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A CONSTRUCTION OF THE BASIC SOLUTION
OF THE EQUATION Au- 3 u-vu=0

In this paper we shall construct the basic solution of
" the eguation

(1) L(a, at,V)u=Au-atu-Uu=O xeRN,t>O,

continuous

1) v=vi(x,t), v: [O, T] Lq(RN}., 1< gq<oo

and gq > %}

and
(1"} o= sup Jvi, sl <o
S

and we shall investigate its regularity.

We postulate (cf.[1]) the following form of the basic so-
lution of the equation (1)

%
(2) &(x,y,t) = Go(x-y,t) + ‘[f Go(x—E,t-s)v(E,s)x

[o} RN

xG(E,y,s] dE ds,
where
2
(3) G (x,3,%) = (4 t)"N/2 exp (— lx—?g—) 0<t<oo
0 ' t< 0
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2 Je.tubowicz

ig the basic solution of the conduction equation

Au-atu=0.

In view of the assumption about the function VvV :

Verl (RY « [O,T}) and by Theorem 7, p.119, in [2] we infer
that there exists a function u(x,t) € Lg’m’1(ST) satisfying
the equation (1) almost everywhere in the strip ST‘

To the class Lg’m’1(ST) defined in [2] there belong
functions defined and integrable in the strip ST dgt RNx[O,T],
which have weak derivatives up to order m with respect to
the space variable x, and the weak first-order derivative
with respect to the time variable t. Moreover, the functions
a in the class satisfy the condition uf{x,t) =0 in Sg =
= ’RV« (0,6) for some 6 >0,

It is easy to verify by a direct calculation that the
function (2) satisfies the condition (1), In fact, we have

(47 Llo, 3,, v)& = 6(x-y)6(t) - vix,t)G (x-y,t) +

t
+ V(x,t)e(x,y,t) - vix,t) G (x-E,t-s)u(E,s).
[1°
oG ,y,2)dE ds = 6(x,3)6(t) + v (x,t)G(x,y,t) - w(x,t).

t
. [Go(x-y,t) +.f.f_ GO(X-E,t-s)V(E,s).G(E,y,s)dgds} =
o) Ri\i

= G(X"',y)a(t;o
Now we are going to solve the integral equation (2). Ve are
looking for & function G ‘Trepresented in the form of a

product (see [1], pe81l.

(5] Glx,y,t) = G (x,5,tlo(x,7,t)
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A construction of the basic solution

Substituting the expression (5) to the equation (2) we
obtain an integral equation which is satisfied by the func-
tion w:

{
(6) wix,y,t) =1 + Go(x-y,t)"‘I ff Go(x-E,t-S).
o RN

* V(E ,s)Go(E-y,s)w(‘s’ ,y,s)dgd&

tet peL® (R« [0, T]).
We define an operator A in the following way

t
(1) ellx,g,t) = 67 x,3,8) [ [ o (xt,tosivi,0) «
c RN

» 6, (5-y,s)p(g,y,5)dEds.

We shall prove the followlng lemma,
Lemma 1. If
1° v(x,t) satisfies the assumptions (1’ ) ard (1"),

2% sup |<p(x,y,t)[s Cpt®, « 20 and g >W/2,
x,yeRN
then the following estimation holds

N
o+ 1==5=
(8) | (59 (x,7,1)] "ot -gg) £ "
8! sup Aollx,7,8)j = C, C
X,yeRN e ¥ I"(a+ 2 (1 -%a) ’
where:
I, C = (4JT)_N/2C' p—N/EP F(l -%) sup “V(', t)" .
te [0,T] q
S 1
Te — + — = 1.,
IT. 5 + 3 1
iII. The one-argument function I is defined in the standard
way o0
¥ >0: M(x) = fe'ttx'1dt.
]
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4 J.Eubowicz

