
r DEMONCTRATIO MATHEMATICA 
VoL XI No 4 1971 

Zbigniew Dudek 

SOME PROPERTIES OF WRONSKIAN 
I N D - R SPACES OF THE TY!PE Q - L , I 

In t h i s paper we s h a l l cons ide r D-R spaces i n the sense 
of [ 4 ] , which s a t i s f y an a d d i t i o n a l c o n d i t i o n , namely the 
s o - c a l l e d Quas i -Le ibn iz c o n d i t i o n ( s h o r t l y : Q-L c o n d i t i o n , 
c f . [ 3 ] ) . 

Consider a D-R space (X,D,R), where X i s a l i n e a r r i n g 
over a f i e l d f * 

D e f i n i t i o n 1. The D-R space (X,D,R) i s c a l l e d 
a D-R space of the type Q-L i f 
1° X i s a commutative l i n e a r r i n g over the f i e l d 5". 
2° The o p e r a t o r D s a t i s f i e s the Q-L c o n d i t i o n : 

(1 ) D(x.y) = x.Dy+Dx»y+d.Dx*Dy f o r a l l x , y £ <2>D, where d e T . 

I f d = 0 then we ge t the D-R space of the Leibniz type 
(see [ 3 J ) . In t h e seque l we s h a l l assume t h a t d £ 0 , and 
we s h a l l w r i t e X or (X,D) i n s t e a d of (X,D,R). We may 
do so , because a l l f a c t s we a re going to show do not depend 
upon R but only upon X and D. 

P r o p o s i t i o n 1 . I f X i s a D-R space of t he 
type Q-L then 

1° (2) D n (x .y ) = f ^ ( a ) d k ^ ( n " k ) ( D k ^ x ) . ( D n - j y ) , 
k=0 j=0 ^ <> / 

f o r a l l x ,y c «8Dn,n e H, 
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2 Z.Dudek 

2° (3) »(fi-il-L^lirw 
\d=1 / 1=1 fflecl i e s i n ke6l 

f o r a l l x . 6 o5D, 3 = 1 , . . . , n 

where we w r i t e : C* = ' , P l ] f where | l , . . . , n | , 
3 = 1 , 1 < n , 

^ = ( l , 2 , . . . , n j \ 6 1 f o r e c j . 

The proof i s by i n d u c t i o n . 
1° . Let n = 1 and l e t x ,y e <0D be a r b i t r a r i l y f i x e d . 

Then 

D(x.y) = x«Dy+Dx»y+d»Dx«Dy 

by our assumption? (1 ) . 
Suppose t h a t formula (2) holds f o r an a r b i t r a r i l y f i x e d 
n > 1. Then f o r n+1 we get 

V j=0 k=0 / 

3=0 k=o 

• H p » - ' v » ^ -

j=o k=0 

3=0 L k=1 

D k + 3 x D n + 1-k y 
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Some proper t ie s of Wronskian 3 

3=1 k=0 

3=0 L k - 1 

a . _ M-1-3 -L^cri-v^1-*-
3=0 k ^ 

j= i 

n+1 

k=0 

n+1 -3 

3=0 k=0 

f o r a l l x ,y e Dn+1, which was to be proved. 

2°. Let n = 1. Then we have Dx1 = Dx1 f o r a l l x.je <0D. 

For n = 2, by our assumption (1) we get 

D i x ^ x g ) = Dx1 •x2+x1 •Dx2+d*Dx1 *Dx2 f o r a l l x 1 ,x 2 e oŜ  

Suppose that formula (3) ho lds f o r an a r b i t r a r i l y f i xed 

n ^ 2. Then we get f o r n+1: 

D ( x r . . x n . x n + 1 ) = 

D ( x 1 ' • * x n^* x n+1 + x 1 ' ' - V D x n + 1 + d ' D ( x 1 • • ' V ' ^ n + I = 

