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CERTAIN REFLEXIVE LATTICES
OF SUBSPACES OF A HILBERT SPACE

1, Let H be a Hilbert space, let &£ (H) be the set of
all closed linear subspaces of H, and let & (H) be the set
of all bounded linear operators on H, To each subset <f of
A (H) there corrssponds the set Lato# of all those elements
of & (H) that are invariant under every operator in e¢#., Any
subset of & () such that £ = Lat o for some ¢# will be
called reflexive (cf. [1], p.258). It is obvious that the
set Latef is always a complete sublattice of the lattice
£ (H), _(The lattice structure on & (E) 4is given by the in-
clusion, i.ee, L AM=LNM and LV M is the closure
of L+ M, for L,M in & {H)). We will give certain suffi-
cient conditions for a complete sublattice & of £ (H) to be
reflexive. We get the well-known Theorems of Ringrose (cf.
[3]) and Harrison (cf. [2]) as special cases of our Theorems.
.The proofs given in the paper are shorter and simpler than
the proofs of Ringrose and Harrison.

2. Let £ be a complete sublattize of the lattice & (H)
and let & be an element of & (H). Define

M*

V{L:Leé! &M¢L}

M*:A{L*:Lex& L¢M}

B
n

v{LzLeza Lcm}.
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2 A.Pol-Swirszez

It is obvious that eech of these operations sends &£ (n)
into &, and if & C ¥, then u*cx*, u e NY, W n".
loreover L~ ¢ i and MY = (U”)Y for every N in & (a).

3 *heorem., Let & be a complete sublattice of
&£ (d) and let

(&) ={1vI€Z(H) : Y (Lc Mor u ¢ L*)} .
Le&£(H)

Then & is a subset of WM (L) and W (L) = Lat &f, where

of {PLo ae (1=Pxl @ heef (H), Le.r}

(P, denotes the orthogonal projection onto L),

Proof . ‘the inclusion ¥c # (L) is obvious. Let U
be in W (£) and let B = B o a(‘.-PL*) ror some A in R(H)
and L in &. If L ¢ i, then B(w)c¢ M ¢ L., If kc 1%
then B(M) = 0 ¢ i (0 denotes the zero subspace). Consecuent-
ly ¥ is in Lat 4.

Let M be in LatAfand let L be in &, If 4 1is not
included in L%¥, then there exists an f in M ~ L%, Since
g = “’PL“)f £ 0, it follows that for every u in L there
exists an A in #(d) such that u = ag. Since f is
in M end M is in Lat &, it follows that u = z.u =

L
PyroAo(1-P #)f belongs to M, and hence L is included

A

in M, Consequently ¥ is in m(&£).

L

4., Lemma, Let M be an 2lement of £ (H). Then
the following conditions are eguivalent:

(1) Mem(¥)

(2) mcwM

{3) there exists in 1L in & scuch that L ¢ M ¢ Lt

Proof . The implications (1) ==(2), (2)=>(1) and
(2) =>(3) are obvious, If L c M c L* for scme L in &£,
then LY c M+, and hence U c M'.
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Subspaces of a Hilbert spaoce 3

5, Theorem, dibe sruclity M(Z) =L nolds if
and orly if the lattice & satiefy the following condition

{:.ze.z'(}i; t Lc il ¢ L*}caz’

for each L in &.
This theorem fcllows immediately from Leams 4., »s & co-
rollany we get the following theorem,

6. Thecocrem ., Let & be a complete sublattice of
the lattice & (H), If for every L in & the set
i MeZ(d) 8L ciic L+} ig included in ¥, then & is
reflexive,

In particular, if L = LY for each I in &, then %
is reflexive,

7. Theoren., If LcX(d) is a complete chain,
then L = LY for each 1 in £,

Proof. It is easy to see that a complete sublatti-
ce & of &(H) is a chain if and only if L¥c L for every
L in &, Ir L #£LY, then immediately from the definition
of Lt it follows that L' ¢ (I*)¥. Hence, by the assump-
tion, LY = (L%)¥, i.e., LT =V {N e & : 1V ¢ N}. Conse-
quently there is an N_ in & such that L' ¢ N~ and §_ ¢ L.
Hence LY ¢ N:, by the definition of 1*, Since I\I:C n,
we get a contradiction.

8, Corollary (Ringrose’s Theorem, cf. [3]).
If £ c£ (E) is a complete chain, then ¥ is reflexive,

9. Theorem. Let & be a complete sublattice

of & () and let % be the set of all L in & satisfying
the following condition

L¢V{Nex: L¢N}

- 903 -
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(ieee, L ¢ L"), If every M in £ is the supremum of some
subset of ®, then & is reflexive.

Proof ., We will show that L = L' for each L in
. Let L be in &. By the assumption L' = V&, where
& is a subset of ®. If L' £ 1L, then L, ¢ L for some L,
ind# . Hence L' ¢ (Lo)*, and consequently L ¢ (Lo)*. .0n
the other hand L, ¢ (L )" by the definition of 2.

10, Corollary (Harrison’s Theorem, cf, [2]).
Let & be a complete sublattice of & (H), distributive in
the sense:

LAVI=Y {LAS : SEe7}

for each 1L in & and each subset ¢ of £ . Let y be the
set of all L in & satisfying the following condition:

L;év{Nex:NcLaN;éL_}

(i,e., 1L is infinitely-join-irreducible)., If every M in
& is the supremum of some subset of 2}, then & is reflexi-
ve,

Proof. It is obvious that if & is distributive
in the above sense, vhen § = @ .

1. Example. Let H be an infinite dimensional
Hilbert space. Consider two subspaces M and No of H such
that M aN =0, MUN =H but M + N #FHo et ug,eee,uty
be vectors in H such that (MN) N span{u1,...,un} = 0,
end let N = span(No U{u1,...,un}). Let %t be the set of all
those I in & (H) such thet N ¢ N ¢ N.. *It is not diffi-
cult to verify that the set & = {O,M,H} U is a complete
lattice, Moreover O' =0, M' =i, H' =H and ¥ =K,
for every N in ®. Consequently, by the theorem 6, & 1is
reflexive. (Compare [1], §3(a)).
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Subspaces of a Hilbert space 5

12, Tae equality # = W () is not necessary condition
of reflexivity of & . Por example, let {O,L,M,N,H} be
a double triangle of subspaces of a four dimensional space H,
(le6ey LVM=MVN=NVL=H LAM=MAN=NAL-=O0),
and 1lét & be the smallest reflexive sublattice of & (H) such
that {o,L,M,N,H} ¢ £ (ef. [1], §3(b)). If K,,K, ave non-
trivial different elements of &, then K U K2 = H and
K, A K2 = 0, Hence K™ =H fpr each nonzero K in & .
Consequently M (Z) =L{(H), but £ ££L(H].

Added in proof, After this note had been submitted for
publication, the paper of W.E., Longstaff "Strongly reflexive
lattices", J, London Math., Soc. 11 (1975), 491-498, was call-
ed to the author’s attention, where similar results have been
obtained (as in our note, Longstaff’s technique is an exten-
sion of that of [2]).
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