Proof., By the definition of A and by the assump-
tions of Lemma 1 we obtain

t
(9) |(A<p)(x,y,t)|s Cy G;1(x,y,t)jf G (x-E,t-s) °
o RN

- V(§,s)6, (5y,8) s¥dEds< ]

)’ P P
stG;1(x,y,t)JJ‘N[Go(x-s,t-s)Go(E—y,s)J ag .
olR

1

. '!!‘N Iv(E,s)|q dE>q s™ds < C, te?ggﬂllv(',t)‘llq .

t p P
. G;1(x,y,t)f I{Go(x-i,t-s)Go(E-y,s)] ary s%ds.
RN

[}

It is easy to see the function under the integral with res-

pect to the space variable can be written in the following
way

N
- 5{p=-1)
(10) [GO(x—E,t-S)lGO(E-y,S)]p = p-N[4Jr(t-S)4FS] 2'P .
© Gy (x,%, P_;_s-> G (5, 3, )
From this we obtain
(1 3 =‘]{N[Go(x—g,t-s)'Go(E-y,s)] gy -
=N > 2
- |:4Jr(t-s)41rs]—2£f exp (-% "t‘:s“ - & [‘;3“ )d;.
R

- 950 -



i construction of the basic solution 5

sfter changing the variables of integration according to the
formula
1

]
2 2
1 8 ] v
25 = [5% mjl ;- 35 [%m y=y)
fOI‘ J = 1,2,.09,}:

we transform the integral J defined by (11) to the following

form

_%p o X
(12) J = [Azr(t-s)zhrs] exp(-%l—x'f'll )s2 .
4 .t s% 2 —_lg— -NEH%
.(i;. —i}) Jf exp (-p“)dp = p (4) .
rN
v N N
- 4= == 2
_ Tg 2 2 _ b 1=y 7y,
. [(t s)% t exp ( 7r——f1 ),
This implies
I X X
(13) JP = p 2p [4I(t—s)4HS] 29 (4xt) 2p .
2 X N
* exp ("% Il?'" ) =D ?_p[:ﬂur(t—s)s] 2q
N N
———+—
.t 2P 2 Go(x,y,t).
Hence the inequality (9) takes the form
N
' 29
(14) (o) (x,y,t)| < C sup v (e, t)f_ b .
| 4 y | P te[0.T] || » Vil g
N Nt e IR | N
. (4x) 271 429 J.(t—s) 29 5 29 ds.

o
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J.Zubowicz

The integral appearing in the above formula can be determin-
ed for ¢ > I by

5 means of the following elementary relation

(15) fu“(s-u)'e qu = /"(0(+1() F(BFI) o +A+7
Then the ineqguality (14) tekes the form

=7 . 2_q .
(16) [(ag)(x,7,t)] < C“’t sﬂngJ fv(, i, (an)

N . K N
T ( _@_) . Mo+ --EE) €m+1 29
p ra 55 %
r'(O(+2(1 -—26))

which was to be proved.

We shall construct the solution of (6} by the method of
successive approximations,

The successive approximations will have the form

dgf

@, 1
01 = wo + AUO
_ _ 2
{(17) Wy =W+ Aoy = + Aw + AW
W, =w_ + Ao =w + Aw + A2w +eaet Amu
m o m-1 o 0 o *** o

In the above relations we have assumed the following notation

i -1 X
AwozAl (A ), i=2,3,004

and
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i construction of the basic solution

To prove that the following series is convergent
)
(18) S .—.Z‘ Al
_m:O

and,consequently, to prove that the sequence w is conver-
gent we shall show that

(19) AV JTu ), < x<1 ¥V .
H roH teo,1]

First we are going to prove the following formula

r(t - %) tr(1-“2lq)

F((r+1) (1 -NTQ))

r = 0,1,2,.-0

(20) supy I(Arwo)(x,y,t)lss c’
X,JeR

The constant C in the formula above has been defined in
Lemma 1 and the symbol Aowo means .