Y L ^ Z Z F i D x j x k x n + 1 + x 1 * ' 
1=1 O ^ C J 3e 6± 

• x n D x n+1 + 

le 5', 
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n n n 

+ H d l I f D x j x k D x n + i - H , F f D x d x k x r i + 1 + x r " 
1=1 e e-c j Jes-i k=1 

1 " k e ^ 

cnDxn+1 + H d 1 " 1 Z I F T D x ; j Xk xn+1 
1=2 SheCj jc6n 

• i 

V C n d e 6 l 
keCi 

D x d D x n + 1 x k + d n D x 1 ' t o 2 . . . D x n . D z n + 1 

61-16 C i " 1 3 »® l -1 
k6Qfi-1 

n±1 n+1 n ^ , 

• e n D x d - x k + n , d i " 1 z 1 1 D x r x k + 

j=1 k=1 1=2 g C 1 jeff-, 

1 

i — r n + 1 

I I D x r x k + d i l F T D x a = 

S-.eC1 „ 3 6 f f l 
1 n + 1 keff' n+16 6^ K C & 1 

c i z n 

®1€Cn+1 ke6' 

1=2 
ke6 ' l 

D x j ' x k 

+ d n 

w e ? 
k 60 

D x r x k 

'n+1 

n+1 

• E 
1=1 

- i z n 

6 i e C I + i 
n+1 

•16(J, 

e61 

D V x k 

which was to be proved. 
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Some properties of Wronskian 5 

In the sequel we shall assume that X has a unit e and 
we will consider a polynomial Q(D) of some special form. 
These conditions will be denoted by A1 and A2. So we have: 
(A1) (X,D ) is a D-R space of the type Q-L and X has a 

unit e. 

(A2) The polynomial Q(D) is of the form 

N 
(4) Q(D) = a

k °
k» w h 0 r e a k e x» ®N B I* 

k=0 

Our aim is to investigate the two following equations: 

(5) = 0, x e X (I) 

(6) Q(D)x = y, x,y e X (II) 

We shall try*to solve them using the method of Wronskian, 
which was applied in [ 2 ] for a D-R space of Leibniz type. 

If the condition (A1 ) is fulfilled we get at once-». 

(7) D(e) = D(e*e) = e*De+De«e+d*De»De 

so we have 

(8) De(e+dDe) = 0. 

This implies that either 

(9) De = 0 (E1) 

or 

(10) De = -=g- e (E2) 

or 

(11) D«(e+dDe) «= 0 and De / 0 and D« / ( E 3 ) . 
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In the case (E2) kerD = |o| and the theory becomes tri-
vial, so in this paper we consider the case (E2), leaving the 
case (E3) to be considered in another paper. 

Let A 6 L(X) and dim kerA ^ 0. 
D e f i n i t i o n 2. The determinant 

( 1 2 ) ,... ,xm) = 
Ax„ 

Am"1x 

Ax, ,Ax m 

,m-1 ¿m-1 A Xn f • « t |A X 

X1,x2'* * *' where 

is called the Wronskian of elements x 
m ^m-1 

»X2»•••» x e m <0 
A m-r 

X C X is called o D e f i n i t i o n 3 . A subset 
an A-modul if it is a kerA-modul in the sense of Johnson [5]. 

D e f i n i t i o n 4 . The rank of an A-modul XQ 
is called an A-dimension of XQ, briefly A-dimXQ or dimAXQ. 

D e f i n i t i o n Elements e X V1 »2' — '""m 
are said to be A-linearly dependent if there exist z1fz2,., 
•>.,z € kerA, non vanishing simultaneously such that the 
A-linear combination of elements x^,x2,...,xn 
ment 

i.e. the ele-

(13) Zlx1+z2x2+...+zmxm 

is equal to zero. 
The elements x.) ,x2,... txm are said to be A-linearly in-

dependent if the condition z1x1+z2x2+...+zmxm = 0 implies 
z1=z2=z3=...=zm = 0. 

