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A CONSTRUCTION OF THE BASIC SOLUTION 
OF THE EQUATION Au- 9u-t /u=0 

In t h i s paper we s h a l l cons t ruc t the bas ic s o l u t i o n of 
the equa t ion 

(1 ) L(3~, 3 t , V)u = Au - 3 t u - Vu = 0 x 6 RK, t > 0, 

r -i continuous w 
( 1 ' ) tf=tf(x,t), tf : [0 , Tj — Ii (R ), 1 < q < ~ 

N and q -̂ r 

and 

(1"Ì = sup || l>C , s)|| < «, 
s H 

and we s h a l l i n v e s t i g a t e i t s r e g u l a r i t y . 
We p o s t u l a t e ( c f . [ l ] ) the fo l lowing form of the bas ic so-

l u t i o n of the equat ion (1) 
t 

(2) G ( x , y , t ) = G o ( x - y , t ) + f J , t - s ) U ,s)* 
0 RU 

* G ( Ì , y , s ) d£ ds , 
where 

¡3) G 0 ( x , y , t ) = u * t r K / 2
 e x p (- I s a d 2 

4t 0 < -t < oo 
t ^ 0 
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2 J.iiubowicz 

is the basic solution of the conduction equation 

A u - 8.J. u = 0 . 

In view of the assumption about the function V" : 
feL^iRNX [ O , T ] } and by Theorem 7, p. 119, in [ 2 ] we infer 
that there exists a function u(x,t) e L^^'^iS^) satisfying 
the equation (1) almost everywhere in the strip S^. 

To the class Lp'm,1(SrJ defined in [ 2 ] there belong 
d°f N r 

functions defined and integrable in the strip S^ = R * |_0,TJ , 
which have weak derivatives up to order ni with respect to 
the space variable x, aiid the weak first-order derivative 
with respect to the time variable t. Moreover, the functions 
u in the class satisfy the condition u(x,t) = 0 in S e = 
= R N* (0,S) for some 6 >0. 

It is easy to verify by a direct calculation that the 
function (2) satisfies the condition (1). In fact, we have 
(4) L(d , 3 T > = 5(x-y )<S(t) - tf(x,t )Gq (x-y ,t) + 

t 
+ \>(x,t)G(x,y,t) - tf(x,t) f f G (x-§ft-s)tf(5,s). { P 

• ,y ,e )d ̂  ds = <5(x,y)6(t) + tf(x,t)G(x,y,t) - v(x,t). 

= <5(x-y )<S(t}. 

Now we are going to solve the integral equation (2). We are 
looking for a function G represented in the form of a 
product (see [ 1 ] , p.8). (5) G(x,y,t) = Go(x,yft)w(x,y,t) 
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GQ(x-y,t; 
n r>iv 
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A construction of the basic solution 3 

Substituting the expression (5) to the equation (2) we 
obtain em integral equation which is satisfied by the func-
tion CJ : 

(6) w(x,y,t) = 1 + G0(x-y,t)"1 J J G0(z-*,t-s). 
o R N 

Let peL°°(R211 * [o, l] ). 
T»Ve define an operator A in the following way 

t 
(7) (A®)(x,y,t) = G~^(x,y,t) J J Gq (x-lj, t-s ,s) • 

c RN 

• G -y,s)y>(5,y ,s)d^ds. 

We shall prove the- following lemma. 
L e m m a 1. If 
1° ̂ (x,t) satisfies the assumptions (1' ) and (1" ), 
2° sup |p(x,y,t)| as C..t0, «3*0 and q >K/2, 

x.yeRN1 * 
then the following estimation holds 

N 

( 8 J 

r(c+1 N ) t * 
supRK | (A,)(x,y,t)| ̂  c, C r ( w + \ (1 • 

v/nere : 
I. c = ( 4 , ) - ^ p - ^ P rf1 " ) sup t)|| . 

^ te [O,T] "q 

ii. ̂  + f = 1. P 
[II. The one-argument function f is defined in the standard 

way 
0: r(x) = J e _ t t x " 1 d t . 

o 
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4 J . L u b o w i c z 

P r o o f . By the d e f i n i t i o n o f A and by the assump-

t i o n s of Lemma 1 we o b t a i n 

t 

( 9 ) | ( A y > ) ( x , y , t ) C 9 G ; 1 ( x , y , t ) J J ^ G o ( x - l ; , t - s ) • 

V ; 1 ( x , y , t ) J J 

o l R K 

1 
q \ q 

G ( x - ? , t - s ) G ( t ; - y f s ) 

r N , 1 
0 

; 1 ( x , y , t ) J 
r N 

G Q ( x - i , t - s ) G 0 ( ? - y , s ) s ^ d s . 

