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ASYMPTOTIC ESTIMATES FOR SOLUTIONS
QF THE SECOND BOUNDARY VALUE PROBLEM
FOR PARABOLIC EQUATIONS

Let £ be an unbounded domain in Rn' We denote the
boundary of &2 by 0. We consider the second boundary
value problem

n n
(1) a—%: E [aij(t'xmxi:lx. + Z' bi(t’X)uxi + clt,x)u
i,3=1 J iz
in (0,00)xQ,
(2) 3—1‘;{% =0 for (t,x) e (0,0)x20 ,
(3) u(0,x) = p{x) for xeQ,

where ——(—)—d denotes the inward conormal derivative to

(0,00 )xdal\]_Qte;i:c the point (t,x). The present work is concern-
ed with the asymptotic estimates for solutions of weak solu-
tions of the problem (1)} - (3) under assumptions which allow
the coefficients bi and ¢ to grow to infinity in various
ways (see assumption (B)). In proving the main result (see

Theorem 1) we make a crucial use of the Gu$din form of Sobo-
lev’s inequality (see [3] and [5]). The method used here was
inspired by the series of Gu&din’s papers on the second boun~
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2 J.Chabrowski

dary value problem for parabolic equations (see [2], [3],
[4] ana [6]). |
In the sequel we shall use the fcllowing notations:

Dy = (0,7)x @, D, 5= (0,2)x(Qn {Ix] < R)J.

PyR
For any cylinder (0,7} xA, where A 1is an open domain
in R, by WyC((0,7)xA), Wi'1((0,T)xA) we denote the
well-known Sobolev spaces (see [1]).
Let g(t,x) be a measurable function in (0,T) x A, We
denote by

t+h
pn(t,x) =T1{ f p(s,x)ds
t
the Stieklov’s average of the function p with respect to t.
0f course if peW,?O((0,T)xA) then g, €Wy ((0,T-h)x &)
if >0 and p, e WHl((|n|,T)x A) if h < 0, Further
additional informations on this subject can be found in [1]
or [4].
Throughout the paper we make the following assumptions
concerning the coefficients of (1):
(A) The symmetric matrix {aij(t,x) is unitormly posi-
tive definite in (0, )xQ, i.e., there are positive numbers
A and A4 such that

[o]
n

(4) Ml812< ) ey (t,x) BiE < aql8l?
i,3=1

for almost all (t,x) e (0,00)x Q and each §eR . We assu-
me also that aij’ bi and ¢ are measurable in (0,c0)x Q
and moreover the coe“ficients bi and ¢ are essentially
bounded in DT,R for each T >0 and R >0, ]

(B) There exists a positive function H{t,x)eC ([O,oo)x_Q)

such that sup 2}/‘H(t,x)dx < oo and
=0
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Asymptotic estimates for solutions 3

n n
(5) -2 E aij(t’X)Hx.Hx. -;\‘— E bi(t,x)2H2 +
1331 R B T

n
+6f E b, (t,x)H_H - c(t,x)H2 - HH, 20
i X , t
8 1= i

for all (t,x) e (0, ) x Q and & = 0,1.
We introduce the concept of a weak solution of the prob-

lem (1)-(3).
Suppose that the function ¢ (see the initial condition
(3)) is measurable in @ and such that

f¢(x)2ﬂ(0,x)dx<w and JP(X)ZH(O,X)QGJ{ <00 ,
(o] .

A function ult,x) defined in (0, 0)xQ is said to
be a weak solution of the problem (1j-{3) if it satisfies
the following requirements: '

(i} the integrals Ju(t x) H(t x)dx andb/'u(t,x)2H(t,x)2dx
are continuous on [0, o), :

(ii) v e W ’O(DT R) for every T >0 and R > 0.

(iii) frz(t x) ult x)dtdx+j E '(t'X)ux.?x dtdx~
73

D, 1,J=
fEb (t x)ux p dtdx - f c(t,x)updtax =f?(0,x)¢(x)dx
Dy 1=t Dp ' Q

for any T > 0 &and for any function 9 e‘r‘i;’1(DT) such that
p{@y,xi =0 for xe® end plt,x) =0 for t e (0,T),
| x| > R for some positive constant &.

ihe fact that u is a weak solution of (1)-(3/ can be
stated in another way.

