DEMONSTRATIO MATHEMATICA
Vol. X1 No ¢ 1978

A. O. Uziembto, L. Zurawska

DEFINABILITY OF FUNCTIONS ON A 'FINITE SET
BY MEANS OF COMPOSITIONS OF ADDITION
AND MULTIPLICATION MODULO SOME PRIME NUMBERS

The aim of this paper is to show that every function de-
fined on a finite set of cardinality ( may be represented
as & composition of addition end multiplication modulo prime
numbers which divide & and usual addition and multiplica-
tion. 4.W. Kuzniecow [1] showed that if n is prime, then
every function defined on Nn = {0,1,...,n-1} and with va-
lues in this set may be represented as a composition of
addition and multiplication modulo n. In this paper we gene-
ralize Kuzniecow’'s theorem to sets of cardinality, which is
not prime, Let ¢ = Gqeeelp,y where Qqyeeesqn is a non-de-
creasing 1 - termed sequence of primes, We define a sequence
QO""’Qr of natural numbers by

s

Q =Q o-cQ = for s<r.~
0 ! Y841 Cs+1

The following theorem holds.

Theorenm 1. If Qqreeesdn is a non-decreasing
r-termed sequence of primes and Q = Qqeeelpny then for
every natural number 2z < Q +there exists exactly one secquen-

C8  Zy,veey2 of natural numbers, such that

T

(1) 2 =200y + eee +2.Q,
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and

(ii) Oszs<qs fOI‘ 8 = 1,.-.,1‘-

Proof: It suffices to remark that if 0 <z < Q,

then there exists s < T such that Qs+1 <3z <.Qs and

ﬁ? < qs+1.

If z =0, then let Zy = eee = Z, = 0.

The theorem proved above allows us to give the following
definition.

Definition. For any natural numbers Q > 1
and O < 2 < Q the sequence ZyyeeesZn is the expansion of
z for the base Q, in symbols z = (zi”"’zr)Q iff the
sequence 2z;,..:,2, satisfies conditions (i) and (ii) from
Theorem 1.

Let Q = gqq...q0,, wWhere (qi)];=1 be a non-decreasing
sequence of primes and X; € NQ, for i = 1,e4.,m,

According to the above definition we have:

1 1
x1 = (x1'.o.’xr)Q

m - m
: Xm (X1,ool ’xr)Qo

Let us denote (X) =<xj,ee0,x;> and let a;,...,2;€No.

We define a function C(y) * Ng-——{0,1} in the following way

%) 1 if (%) = (&
&) T o ir (%) £ (8).

Then we have the following lemma.
Lemma 1.
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roo?. Let (X) = (&), Then we obviously have

g.-1
1 J

m T i
c(a)(é) = rfl IW 1 - (aj - aj) (mod qj)} =1,
i=1 j=1

Let (%) # (&), There are indices i,j, 1<i<m, 1< j<r
i 1 i i qj-1
such that xj # aj. BY the Fermat theorem we have (xj—aj) o=
i i g.~-1
_ - _ J _ -
= 1 (mod qj), hence (1 (x.j aj) ) = 0 (mod qj). Hence,

for (%) # (8) we have c(a)(i) = 0. G.E.D,

J. SZtupecki [4] gives an example of a function f, such
that every function defined on ZQ = {1,...,Q}, where ¢ € N,
and with values in ZQ may be represented as a composition
of f. This function f 1is defined by

1 if x££y or x=3 =4
M(x,y) ={

x+1 if x =y and x <Q

for any x, ¥ € ZQ._

From this it.easily follows that each function h :Ng—*-NQ
is a composition of gQ : NQX NQ — NQ defined in the fol-
lowing way

0 if x#y or x=3 =Q -1
(*) Qix,y) = {

x+1if x=y &and x<Q -1,

From the definition of c(z) and (%) ' we have
Lemma 2.
Q-2

gQ(x’y) = Z c(.i’i)(x,y)'(x + 1),

i=0

We omit an easy proof of Lemma 2,
From Lemmas 1 and 2 we get the following theorem.,
Theoren 2e If Q= Qqeeelpny where Gqreeesln
is a non-decreasing sequence ot pirime numbers, then every
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function f : Ng — NQ is a composition of operations mo-
dulo 94 i =1,2,ees, and usual addition and multiplica-

tion.

Ye would like to thank T, Prucnal for his valuable sug-
gestions,
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