I t i s e a s y t o see the f u n c t i o n under the i n t e g r a l w i t h r e s -

p e c t t o the space v a r i a b l e c a n be w r i t t e n i n the f o l l o w i n g 

way 

( 1 0 ) [ G o ( x - ? , t - s ) l G o ( ^ - y , s ) ] p = p " N [ 4 * ( t - s ) 4 j r s ] 
- ! ( P - 1 ) 

Prom t h i s we o b t a i n 

( 1 1 ) J [ G 0 ( x - $ , t - s ) . G 0 U - y , s ) ] P d $ = 
RN 

- [ 4 , ( t - s ) 4 , s f P j exp - i 

R® 
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A c o n s t r u c t i o n of the b a s i c s o l u t i o n 5 

n i t e r changing the v a r i a b l e s of i n t e g r a t i o n acco rd ing to the 
fo rmula 

h - * ( t - s ) s f w - 3 3' 

f o r 3 = 1 , 2 , . . , ,IJ 

we t r a n s f o r m the i n t e g r a l J d e f i n e d by (11) t o the f o l l o w i n g 
form 

(12) J = [ ¿7 r ( t - s )4 ; r s J " 2 exp ( - ' ) s 2 . 
¥ 

- f - N P + | 
exp (-q2)àq = p (4*) 

Np, ÏÏ p 
. [ ( t - s ) s ] ' ^ + 2 t " 2 exp ( - J f - J î ^ 2 ) ; 

T h i s i m p l i e s 

1 JL_ J _ J L 
(13) J p = p" 2 p [ 4 j r ( t - s ) 4 j r s ] " 2 q ( 4 j r t ) " 2 p 

. exp ( . 2 ) = ^4jt( t - s )sj " • 

J L + JL 

. t " 2 ? 2 G 0 ( x , y , t ) . 

Hence t he i n e q u a l i t y (9) t a k e s the form 
N 

(14) \(A<p)U,y,t)\ ^ Cy sup ! | l M - , t ) | | p 2 p • 
r t € [ 0 , T ] -

N N t N N 
. (4jrf 21 t2(3 J Ct— 

o 
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6 J.Lubowicz 

The i n t e g r a l appearing in the above formula can be determin-
ed f o r q > by means of the fol lowing elementary r e l a t i o n 

s 
f <*/ ^ , r ( a + i ; r(j3+1 ) „oh 

(15) J u ( s - u ) du = r (en r/3+2 ) S 
f+>3+1 

u u* = r (ft r/3 + 2 ) ° 
"0 

Then the i n e q u a l i t y (14) takes the foi'm 

(16) |(Af»){x,y,t)| < C- sup || U-(-,-t)| _ ( 4 t ) 2 q -
t 6 [0,Tj q 

• p 2 p r d - f - ) • ^ — t 2 q 
2 q r («+2(1 

which '.vas to be proved. 
We s h a l l construct the so lu t ion of (6 ) by the method of 

success ive approximations. 
The success ive approximations w i l l have the form 

o 
o>. = u + Au l o o 

p 
(17) u 2 = w o + A<J1 = wo + Acdo + A wo 

U . = u + Acj 1 = + Au + A îo + . . . + m o m—i o o o o 

In the above r e l a t i o n s we have assumed the fol lowing n o t a t i o n 

= A'i"~^(Aw0)) i = 2 , 3 , . . . 

and 

A1 = A. 
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A construct ion of the basic s o lu t i on 

To prove that the f o l l o w i n g s e r i e s i s convergent 

M 

(13) S ^ J ^ A w o 
m=0 

and,consequent ly , t o prove that the sequence com i s conver-

gent we s h a l l show that 

(19 ) 3 V J ( A r « 0 ) ( * , ' . t ) | o o ^ a f < i V 
H r*H te [ o , T ] 

F i r s t we are go ing to prove the f o l l o w i n g formula 

p l y _ I L ) r h J - ) 
(20) Bup_ | ( A r » 0 ) ( x . y . t ) | < C r — 1 2 q ) t V 2q; 