Lemma 1., Let u(t,x} be a solution of the prob-
tem (1)-(3). Then
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4 J.Chabrowski

%
(7} fu(t,x)p(t,x)dx =ffu(t,x)?t(t,x)dtdx -
. Q 0Q

t n

_ffz aij(f’X)uxj?xj dtdx *}sz_bi“'x’”xi?dfd“
0

n
0Q i,3=1 =

G

+ff clr,x)ulr,x)p(r,x)drdx -fgv(x)g(o,x)dx
) Q Q

<

for almost all te (0,00} and for any function
ge'h’;"l(((),w)x ) vanishing for |[x] > R for some R > 0.

roof. Let gew;'1((o,oo)x9) and p (t,x) =0
for [x| >gr and t e (0,00}, Fix %, >0 and set

1 for t <ft.-¢
t.-t
- 1
Gltl =1 —p— for ti-e<t <t
0] for t; <.

As the test function in (6) we take
7(t,x) =plt,x) 5 (%),

Paking € —0 in (6) we get (7).
Before stating the main resnlt we prove the following
Lemma 2. Let u(t,x) be a solution of the prob-
lem (1) - (3). Then

(8) Ju(t,x)ZH(t,x)dx sfq;(x)zH(O,x)dx
Q
for t = 0.
Proof. Fix two numbers O < t1 < t2 and 1let
pe W;’O((t“tz)xQ) and p(t,x) =0 for t, <t <t, and
|x] > R, Set
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Asymptotic estimates for solutions 5

Q(t,x) =

~ p(t,x) for (t,x) e (t1,t2)x_Q
0 elsewhere.

Putting in {6) the Stieklov average 7 -h we obtain

[!’Z(t-h 1 X)-72(t,x) u(t,x)dtdx + ./;[ ij(t’x) [r}_h(t,x)Jx x
i,j=1 i
(t x )dtdx -[/:/.E b, (t x)u (t x)p h(t x)dtdx -

08 1i,j=1

- fjc(t,x)u(t,x)E_h(t,x)dtdx = 0.
0 £

Hence
f t+h (t )
Jj‘![’?(t x) u(t+ x)—u x. ; ?x (t, x)[ (t,x)uxj(t,x):lh -
1 1]
n
- ; [bi(t.x)uxi(t.x)]h p(tyx) - [c(t,x)u(t,x)]hx

xg(t,x)] dtdx = O,

It is clear that the last equality can be written in the form

(9) f }[{u (t x)tg(t x) +

2 1 xi<t,x)[aij<t,x>ux,(t.x>Jh-

1,3= J

- Z [bi(t,x)ux_(t,x,]h p(t,x) - [c(t,x)u(t,x)]hrz(t,x)J dtdx = 0.
1 .

i=1
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6 J.Chabrowski

Substituting into (9) the function
2
p(t,x) = u, H5%,

where ’5501(Rn), 0<% <1 in Rn,’;(x) =1 for |x| <R,
$=0 for |x|>R+1 and |y _ | is bounded independently of
R, we derive

(10) %Ju(tz,x)all(tz,xﬁ(x)zdx - %fu(tq,x)zH(t,‘,x)g(x)zdx +
Q

i=1

- (cu)huhH§ -u Ht’s dtdx = 0.
1

Since || (u-uh)H2'§ll —=0 for any T >0, there exist

12(Dy) h=0
a dense setl; in [O o) and a subsequence hk—-o such
that

[[atse) - wy e ] BCESC 5 g0

for all tef . Now taking t,, t,6§ and h'=h  in (10)

k
and passing to the limit we get ° -

(11) fu(ta,x)zil(tz,x)S(x)adx —! u(tq,x)EH(t,],x)S(x)zdx =

Q

tA n
2 8% dta ] 2 -3
- T ff lJ x ux g X - Ef! aijux.u'lxig atdx -
t1 ioj:1 J

1,3=1
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Asymptotic estimates for solutions i

t n_
4ff auuﬁgy dtdx+2ff§ b u_ uH§dt4}+
%)