D e f i n i t i o n 6 . A system of elements x1,x2,.. 
...,xm belonging to «25 is said to be fundamental if 
W(x^,x2,...,xm) is invertible. 

If y1,y2,...,yn are generators for an A-modul XQ then 
we write 

- 1 1 2 0 -



Some properties of Wronskian 7 

( 1 4 ) c y 1 V > A = X O * 

B7 7-j »72» • • • *3'n>Jr w e d8I10'':e *he linear span of elements 
7-j»»»*»7n* Taking into account these definitions we get 

P r o p o s i t i o n 2. If the condition A1 is sa-
tisfied then we have 

(15) Dk(z«x) = z.Dkx, for all z e kerD, k=0,1,2,... 

P r o o f . Suppose that z e kerD and z e ^ are 
arbitrarily fixed. Then 

D(zx) = Dz«x+z.Dx+d«Dz*Dx = z»Dx 

D k + 1(zx) = D(Dkzx) = DU'D**) = zDk+1x+Dz.Dk+1x+Dz.Dk+1x = 

= z-D k + 1x. 

P r o p o s i t i o n 3. For all n e N kerDn is 
a D-modul. 

P r o o f . It suffices to check that 

(16) zw e kerDn, for all z t kerD, w e kerD11. 

But it is an immediate consequenoe of (15)» because we have 

D^zw) = z D 1^ = 0. 

P r o p o s i t i o n 4* Let the conditions A1 and 
A2 be satisfied. Then we havet The set of all solutions of 
equation (I), i.e. the set 

(17) kerQ(D) = jx € X: Q(D)x = oj 

is a D-modul. 
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P r o o f : It suffices to show that 

(18) zw e kerQ(D) for all z e kerD, w e kerQ(D). 

But we have 
N 

Q(D)(zw) = Y a k D k ( z w ) = z»Q(D)x = 0. 
k=0 

It is well known that we have 
T h e o r e m 1. Let A e L(X), dim kerA / 0, 

x1.Xg»*••»x
m
 6 x a n d X be a commutative linear ring over 

If the Wronskian W(z,j,...,z ) is invertible, then the 
elements z.| ,z2,...,zm are A-linearly independent. 

C o r o l l a r y 1. If (X,D) is a D-R space of 
the type Q-L and X are D-linearly independent 
then the elements z1,...,xm are linearly independent. 

P r o o f ; 1+ follows from (E1) that De = 0, so we 
have e e kerD. 

C o r o l l a r y 2. 

(19) dim kerD 3*1. 

P r o o f s This is an immediate consequence of the 
condition (E1), for De = 0 and < e > = < e > y C kerD. 

C o r o l l a r y 3. Let X Q be a D-modul in X. 
Then we have 

(20) d i mD Xo ^ d i m i X
0
 = d i m Xo' 

P r o o f s If the elements z1t...,zm are generators 
for a D-modul X Q then they are D-linearly independent, hence 
linearly independent. Thus they belong to the basis of XQ. 

C o r o l l a r y 4. Let the Wronskian V(z^f...tzm) 
be invertible. Then 
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(21) ^ m > D D<*,,...,xm>r 

P r o o f : Prom (E1) we get 

.1x1+...+on^m = (o 1e)x 1 +. . .+(o me)xm e < x 1 , . . . t x R > T . 

P r o p o s i t i o n 5. Let x ^ , . . . ^ e X be D-li-
nearly independent. Then 

(22) < x1 , . . . ,x r > D = <x1 , . . . ,x r >y if and only if 
kerD = <e>y • 

P r o o f : Sufficiency. Let z 6 kerD and z f • 
Then we have 

zx1 e < x 1 , . . . , x r > D and zx1 ^ < x.j,... txr>y 

because zx̂  = c.,x̂  + ,. .+crxr implies (z-c^e Jx^.. ,+crxr = 0. 
Thus z = ĉ e which contradicts our assumption. Necessity is 
obvious. 

