gj,je J} —B can be exten-
ded to a homomorphism h: O-Q We define a mapping h as
follows:

=g »'(8’ * s ‘g ):g 08 * cee 08 -g ug

h(a) = hi(a) for aed;,

where hi:ai-mf(i) " is a homomorphic extensioﬁ of the
mapping

i i
hy(g3) = Vf(ij),t(i)[bo(sij)]’ Vi=dvoee v,

hg' can be extended to a homom>rphism because C!i is free
in K. Let Fte F be a fundamental n~ary operation of the

algebra (X, ILet xreair for r = 1,...,0, i=i1v...vin,
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i

1. = PAV eve VT, Where I, ye..,In € J, Llet gr eyg T

r 1 k! 1 k.’[’ ? 1°° Kn
i

_ r r

be all free generators of air. Then x, = fr(g,] yoo- ,gkr)

for some term fr'
h[Ft(x,l,...,xn)] = hi[Ft(;oiq,i(x,]},...,pin’i(xn))] =
- Ft[hiasoiq’i(x,l),...,hjaq;in'i(xn)] -
{nl.pl [f (g,ilq,...,g;k1 J,...,hiagain,il:fn(gjn,...,gii)” =

e )J |
i Q/l go e
k. ? k’l

_ i i
= Ft{f,l [h°¢11’i(g11),. .o yhp,
|

...,fn[bi.,,n",i(gn’l),...,hi.,¢n ',i(gnx, )” = Ft{f’l [hi(g,il),...,
Xy n 1

L i, 3 C _
hl (gltzl )] ""v:fn[h (S‘z]].)y-"’hl (g}]én):” = Ft{f/‘ l:‘yf(11),f(i)'ho (,811 )v
'"’wf(qk1),f(i)°h0(g1k1)]"”’fn[vf(n,l),f(i)oho(gn1)"“’

i i i i
Ye(i,),2(1)°" 1(gk:]1)J""'fﬁ[wf(in),f(i)"h ELCZhn PP

:i.n in i ( i 11
"’f(in),f(i)"h (gkn)] = Fy W(l ) 1(;)'“ lf &4 ""EIH)J’ .y

i i i
. .h D n avil _ o s N
Vf(in)’r(i) h [fn(g,] ,...,gkn,” = Fy [h\x,l),...,n(xn_)} .
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This result applies, of course, to equational classes of
distributive quasilattices, Padmanabhan quasilattices and
sums of Boolean algebras (see [2], [4], [7] for definitions).
Added in print. After the submission of this paper the author
have learned that a similar result was proved independently
by A. Mitschke iun her doctoral thesis,
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