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ASYMPTOTIC ESTIMATES FOR SOLUTIONS 
QF THE SECOND BOUNDARY VALUE PROBLEM 

FOR PARABOLIC EQUATIONS 

Let .Q be an unbounded domain i n R n . We denote the 
boundary of Q by d Q . We cons ider the second boundary 
value problem 

n n 
(1 ) | f - = ) U i j ^ ' ^ V x . + X L + c ^ t » x , u 

i n ( 0 , oo ) x Q , 

( 2 ) d i i i g i = 0 f o r ( t , x ) 6 ( 0 , oo)x ai? , 

(3 ) u ( 0 , x ) = f i x ) f o r x e Q , 

where ¿^(fr x j denotes the inward conormal d e r i v a t i v e to 
( 0 , < » ) x 3 i P a t the point ( t , x ) . The present work i s concern-
ed with the asymptotic e s t i m a t e s f o r s o l u t i o n s of weak s o l u -
t i o n s of the problem (1 ) - (3 ) under assumptions which allow 
the c o e f f i c i e n t s b^ and c to grow to i n f i n i t y i n var ious 
ways (see assumption ( B ) ) . In proving the main r e s u l t (see 
Theorem 1) we make a c r u c i a l use of the Guscin form of Sobo-
l e v ' s i n e q u a l i t y (3ee [ 3 ] and [ 5 ] ) . The method used here was 
i n s p i r e d by the s e r i e s of GuScin 's papers on the second boun-
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2 J.Chabrowski 

dary value problem for parabolic equations (see [2], [3], 
[4] and [6]). 

In the sequel we shall use the following notations: 

Dt = (0,T)x Q, D.j R = (0,'J?) x (Q n (|x| < ft)). 

For any cylinder (0,T) x A, where A is an open domain 
in Rn, by (OfT)x A), W^'1((0,T) x A ) we denote the 
well-known Sobolev spaces (see [1] ). 

Let £(t,x) be a measurable function in (0,1)* A, We 
denote by 

t+h 
?n(t,x) = f p(s,x)ds 

t 
the Stieklov's average of the function £ with respect to t. 
Of course if q e (0,T) x A) then q h e W^»1 ((0,T-h) x A ) 

if h > 0 and q h e W1 »1 ((|h| ,T) x A) if h < 0 . Further 
additional informations on this subject can be found in [1] 
or [4]. 

Throughout the paper we make the following assumptions 
concerning the coefficients of (1): 

(A) The symmetric matrix { a i j > x ) } i s uniformly posi-
tive definite in (0,oo)x0, i.e., there are positive numbers 

and a .j such that 
n 

(4) * 0 m 2 < X H aij(t'x) 

i.3-1 

for almost all (t,x) e (0, 00)x Q and each ^ 6 ®n* assu-
me also that a^^, b^ and c are measurable in (0,oo)x 52 
and moreover the coefficients b^ and c are essentially 
bounded in D™ „ for each T > 0 and H > 0. » 1 r (B) There exists a positive function H(t,x) e C ([0, oo)xQ) 
such that sup / H(t,x)dx < <*> and 

t*0 8 
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Asymptotic estimates for solutions 3 

(5) 
XI 11 

- 2 L I a i j ( t ' x ) H
X i

H
X i - f L b i ( t ' x , 2 l i 2 + 

i,j=i 1 j ° i=i 
n 

+ 6j } ' bi(ttx)Iix^H - c(t,x)H2 - HHt > 0 
fi 1=1 

for all (t,xj e (0, * Q and 5 = 0,1. 
We introduce the concept of a weak solution of the prob-

lem ( 1 M 3 ) . 
Suppose that the function <p (see the initial condition 

(3)) is measurable in Q and such that 

fcp(x)2H(0,x)dx<°° and Jp(x) 2H(0,x) 2dx c oo . 
i? o 

k function u(t,x) defined in (0, oo)xQ is said to 
be a weak solution of the problem (li-(3) if it satisfies 
the following requirements: 

(i) the integrals J'u(t,x)2H(t,x)dx and^fu(t,x)2H(t,x)2dx 
are continuous on [ o , oo). 

