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DEFINABILITY OF FUNCTIONS ON A FINITE SET 
BY MEANS OF COMPOSITIONS OF ADDITION 

AND MULTIPLICATION MODULO SOME PRIME NUMBERS 

The aim of t h i s paper i s to show that every function de-
fined on a f i n i t e set of cardinal i ty Q may be represented 
as a composition of addition and mult ipl icat ion modulo prime 
numbers which divide G and usual addition and mul t ip l i ca -
t ion . A.V.T. Kuzniecow [ l ] showed that i f n i s prime, then 
every function defined on = j o , 1 , . . . , n - 1 j and with va-
lues in t h i s set may be represented as a composition of 
addition and mult ipl icat ion modulo n. In t h i s paper we gene-
r a l i z e Kuzniecow's theorem to se ts of c a r d i n a l i t y , which i s 
not prime. Let Q = q .| . . .q r , where i s a non-de-
creasing r - termed sequence of primes. We define a sequence 
Q 0 , . . . , Q r of natural numbers by 

Qs Q0 = Q , . . . , Q S + 1 = j f o r s < r . 

The following theorem holds. 
T h e o r e m 1. I f a - p . . . » « ^ i s a non-decreasing 

r-termed sequence of primes and Q = q 1 . . . q r , then f o r 
every natural number z < Q there e x i s t s exactly one sequen-
ce z . j , . . . t z of natural numbers, such that 

( i ) z = z-jQ., + . . . + zpQ r 
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and 

( i i ) 0 < z -c q for a = 1 , . . . ,r 

P r o o f : I t suff ices to remark that i f 0 < z -c Q, 
then there exists s < r such that Q 1 < 5 and 

I f z = 0, then le t z1 = . . . = z r = 0. 
The theorem proved above allows us to give the following 

def ini t ion. 
D e f i n i t i o n . For any natural numbers Q > 1 

and 0 sg z <. Q the sequence is the expansion of 
z f o r the base Q, in symbols z = (z '1 , . . . ,z i > )q i f f the 
sequence z ^ f . . ; , z r sat is f i es conditions ( i ) and ( i i ) from 
Theorem 1. 

Let Q = where ^e a non-decreasing 
sequence of primes and x.̂  e Nq , for i = 1, . . . ,m. 

According to the above def init ion we have: 

Let us denote (x) = < x 1 , . . . , x > and let a - , , , , , 8 6 

1 1 

m m 
= (x.| , . . » jXj, )Q 

We define a function 

iU J.B b , . . . ,dmC IMg 

in the following way 

1 if (?) = (S) 

0 if (x) + (a) 

Then we have the following lemma 
L e m m a 1. 
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D e f i n a b i l i t y of f u n c t i o n s 

P r o o f . Let (x) = ( a ) . Then we obviously have 
q r 1 

m 
c ( a ) ^ = n n 

i = 1 

1 - (ad - a . ) (mod q . J = 1. 

Let (x) ^ ( a ) . There are i nd i ce s i , j , 1 i « m, 1 j ^ r 
i 1 i i <3-j-1 

such t h a t x . £ a . . BJ the Fermat theorem we have ( x . - a . ) = 
^ / 1 i q 

= 1 (mod q . ) , hence (1 - (x . - a . ) J ) = 0 (mod g . ) . Hence, tl ^ «3 J ' J 
f o r (x j £ (a) we have C(g)(x) = 0. Q.E.D. 

J . Siupecki [ 4 ] g ives an example of a f u n c t i o n f , such 
tha t every f u n c t i o n def ined on Zq = | i , . . . , q ] , where C e K, 
and with va lues in Zq may be r ep resen ted as a composit ion 
of f . This f u n c t i o n f i s def ined by 

f Q ( x , y ) 
1 i f x ^ y or x = y = Ç 

x + 1 i f x = y and x <• Q 

f o r any x , y e Z c . 
m 

Prom t h i s i t - e a s i l y fo l lows t h a t each f u n c t i o n h : Nq—-Nq 
i s a composition of g^ ! Hq* Nq — - ïïç def ined i n the f o l -
lowing way 

(*) g Q (x ,y ) =• 
0 i f x ^ y o r x = y = Q - 1 

x + 1 i f x = y and x < Q - 1. 

Prom the d e f i n i t i o n of C(g) an<3 (*) ' we have 
L e m m a 2. 

Q-2 . 
g Q (x ,y ) = ^ ^ C(i i ) ( * » y M x + 1 J . 

i=0 

We omit an easy proof of Lemma 2. 
Prom Lemmas 1 and 2 we get the fo l lowing theorem. 
T h e o r e m 2. I f Q = q - , . . . q r , where q - | , . . . , q r 

i s a non-decreas ing sequence of ^ l m e numbers, then every 
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fonction f : H® — » ÏÏQ is a composition of operations mo-
dulo q-, i = 1,2,...,r and usual addition and multiplica-
tion. 

Vie would like to thank T. Prucnal for his valuable sug-
gestions. 
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