The proof will go by induction, According to the defini-
tion of @, for v = 0 the cstimation of the left-hand
side of (20) takes the form

sup lwo(x,y,t)l < 1.
X,yeR

Let us assume thet the inequality (20) holds for the index
equal to » -1, 1i.e,

r = 1,2,.0-



8 J.Zubowicz

We shall prove that the inequality (20) holds for the index

equal to r. By Lemma 1, taking as ¢ the function Ar-1¢o

and for the constant C¢ the value

e r( - z)

and taking « = (r-1) (1—]%1—(;) >0 for q=> 5 we obtain

o!

sup ‘I(Arwo)(x,y,t)| = sup IA(Ar-1mo)(x,y,t)|S
X.'y,eRN . X.y,eRN

e r(1 -3 . r(z(1 -%) tr(1-1§7]) _
I"ir(1 -—%)} F((r+1)(1 -g—q))
A %) FU)

I"((r+1 ) (1. -%;))_

which was to be proved.
Using the formula IM(x+1) = xM"(x) we can write the denomina-
tor of (20) in the following form

q

(r-%%l)(r-1 _(_r-2l-;ﬂ> cee *

(r - (r - [(r+;)N]_ 2) _ (r+;)N),
e - (= - [tmg] - 2) - gy,

A1l factors in the above equality are positive. Hence taking
into account the elementary inequality of the form

(21) P =l"((r+1 )(1 -%)) - /"(r+1 - E‘iéﬂll) -
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A constructi”on of the basic solution 9

(22) v, - [(r+1 )N] , 1= (T+1)N

2q q

we can estimate the function (21) from below. Namely, we have
the following relation

(23) P> (r-v1)(r71-v1) L (r-(r-—V1-1)-V1) .

. r'(r - (r__v1_1) - (I'+1 )N)

=(r-v1)z-/‘(kf1+1-(—r§;ﬂ).

It is easy to observe that the argument of the function I

is contained in the interval (1,2], the function T takes
in this interval positive values not greater than 1. Hsence the
estimation (20) can be replaced by the inequality

r r('ﬁ)
(24) sup I(Arwo)(x,y,t)ls Cri—t—+ ,
X,J€eR ' (r - V1)!
where
N
rh -5
(25). Crﬂ%, 1( (:12-31))11 .
T e

It is clear that.in view of (24),starting from some place

the terms of (18) are,with respect to the rorm of L% (RNxRN),
less than & positive ¥ < 1 uniformly with respect to

t € [O,T]. Consequently, the sum of this series, to be de-
noted by f(x,y,t), belongs to the space C(p,T,L” (RN RN))
the norm of which we denote by the symbol

(26) [ £] = sup |£(+, -, s)| -
5 q
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1C J.Lubowicz

%e have to prove still that the function f(x,y,t), which is
the limit of the seguence Wnhs is a solution of the integral
equation (€¢). To this aim, we represent f in the form

(27) f(x,Y;t) =wm(xsy,t) + Qm(x’yst))

where Q_ denotes a function of the class C([O,T],L“’(RNxRN)).

Since the seguence wn is convergent to f, we infer that

(28) £Csest) =wpleyet)] 7= O

mn—-oco

Hence the norm of ¢, tends to O with m-——e, By (27},

taking into account the.definition of o =-w + Aw_ 44 Wwe
obtain
(29) f-w, - Af = Q) + Aoy 4 = AT,

(30) "f('V’t)-wo_Af(.‘.’t)"oo < "Qm(.’.’t)“oo +
+ ”A(wm_1(-,.,t) - fleye,t)),, -
In view of (23) and (30} teking limit with m —=o0 we obtain

flx,y,t) - w, = Af{x,y,t) =0

that is
flx,y,t) =1 + af(x,y,t).

Hence f is a solution of (6].

The uniqueness of this solution and consequently the uni-
gueness of the solutions of the equations (2) and (1), follows
from Theorem 8, p.125 of [2].
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