Similarly, as in [2] we obtain 
T h e o r e m 2. Let the condition (A1) be satisfied 

and let be a fundamental system. Then there exists 
an operator Q(C) of order N, such that 

(23) kerQ (D ) D <x1 , . . . ,xN> D< 

P r o o f : Assume that x = . ,+ZjjXjj. Then we 
infer that the Wronskian W(x1,...,xH,x) is equal zero, for 
we have 

(24) W(x1 . . . . f X j j j X ) = 

X 1 » • • • » XJJ» + ZjjXJJ 

DKx1 , . . . , D%, z1D
lIx1 + ...+zNDlixN 

- 1123 -



10 Z.Dudek 

M ' A2* *' * * XN* ^ 
Dx1t J )X 2 , . . . , DXjj, 0 

D N X i , D B x 2 i . . . t D l i X j t 0 

On the other hand we have 

= 0. 

11 Jl 
(25) W(Xl xjj.x) « Y L ( - l ) 1 * 1 ^ 1 » 1 * » iC^ Xjj)Dkx= V J^ akDkx, 

i=0 k=0 

where 

(26) ¥ k ( x 1 t . . . f « j ) = 

Dx. 

D k ~ Y 

• V 

-k+1 D XJJ 

( -1 " f c ^ l » • • • J 
(27) k i » » « J 

Hence we obtain 
N 

(28) Q(D)x - Y ^ a k* D k = 0 

k=0 

and 

i2H x N ) W ( x 1 t . . . t x H ) 
I . I OQ I 1M I ' • 11 _ I " . 

®n = w u 1 , . . . , x H ; " w i x - , , . . . ^ ; 

We therefore conclude that 
< x 1 f . . . f ^ j > D C kerQ(D) and Q(D) s a t i s f i e s (A2). 
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Some properties of Wronskian 11 

C o r o l l a r y 1. 

(30) tfimDkerQ(D) 4= N. 

This follows from the fac t that x l f . . . , x N are generators 
for kerQ(D). I t i s well known that in the case where the 
elements of X are functions of one variable t e f the 
condition W ( x 1 , . . . ) ¿ 0 i s s u f f i c i e n t for the elements 

to be l inearly independent. 
T h e o r e m 3. Let the condition (A1) be s a t i s f i e d . 

Then we have 

N 
(31) D W + Y^, ( - d ) 1 " 1 ajj^.W = 0, 

1=1 

where a^ are (as in (26)) obtained from W ( x ^ . . , x N , x ) 
in the following way: 

W = W ( x 1 t . . . , x N ) , 

a k = W~ 1 .W k (x 1 , . . . , x N ) . 

P r o o f : We can rewrite the formula (31) in the form: 

N-1 
(32) DW + ( - d ) N " k - 1 a k W = 0 

or 
k=0 

N-1 
(33) DW = - ^ (-d) W " k - 1 a k W. 

k=0 

To prove the f i r s t equality we need some lemmas. 
L e m m a 1. Let 

e C ;̂, r , e c""1 be such that S , n r -, ^ 0. 1 n' n-1 n J. n- i 
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12 Z.Dudek 

Then 

(34) W(xt tx. t,,,tx, ,x ,••. ,x ) = 0, 
1 2 K1 r1 rn-1 

where k., kj_ e <3" -ĵ, ri»• • • »V-l e rn-l»x1' •'' 'xn e ^d11"1. 

P r o o f : Let p„ e <J, 0 r ,. This means that 
o i n-i 

pQ = k^ = r. for some iQ, such that 1 ̂  iQ 1 
o o and 1 ̂  n-1. Then we have 

(35) W(x, ,...,x, ,...,x ) = 
K1 n-1 

- W(xv , ...,x ,x , ...,x , ) - 0 K1 po K1 r1 po n-1 

L e m m a 2. Let <5, e c]", 1 ̂  1 ̂  n. Then we have J. n' 

( 3 6 ) Tieime'1 = 0 if and only if S-L='n-jl+1 ,n-l+2,... ,n-1 ,n J , 

where 

(37) T.,^ = ©-ĵ  + 1 = jn-1+2,n-l+3,... ,n,n+1 • . 