(ii) u e w!!.'0(En, D) for every T > 0 and R > 0. 
' - n 

(iii) - y 2 (t,x)tu(t,xjdtdx+ J ^ ai^ t' x^ ux.i' x
 d1 

d t t>,£ 1 j 

b^t.xJUjj. {> dtdx - J* c(t,x)updtdx = J ç (o,x)<p(x Jd 
1 -n - i-i 

n 

- / E 
D t i=1 A D t o 

for any T > 0 and for any function 2 € W^'^Dg,) such that 
£(T,x; = 0 for x efi end ?(t,x) = 0 for t 6 (0,T), 
| x| > H for some positive constant H. 

'i'he fact that u is a weak solution of (l}-(3/ can be 
stated in another way. 

L e m m a 1. Let u(t,x) be a solution of the prob-
lem (1 )-(3). Then 
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4 J.Chabrowski 

J u ( t ,x)p ( t , x )dx = J J u ( r ,x ) ( r , x Jdrdx -
Q 0 £2 

t n t n 

- / / m a i j ( r ' x ) u x , ? x , d t d x + / / H b i ( t ' x , % ? d r d x + 

O Q i , j=1 3 J OO 1=1. 1 

t 
J J c ( r , x ) u ( r , x )p(r ,x)drdx - J p(x)£ÌO,x)dx 

t 
+ 

f o r almost a l l t 6 (0,°°) and f o r any function 
2 6 ftp'1 ((0, )* Q ) vanishing f o r |x| > R fo r some R 0. 

r o o f . Let ? £ W^' 1 ( (0 , <*>)* Q) and q ( t , x ) = 0 
fo r | x | > H and t e (O.ooj , p i x t^ > 0 and se t 

£ ( t ) = 

1 f o r t < t.- t 

t.-t 

—j— f o r t ^ t i t < t^ 

0 f o r t 1 ^ t . 
As the t e s t function in (6) we take 

2 ( t , x ) = ? ( t , x ) ( t ) . 

Taking e — 0 in (6) we get (7 ) . 
Before s t a t i n g the main r e s u l t we prove the fol lowing 
L e m m a 2. Let u ( t , x ) be a so lut ion of the prob-

lem (1) - ( 3 ) . Then 

(8) £ u ( t , x ) % ( t , x ; d x sgJ*9p(x) 2H(0,x)dx 

f o r t 3s 0 . 
f . F ix two numbers 0 t^ < t 2 and l e t 

and 2 6 W ^ » ° ( ( t 1 , t 2 ) x £ 3 ) and ? ( t , x ) = 0 f o r t 1 < t < t £ 

| x | > R. Set 
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Asymptotic estimates for solutions 

{» (t,x) = 

?(t,x} for (t,x) € (t1tt2)xi3 

0 elsewhere. 

Putting in (6) the Stieklov average ? -h we obtain 

?_ h(t,x) 

OO CO n 

//•?('->,'>-?('.') J f ^ 
o S a & i,j=i 

00 n 

x u x (t,x)dtdx - f f y ~ b.(t,x)ux^(t,x) ^_h(t,x)dtdx -

X. 1 

Oi? i j = 1 

oo 

- J J c(t,x)u(t,x) g_h(t,x)dtdx = 0. 

o a 

Hence 

fc1fl 

- Y ^ [b.(t,x)ux (t,x) 

i=1 

ij=i 

?(t,x) -

ai;j(t,x)ux (t,x) 
0 

c(t,x)u(t,x) 

dtdx = 0. *g(t px) 

It is clear that the last equality can be written in the form 

(9) 

- [b
i(

t-x)u
x.(

t.x)l 
•i — A ^ J ̂  . 

a. ,(t,x)u (t,x) 
. 3 J 

c(t,x)u(t,x) dtdx = 0. 
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Substituting into (9) the function 

2 ( t , x ) = uhH52, 

where $ e C1 (Rn ) , 0 ^ ^ 1 in Rn, M x ) = 1 for | x | < R , 
? = 0 for |x| > R+1 and is bounded independently of 
R, we derive 

(-10) u(t2,x)2H(t2,x)?(x)2dx - i f u(trx)2H(t1>X)5(x)2dx + 

+ / / • JL - L -
t .e i , j=i J n x i 1=1 1 

1 
t2 , Since || (u-uh iH^^II , — -

H L 2 ( D t ) h - 0 

dtdx = 0. 