1 i,j=1

£ t,
2,02 2, o2
+2ffcuﬂ§ atax + 2 [ f o g atax,
1, @ i, &

1

Observe that the following inequalities

n £ n n
2 2_ &1 1 z 2e2
L aijuxjuﬂxig < - lauxiu Ay %y + ET3: alJHx H u g=,
i,3=1 i,J=1 3 i,3=1 1
n n
a, . u_ uH S 2
z — i xj 5-gxi 2 13 x ux H§ 252 2 ; aijngsx.ﬁu
1,3=1 i, j=1 J
and
n n
2202 9 2 262
E bi%ciuHK < £ lelll HS® + _t'? 2 byu"HY
i=1 i=1

hold for any positive numbers €qs Ep and €39 which will be
choshn later,
Substituting these inequalities into (11) we obtain

2[u(tz,x)zﬂ(te,x)’s’(x)zdx + (27‘0 - 25 - 228, - 2°z,])x

t2 t, n

2.2 1 2 2
f z!'lvxul H§“dtdx +'/'}[ [- T E ainxin' - biH -
t t, ; 33y

i,3=1

- 2cH - 2Ht] u?e? atax <ju(t1,x)zu(t1,z)§(x)2dx +

t2 n
+ 252‘/‘ }[ E “135’x.§x. Huadtdx.
1,92 1,51 o
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8 J.Chabrowski

1 1 A . .
=53 by =g £3=2—° and letting R —=oo

we infer from the last inequality that

f (t ty,%) h(tz,x)dx +4—° J’lv u,sztdt +
2
n n

4 Z 2. N
alaHx Hx -5 bid-2cH-2Ht dtdx <
1, J = J ° i=1

sb/‘u(t.I ,x)2H(1:1 yX)dx.

sccording to the assumption (B) the expression in brackets
is nonnegative, hence

kow taking ¢ 4

ﬁ\'{?

fu(tz,x)zH(tz,x)dx sfu(t1 ,x)21-1(t1 ,X)dx
Q (o]

for almos?t all t1 < t2 and by the continuiity of
u(t,x)ZH(t,x)dx with respect to t we obtain (8).

{o state our main result we shall need the following
assumption on $2: '

Let g be an increasing, continuous and positive func-
tion on [O, o) such that ‘

glvl=2cv °

for any v s60,

o
Let & be an unbounded domain in R . we say that Q

possesses property ¥ (g), and write QeU(g), ir 1(v)!>
> glv), where

where C, 60 and ¢. are some positive constants and cos—:;.

1{v) = inf mes (BdgnQ)

me an =V

n-1

and mes, denotes k - dimensional measure.,
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Asymptotic estimates for solutions 9

The following form of Sobolev inequality was proved by
Gudéin (see [2] and [5]):

If Qeulg) then for each function f e w)H(Q) n L,(Q)
the inequality

(2nf £(x)dx)?
ff(x)zdx
3

?/.f(x)adx
(12) JIVf(x)l%x;K :
P

holds, where K = -1—3
In®2

and

4 1
_ I 8
P(v) -{T<!mdsi) ds.

The examples of domains having property WU(g) can be found

in [2] , [5] .

Theorem 1. If u is a solution of the problem
(1) - (3) and Qeulg), then

(13) Ju(t,x)ZH(t,x)zdxs ﬁ;ﬁ—) ,

where J'1 denotes the inverse function of the function J
given by the formula

6
8

W (4MA/' ;o(x)2H(o,x)2dx)
ds

di{w) =

0

where M = sup !H(t,x)dx.
t30
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10 Je.Chabrowski