^ ° ( l 
x , 

r — 

The constant C in the formula above has been de f ined in 

Lemma 1 and the symbol A0wq means coQ. 
The proof w i l l go by induct ion . According to the d e f i n i -

t i o n of cj , f o r r = 0 the es t imat ion of the l e f t -hand 
o 

s ide o f (20) takes the form 

sup I w „ ( x , y , t )| ^ 1. 
N 

Let us assume thet the i n equa l i t y (20 ) holds f o r the index 

equal to r - 1, i . e . 

x , y eR 
sup i ( A r " 1 co 0 ) ( x , : y , t ) | C r " 1 ^ ^ 

-¿ ) 

r = 1 , 2 , . . . 
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We s h a l l prove that the inequali ty (20) holds for the index 
r—1 

equal to r . By Lemma 1, taking as Co the function A co_> 
and f o r the constant C^ the value 

( - - I • 'I' - % > 

and taking <x = (r-1 ) > 0 for q > ^ we obtain 

sup I ( A r u J ( x , y , t ) | = sup IA ) ( x , y , t 
N 0 H x ,y »«R x . y . i R 

c r - i ) • r ( r ( l - f - q ) ) 

which was to be proved. 
Using the formula f ( x + 1 ) = xT(x) we can write the denomina-
t o r of (20) in the following form 

(21) P - r ( < r * 1 ) ( l 

. ( , - ( r - 1 - ) . . . . • 

• ( r - ( r - [ ^ r 2 - ] - 2 ) - t t ) ' 

• r ( r - ( „ - [ i ^ J i s ] - a ) -

All f a c t o r s in the above equality are pos i t ive . Hence taking 
into account the elementary inequali ty of the form 
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A construction of the basic solution 9 

<»> »1 - [ V ] • i » V 
we can estimate the function (21) from below. Namely, we have 
the following relation 

(23) P > (r-V, Kr-1-V., ) • . . . • (r-(r-V., -1 )-V., ) • 

. P (r - ( r - V r D - = 

I t i s easy to observe that the argument of the function P 
is contained in the interval (1,2], the function P takes 
in this interval positive values not greater than 1. Hence the 
estimation (20) can be replaced by the inequality 

, _ . r r + r ( 1 ~ l q ) 
(24) sup | (A co0)(x,y,t)|s£ Cj c x 

M ' ° - • , r , v . » 
x.yelT y v V1'• 

where 

rO " l ì ) 

I t i s clear that,in view of (24-)» starting from some place 
the terms of (18) are,with respect to the rorm of L° 9 ( R N X R N ) . 

less than a positive 3f < 1 uniformly with respect to 
t 6 [ o ,T ] . Consequently, the sum of this series, to be de-
noted by f ( x , y , t ) , belongs to the space C (|0, ij, Ii"" (RNx R N ) ) , 
the norm of which we denote by the symbol 

(26) |f|| = sup ||f(-, - , s)|| , 
s 9 
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We have to prove still that the function f(x,y,t), which is 
the limit of the sequence cop, is a solution of the integral 
equation ( 6 ) . To this aim, we represent f in the form 

(27) f(x,y,t) =«m(x,y,t) +Qm(x,y,t), 

where Q m denotes a function of the class C( [o,t] ,L°° (RKXRK) ). 
Since the sequence com is convergent to f, we infer that 

(28) ||f(',.,t) - « „ ( . , . . t J L — 0. 

Hence the norm of Q„ tends to 0 with m—-»<>. By (27). m ' 
taking into account the•definition of a> „ - co + A cj we ° m o m-l * 
obtain 

(29) f - coQ - Af = Q m + - Af, 

(30) |f(-,.,t)-a,0-Af(.,.,t)||oo < | | Q m ( - J ¡^ + 

+ 1 ! a ( • , - , - t j - f(-,-,t))L. 

In view of (23) and (30) taking limit with m—-«*> we obtain 

f(x,y,t) - - Af(x,y,t) = 0 

that is 

f(x,y,t) = 1 + Af(x,y,t). 

Hence f is a solution of (6). 
The uniqueness of this solution and consequently the uni-

queness of the solutions of the equations (2) and (1), follows 
from Theorem 8, p. 125 of [ 2 ] . 
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