0 for any T >• 0, there exist 

a dense set ^ in [ o , o o ) and a subsequence h ^ — 0 such 
that 

for a l l te £ . Mow taking t 1 , t2e and h = hfc in (10) 
and passing to the limit we get 

(11) yu(t2,x)2;i(t2,x)?(x)2dx u(tvx)2H(t1fx)^(x)2dx = 

t2 n tg n 

- ~ z U I I ' ^ v ^ d t d x a i o v u : i x r P d t d } ; 
t^O i j =1 'J tJ3 i,j=1 
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Asymptotic estimates fo r solutions 7 

- 4 

to n tg n 

/ / I l a i : V u H ^ x . itdx - 2 //C b iVu H^ t d x + 

t ^ i,0=1 0 1 ^ f l 1=1 

t2 t2 

2 J J cu2HÇ2dtdx + Z J J u2HtiÇ2dtdx. 

1 1 

Observe that the following inequalities 

n n n 

c ^ w - « v ^ 

and 

n n 
J^ b i U x e3 |Vxu|W + 1 ^ bfuW 
i=1 1 i i=1 

hold for any positive numbers t^, 3X1(3 e3» which w i l l be 
chosjen later . 

Substituting these inequalities into (11) we obtain 

£u(t2,*)2H(t2,xK(x)2dx + (2>q - 2£3 - 2>oe2 - Ao£y|)x 

/ fi»,.i v . « . • / r [ - ^ £ v „ 2 £ 
^ C t ^ L 1 i , j=i 3 1=1 

2cH - 2Ht j u2lj2 dtdx <Ju(t1,x)2H(t1,St)?(x)2dx + 

2H 

tg n 
Hu2dtdx. 
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Sow taking E-j = -g- , £2 = • £3 a n d ^ ^ i n g K 

we in fer from the last inequality that 
tc 

|2Hdtdt + y*u(t2,xJ2H(t2,x)dx + ^ 

t1 fi L 1 , 3 = 1 1 J 0 i=1 

< J * , x ) 2 H ( t 1 ,x )dx. 

fH-2cH-2H, dtdx < 

according to the assumption (B) the expression in brackets 
i s nonnegative, hence 

y u ( t 2 , x ) 2 H ( t 2 , x ) d x ^ y*u(t1 ,x ) 2H(t 1 ,x)dx 
Q iP 

f o r almost a l l t.( ^ t 2 and by the continuity of 

£ u ( t , x ) 2 H ( t , x ) d x with respect to t we obtain (8 ) . 

I'o state our main result we shall need the fol lowing 
assumption on Q : 

Let g be an increasing, continuous and positive func-
tion on [ 0 , oo) such that 

1-E 
g ( v ) $5. Cv f o r any v ^ SQ, 

where C, 6 and tQ are some posit ive constants and tQ a -jlp 
Let Si be an unbounded domain in v»e say that £3 

possesses property U ( g ) , and write i ? e U ( g ) , i f l ( v ) > 
> g ( v ) , where 

1(v) = inf mesn_1 (3Q n Q ) 
mes Q=V 

and mes^ denotes k - dimensional measure. 
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Asymptotic estimates for solutions 9 

The following form of Sobolev inequality was proved by 
Guscin (see [2] and [5]): 

If fleU(g) then for each function f e ^(Q) n L1 (Q) 
the inequality 

(12) Vf (x)| 2dx > K /f(* )2dx 

(2 J f(x)dx)e o 

L a 
ff(x)2dx 

1 C 
holds, where K = — 5 -

ln 2 
and 

0 \o 

The examples of domains having property U(g) can be found 
in [2], [5]. 

T h e o r e m 1. If u is a solution of the problem 
(1 ) - (3) and Q t U(g), then 

(13) 
/

u(t,x)2H(t,x)2dx rV-TTFT » 

r - 1 where J denotes the inverse function of the function J 
given by the formula 

ff / 4M £ p(x)2H(0,x)2dx \ 
<"' • / / -60, 

where M = sup J H(t,x)dx. 
t>0 8 
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10 J.Chabrowski 

P r o o f . The f i r s t pa r t of the proof fo l lows s i m i l a r 
l i n e s to t h a t of Lemma 2. 'Ve use the e q u a l i t y (9) wi th n -

2 ? 
= u^ri ? , where i s the f u n c t i o n int roduced i n the proof 
of Lemma 2. Le t t i ng h — 0 we ob ta in 

(14) ^u( t 2 , x ) 2 H(t 2 , x ) 2 ?(x) 2 dx - Ju ( t 1 , x ) 2 H( t 1 > x) 2 5(x ) 2 dx = 