Proof. The first part of the proof follows similar

lines to that of Lemma 2. We use the equality (9) with =
= uhﬂ2§2, where ¥ is the function introduced in the proof

of Lemma 2, Letting h-—0 we obtain

() [ult, %)ty x5 (x)ax - ;f u(ty 0)2(t )25 (x)ax =

t n t n

3 2 2 ¢ 2
- _f fE aijuxi(uH )x.‘; dtdx - 4.[ f E aijuxju}{ x

t, 2 i,3=1 J t, 9 i,3=1

t n t2
X8y dvdx + 2f .ux. i g @ atax + J' fcuzﬂev;edtdx +
t, Q1= + t, 9
t2
+2 f f w?hH, g2atax,
t,

1

We now observe that the equality (14) can be written in the

form

(15) J ORE EIONO & {OF R IO L IO RIS

Q
t, n )
= ..f f E aij(uﬁ)xi(uﬁ)x.g dtdx +
t19 '.;i=1 J

n
Z- o2
+ Zfz!. 5" H H ‘; 24tdx - 4f1!‘ aijux'u}l §§’x'dtdx+
- 3 i
T3
t n t
2 t2 2
2,2 2,2,2 2. o2
+f ('z byu, WS atdx +ffcu H%Catdx + zf J o s atax.
t,& T t,0 t, 0
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Asymptotic estimates for solutions 1

Notice also that

n . n n
2 2
(16) ) b w® =) by (o) ul =) byu’, H.
i=1 * i=1 =1
n n
: 2,1 2,22
(17) by (ul), uif < sy | (utt) | s > vZu?n
i=1 i=1
for any 61 >0
n n
2
(18) aijuxiuH s:xj = E aij(uH)xi(uH)§§xj -
i,3=1 i,3=1
n
- E aijuHx_(uH)ggx_
1,5=1 * !
n ‘ 8 n 5
: : 2
(19) E 8y (utly (al) 5%, < 5= E aij(gﬁ)xi(uH)xj‘i +
1,3=1 ' ’ i,3=1
n
1 2
+2522aij§x§x wH
i,3=1
for any 62 > 0 and
n 5 ¢
(20) E a. .uH .(uH)fo‘é 2—3 E ainxin.u2§2 +
3= * J i,3=1 J
1 n
T 2, ® Sx.Sx, un?
1,3=1 ’

for any 63 > 0, Combining (16) - {(20) with (15) we obtain
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12 J.Chabrowski

ju(tz,x)za(tz,x)zt(x)2d_x -Ju(tq,x)ZH(t,‘,x)zg(x)zdx .
£

%

t
2
+ (2)0 - 2527‘0 - 51)f }[ |(uH)x|2§2dtdx +f! u2§2 [(-26’3 - 2)x
{

¥ 1
n n n
p E a; g, B, "'32~— E BHE 4 2 E bH_H - 20H° - 2HHt:| dtdx <
i,3=1 SR ALy i=1 +
5 5 te n
é(T}' +_6Z>fﬁ/.2 aij,;x.gx‘ uzﬁzdtdx.
t, @ 1,31 -
1
; : 1 Ao
Taking R-—=eo , 63 =1, 62 =73 4 =5 Wwe get

(21) Ju(t2,x)2ﬁ(t2,x}2dx —f u(t1,x)2H(t1,x)2dx +

2
Ao t2 - 0 ' t » n '
+2—f f l(uﬂ)xl dtdx +ff u [-4 Z‘ ainxidx. -
1, 9 t,9 i,3=1 J
n n
-%o b2E? 4+ 2 Z byfly 1 - 2¢H® - 2HHtJ dtdx < O.

i=1 i=1

Hence, by the assumption (5), we obtain

A, 02
fu(t2,x)2H(t2,x)deé --2-°-f f l(uH)x|2 dtax +
2 1, R '

+Ju(t1,x)2H(t1 ,x )ax

for any 0 <t,<%t,, Applying (12) to the function (uH),
we conclude
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Asymptotic estimates for solutions 13

2‘[u.(t,x)zH(t,x)zdx
dt+

t5

A K
fu(tz,x)zH(tz,x)zdxé - Tf .
Q t1 (2 ﬁu(t,x)|H(t,x)dx)

fu(t,x)zH(t,x)zdx
Q

+ Ju(t1 ,x)QH('l:1 ,x)zdx.