P r o o f : Necessity is obvious. 
Sufficiency. Let = 0 a n d e i ^ jn-1+1,...,n . 

Then there exists k such that k e 6', and n-l+1^k ^ n . o o l o 
Let k1 = . If k-| 4 then we take k2 = k^-1 and 
so on. In this way after a finite number of steps we get the 
element k. e 6, such that k. + 1 e 6'-,. Thus T^fl©', ¿0, 
which contradicts with the assumption that fl = 0. 

P r o o f of Theorem 3: Let SJJ denote the set of 
all permutations of the set |i,2,...,n|, Proposition 1 and 
Lemmas 1 and 2 imply together that 

- 1 1 2 6 -



Some properties of Wronskian 13 

(33) DU=D 
v ' n 

N-1 N-1 n a x V > • • • | " AJJ 

•L ae3„ 

" W W 
a e Sr 1=1 <j, e ci j^i 

1 N kesi 
N =Ldl_1 HLH.ssn* FI D'x«(ò) D k ~ V ) 
1=1 J16CN N 

kec! 

«(a) «(k) 

eC1 
11 

= YLdl~1 YL sgn°"x«(D dx«(2) ••• 
1=1 s,. 

nN-l-1 -N-l+1 _N 
D Vn-1+1) 0 V ) = 

.W 

1=1 

Dx1,. ,,Dx„ 

D x^,..., D Xjj 
nN-l+1 I nN-l+1 D xN = Ldl"1wN-i = 

1=1 

1=1 1=1 
- 1127 -
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Thus 
N 

(39) D W = ~ Y i f " ^ 1 " 1 a K-l W 

1=1 

and 

N-1 
= ( - d ) N " k - 1 a k W 

k=0 

which implies that 

(40) D W + ^ (-d)N~k~ 1 a k W = 0. 
k=0 

Let denote the set of a l l r ight inverses of D i . e . 
i 

(41 ) = • R e L(X) : b»R = X and RX c «0D and DR = I 

Similarly as in [2] we obtain 
T h e o r e m 4 . Let 

1° (X,D,R) be a D-R space of the type Q-L with unit e , 
2° F be an i n i t i a l operator for D corresponding to 

an operator (see [ 1 ] ) , 
W-1 

3° the operator I + Jtt ^ ( -d) W " k ~ 1 a k be inver t ib le . 
k=0 

Then we have 

(42) W = W l ^ , . , . , ! , , ) = 0 i f and only i f i 1 = 0. 

F r 0 0 f : Prom (40). we obtain 

N-1 / N-1 \ 
(43) J ) W + D H ^ (-d)H-k- 1ak .W =Dll + R (-d) W - k - 1 a J w =0. 

k-0 V k=0 / 

N-1 

- 1 1 2 8 -



Some propert ies of '»Vronskian 15 

Thus we i n f e r that 

N-1 
' , ^K-k-1 (44) W + R ^ ' ( - d ) K ' k " 1 a v » W = zekerD. 

k=0 

Taking into account that P i s a pro ject ion onto kerD, we 
obtain 

N-1 
(45) PW + F R ^ ^ (-d ) K " k " 1 a k .W = Fz = z = 

k=0 

N-1 
= W + H ^ ( -d) N - k " 1 a f c .W. 

k=0 

This means that 

N-1 
(46) PV; = I + R ^ ( -d) W ~ k _ 1 a k .W. 

k=0 

Hence (46) i s equivalent to the fol lowing statement: 

(47) H = 0 i f and only i f W = 0, 

N-1 
because I 4 R J""* (-d ak«V/ i s i n v e r t i b l e . 

k=0 
This f i n i s h e s our proof . 
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