^2 " tg n 

s - / / L 1 a i a \ ( u H 2 ) x ^ - k S S l L - i d v ^ 

^ Q J ^ f l i , j= l J 

t - n t 2 

*!>!?x dtdx +
 2 J fV\hi\ uH2 ^ 2 dtdx + J1

 cu2H2!^2dtdx + 
t 2 

! J J u2HHt$2dtdx. 

t1£> 1=1 t^ Q 

+ 2 

We now observe t h a t the e q u a l i t y (14) can be w r i t t e n i n the 
form 

(15) ^u( t 2 ,x ) 2 H(t 2 ,x ) 2 S(x) 2 dx - J u ( t v x) 2 H(t v x) 2 ^(x ) 2 dx = 

t 2 n 

fLL + 
t,, a i , J=I j 

tg n n 
+ 2//LL a i /w 2 d t d x • V / H i u v V M x t 

t ^ e i , j= i 1 3 t ^ a i , j= i J 

tg n t 2 tg 
+ f c y \ b iu x uH2$2dtdx + f J cu2H2lj2dtdx + 2 J J u2HHt$2dtdx. 

- 1 0 0 6 -



Asymptotic estimates f o r solutions 11 

Notice also that 

n . n n 
.2 H H. 

x i 

,2h2 

<16> £ v * . 1 * 2 = H b i ( u H , x , - ] T V 2 

1=1 1 i=1 1 i=1 
# 

n n 
(17) ^ V ^ x . uH * Ä,|(uH»x|2 + - 1 ; - Y bfu2 

i=1 1 1 1=1 

f o r any <5'1 > 0 

n n 

( 1 8 ) I L ^ » x . ^ x , - X I a i j ( H H , x 1 ( o H , " x i -
1,3=1 1 11 i .d-1 1 3 

n 

- H L ^ « v * « ^ 

(19) ¿ 1 a i j ( ü H ) v f . ' l ^ ' x . ' 1 » 1 1 ' , ^ 
1,3=1 1 D i ,J=l 3 

n 

+ u2 2 1,3=1 3 

- V 

f o r any <5̂  > 0 and 

n ^ n 
(20) ^ a..uH (uH)ÇÇ « ^ a.^H H u2ç2 + 

1,3=1 3 1» 3=1 D 

n 

+ " s t ^ '• a13 , u2H2 
3 1,3=1 1 3 

f o r any > 0. Combining (16) - (20) with (15) we obtain 
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12 J . C h a b r o w s k i 

y u ( t 2 , x ) 2 H ( t 2 , x ) 2 ? ( x ) 2 d x - j u ( t v x ) 2 H ( t v x ) 2 ^ ( x ) 2 d x + 

a -c 

j r | ( u H ) x | 2 ^ t d x 

t „ » t . o 1 1 
n n n 

\ ' a . . h H - 4 - V " b ? H 2 + 2 Y " b . H H - 2 c H 2 - 2HH. 
Z i a x x ff L ^ i i x i t J 
i , j = 1 J 1 = 1 i = 1 

+ ( 2 ^ o - 2 i 2 a o - s j ( - 2 d T 3 - 2 ) x 

d t d x <c 

2 2 
t 0 n 

t ft i , j = 1 

a i j ^ x . * > x . u ^ H ^ d t d x . 

T a k i n g R — - < » , 5 = 1 , S 2 = - 1 , ^ = ^ w e g e t 

( 2 1 ) ^ u ( t 2 , x ) 2 H ( t 2 , x ) 2 d x - y u ( t 1 , x ) 2 H ( t 1 , x ) 2 d x + 

[ - < £ i i v , -

n 

t 1 f i 1 , 3 = 1 

- H ^ + 2 H v v 
0 i = 1 i = 1 1 

H - 2 c H 2 - 2 H H , d t d x ^ 0 . 

H e n c e , b y t h e a s s u m p t i o n ( 5 ) , w e o b t a i n 

t 2 

y , u ( t 2 , x ) 2 H ( t 2 > x ) 2 d x ^ J J | ( u H ) x | 2 d t d x + 

t 1 Si 

+ J " u ( t 1 , x ) 2 H ( t 1 . x j ^ d x 

f o r a n y 0 < t 1 < t 2 , A p p l y i n g ( 1 2 ) t o t h e f u n c t i o n ( u H ) , 

w e c o n c l u d e 
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Asymptotic estimates for solutions 13 

•X V «2 /a(t,x)2H(t,x)2dx 

(2tf]u(t,x)|H(t,x)dxJ' 

y* u(t,x)2H(t,x)2dx 

dt + 

+ y'u(t1 ,x)2H(t1 ,x)2dx. 