By Holder s inequality and Lemma 2 we have

(21)flu(t,x)iH(t,x)dxs[‘Ju(t,xFH(t,x)dx}
8 .
1

1
L[H % x)dx}2
1 1
smz[/q:(x)zﬁ(o,x)de? .

Using the fact that P is increasing we conclude that

o=

t

2K 2H(t,x)2%d
fu(tz,X)zﬁ(tz,X)deS _ %[2 .[u(t.x) (2 x)°dx it
Q t, 4M[¢(x) H(0,x)dx

é/u(t,x)2H(t,x)2dx

+ fu(t1 ,x)2H(1;4l ,x)zdx
Q

for any O st1 < tz. It is easily seen that the last ine-
guelity implies

A K ju(t,x)2H(t,x)2dx
D_ u(t,x)zH(t,x)zdx < - —g— == 5 ,
4M[¢(x) H(0,x)dx
P

fu(t,x)ZH(t,x)zdx
Q
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14 J.Chabrowski

where D_ denotes the left~hand lower Dini ‘s derivative.
On the other hand consider the ordinary differential equation

A
it s
“\z(t)

with the initial conditicn

(23)  z(o0) =}fu(0,x)2H(O,x)2dx =/p(x)2H(0,x)2dx,
9

where

Ky = 4MJ¢(X)2H(O,x)dx.

It follows from the standar'd theorem on differential inequa-
lities that (see theorem 9.5 in [7] p.27)

fu(t,x)2H(t,x)2dx = z(t)
Q

for t > 0., Now solving the differential equation (22) with
the condition (23) we obtain the estimate (13).

Theorem 2. Let u be a solution of the problem
(1) - (3) and QeU(g). If the assumption (5) is replaced
by

n n
(5") 22 J(tx)HH %Zb (t,x)2H +
3=

° i=1

o s 2 2
+ & bi(t,x)dxiﬁ - cH - HH; > oH

i=1

for 211 (t,x) e (0, 00}xQ, 6= 0,1 &and for some positive
constaont «, then
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‘o4 t/‘u(t,x)zi—i(t,x)zdxsmin /———;ﬁ— ) e-zqt(/'g)(x)zﬂ(c,x)zdx\
0
Q

\J—q( 2 ) 2 /

for all (t,x) € (0,00)xQ,
Proof. It follows from the inequality (21) and
the condition (5) that

Ju(t,x)zﬂ(t,x)zdx - ju(t1,x)2H(t1,x)2dx +

L
t to
+%j2g‘ ,(u’d)xl2 dtdx + 2qf j uPH%3tdx < 0,
t1 t19

herce

t
fu(tz,x)2H(t2,x)2dxs -Qaff u(t,x)ZH(t,x)edtdx +
Q t1Q

+!u(t1,x)2H(t1,x)2dx

for any 0 < t, < t,. Proceeding as at the end of the proof
of Theorem 1 we obtain

Ju(t,x)zﬁ(t,x)zdx < e"2°‘tf ¢(x)2H(O,x)zdx
[+]

for all t+ > 0 and the assertion follows.

To illustrate the estimates (13) and (24) we shall give
two examples:

Example 1. Suppose that

c< -MlxlI2, b, =0

i

—v|x|2
for (t,x) € (0,e)xQ. Set H(t,x) = e then the

inequality {5) has the form
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131y

n
(-8v2 E 8. .X:X. - c)H2 > (-8v27\o|xl2 + I=;£|x|2)I‘vI2 =0

for

i’j=1

all {t,x) € {0, ©)x9, provided v is sufficiently

small. In this example Theorem 1 is applicable.

and

xample 2. Suppose- that the coefficients b
¢ are bounded and set

i

n ~1
H(t,x) = [_I coshx; e~t%,
i=1

Ve can easily verify that

[.2

for

n n n

E ghx, -2 .5. Z , 2 2
L aijtghxitghxj A, -6 b tghx, - ¢ + y]ﬁ > o H
1,3=1 i=1 iz=1

all (t,x) e (0, 00)xQ, provided mu is sufficiently

large and it is clear that we can apply Theorem 2.
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