By Holder's inequality and Jiemma 2 we have 

(21 ) y|u(t,x)|H(t,x)dx=éj J u(t,x)2H(t,x)dxJ2 |^H[t,x)dx 
11 
2 

^ M2|^p(x)2H(0,x)dxJ2 . 

Using the fact that P is increasing we conclude that 

f , l2 , ,2 V f /u(t,x)2H(t,x)2dx I u(t„,x) H(t?,x) dx ̂  - I - 5 -dt + 
«/ 4 f 4M />(x)2H(0,x)dx 

y u(t1,x)2H(t1,x)2dx 

/u(t, x) H(t,x ) dx 

for any 0 ^t^ t^. It is easily seen that the last ine-
quality implies 

u(t,x)2H(t,x)2dx o o 
J* u(t,x)2H(t,x)2dx 

4M^*{2)(x)2H(0,x)dx 

/u(t,x)2H(t,x)2dx 
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14 J.Chabrowski 

where D_ denotes the left-hand lower Dinl's derivative. 
On the other hand consider the ordinary differential equation 

(22) z' (t) 
Kilt")) 

with the initial condition 

(23) z(0) = J" u(0,x)2H(0,x)2dx = J p(x)2H(0,x)2dx, 

where 

K., = 4M J* <p(x )2H(0,x)dx. 

It follows from the standard theorem on differential inequa-
lities that (see theorem 9 .5 in [7] p.27) 

Ju(t,x)2H(t,x)2dx ^ z(t 

for t > 0. Now solving the differential equation (22) with 
the condition (23) we obtain the estimate (13). 

T h e o r e m 2. Let u be a solution of the problem 
(1) - (3) and £etl(g). If the assumption (5) is replaced 
by 

n n 
(5'} 2 I Z aij(t'x)Hx.Hx. -T- Z L Vt,x) 2H + 

i,d=i 3 0 i-1 
n 

+ 
i=1 

< 5 ^ bi(tfx)Hx>H - cH2 - HH t>«H 2 

for ell (t,x) e (0,oo)*C, ¿> = 0,1 and for some positive 
constant a , then 

- 1 0 1 0 -



Asymptotic estimates fo r solutions 15 

(24) fu(t,x)2H(t,x)2dx^min ( i — , e"2o,t fp(x)2H(c,x)2dx | 
i \rf4-) i j 

f o r a l l ( t , x ) e (0,oo)xQ. 

P r o o f . I t follows from the inequality (21) and 
the condition (5) that 

^u ( t , x ) 2 H( t , x ) 2 dx - J u ( t 1 ,x)2H(t1 ,x)2dx + 

> V t2 
+ ~ f J |(uH)x|2 dtdx + 2a j J u2H2dtdx 0, 

herce 

/*u(t2,x)2H(t2,x)2dx ^ ~2* f J t ,x )2H(t,x )2dtdx + 
% t1 a 

+ J u ( t 1 , x ) 2 H ( t 1 , x ) 2 d x 

for any 0 « t^ < \ Proceeding as at the end of the proof 
of Theorem 1 we obtain 

J f u(t ,x)2H( t fx)2dx ^ e ~ 2 a t f 9 (x)2H(0,x)2dx 

for a l l t ^ 0 and the assertion fol lows. 
To i l lustrate the estimates (13) and (24) we shall give 

two examples: 
E x a m p l e 1. Suppose that 

c « -M|xl2, b i = 0 
2 

fo r ( t , x ) e (0,6o)*i3. Set H(t ,x ) = e " v , x l then the 
inequality (5) has the form 
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16 J.Chabrowski 

-8» J ' a ^ x ^ - cjH2 > (-8v2^0|x|2 + M|x|2)M2 > 0 
1,3=1 ' 

for a l l (t,x) e (0, oo)x& , provided V is suf f ic ient ly 
small. In this example Theorem 1 is applicable. 

2 x a m p 1 e 2. Suppose that the coef f ic ients b^ 
and c are bounded and set 

n 
H(t ,x ) = | [ coshx^ 

L i=1 

We can easily ver i fy that 

- 1 

ii n n 

• 2 I Z . a i j t g h x i t s h x j T L - <52Zb i t s h x i - ° + ? 
0 i=1 i=1 

2 2 H > <x H 

for a l l ( t , x ) e (0, oo)x £3 , provided p is suf f ic ient ly 
large and i t is clear that we can apply Theorem 2. 
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