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A CONTACT PROBLEM IN THE THEORY OF ELASTICITY 

1. formulat ion of the problem 
Let on the plane be given contours (k= 0 , 1 , . . . , n ) 

having no po in t s in common. Assume t h a t 1Q encloses contours 
(k * 1 , 2 , . . . , n ) which l i e each outs ide the o t h e r s . Let DQ 

denote a mult iply connected domain Kith the boudary 
k=o 

and D^ the domain bounded by (k = 1 , 2 , . . . , q ) r e spec t ive ly , 
where 0 < q < n . Furthermore l e t D = DQu ( D^) where L^ 

k=o 
denotes the c losure of D^. Assume tha t the contours 
(k = 0,q + 1 , . . . , n ) cons i s t of f i n i t e number of a r c s 
3- = a v b, and 1. = b t a v where i = 1 , 2 , . . . , m , 

K i K i K i K i K i Ki+1 

&1, = Si. » alr » \ € l l r a n d l e t 

m+1 *1 K i K i * 

. , m . 1 II , m . II I II 

1=1 1 1=1 i 

The case of or being an empty set f o r some k i s 
not excluded. 

(The e l a s t i c cons tan t s of an an i so t rop i c medium of the 
i U ) 1 e domain D. (k = 0 , 1 , 2 , . . . , q J are denoted by A_a

J 
K 37 S 

( r , s , j , e = 1 ,2 ) r e s p e c t i v e l y . The operator of s t a t i c s of an 
an i so t rop i c bodies and the s t r e s s operator have the form 
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(k)/ 9 \ (k) a 2 

M ò l i " Ç , A T B d r f r f o r * e D k ( k = 0 , 1 , 2 q) , r , 8=1 Jr s 

where 

(k) ( k J j e e = 1 ' 2 

A r s = Il A r s II J - 1 f 2 » x = 

and 

(k) s ^ (k) 
— , A r s c o s ( n x > f * > 7 T ( k = 0 ' 1 

r , s = 1 D 

where n x denotes the e x t e r i o r normal at the point x e l ^ . 
The problem c o n s i s t s i n the fo l lowing: determine i n D 

a displacement vector u(x) = u (x) for x eD^ (k=0,1,2,|...,q) 

of the c l a s s s a t i s f y i n g the system of 
equations 

(k) a (k) 
( 1 ) A (-j^r) u(x) = F ( x , u ) for x e]^ ( k = 0 , 1 , 2 q) 

subject to the boundary condit ions 

(k) 

H j 0 ) ) d 0 = 
(2) 

{ ( ? } u ( y 0 ) } 
(k) 

- f 2 ( y J y n e l ' i l k = 0 , q + 1 , . . . , n 
»0 

and the contact condit ions 
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Problem In the theory of e l a s t i c i t y 3 

{ « M d 0 - { " M * 

(3) 

Do 

(k) 
T u ( x 0 ) 

Ck) 
+ g(x 0 »u) x o € l k k = 1 » 2 »3 

Tc 

where { }r, denotes the l imi t of a vec tor when x t ends t o 
Tc 

the boundary from the i n t e r i o r of D^. 
The above problem i s a g e n e r a l i z a t i o n of the problem 

i n v e s t i g a t e d i n [4 ] t o a f i n i t e number of i n s e r t i o n s from 
d i f f e r e n t m a t e r i a l s and to a mul t ip ly connected domain. 

<k>;je <*>re <k>ei 
Due t o the symmetry cond i t ions = A. = PS J S QI 

which a re s a t i s f i e d by the e l a s t i c cons t an t s , the system (1) 
i s a s t rongly e l l i p t i c system in V i s h i k ' s sense . 

I t i s assumed t h a t : 
1° The contours (k= 0 , 1 , . . . , n ) s a t i s f y the Lapunov 

cond i t ions and there e x i s t s a t l e a s t one a r c L_ which 
K i 

con ta in s a t l e a s t t h ree p o i n t s not ly ing on one s t r a i g h t l i n e . 

0 ( k ) 
2 The components of the v e c t o r s FCx,u) and g ( x Q , u ) 

def ined and bounded in the reg ions 

f ,(k) | I r I (k) , ) 

( x e I U j ( x ) | < + 00j , | x 0 6 1, I u^(x 0)[ < +oo | 

r e s p e c t i v e l y s a t i s f y f o r every k the cond i t ions 

I i . l x . ^ . U j ) - u ' ^ u ' ^ I ^ K p I x x f . I k ^ I u . - u ' J 
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l% ) { xo» u1' u2 ,-^ xo» u1» u2 ,| ,< Kil xo xor + 2 Kg ^ k i - ^ l ^ 1 ' 2 

with a €(0,1) and Kf«Kp»Kg»Kg 'being some positive constants. 

i i (k)0 ii 
3° * h o ^ c l i ^ ) , f 2(y0)eC (1^). 

2. Reduction of the problem to functional equations 
Let us join the successive points K. and a. with Ki Ki+1 <v 

arcs L, lying entirely in the exterior of D in such a 
i m A I ~ . , V way that = u is a Lapunov contour where ^ " U ^ • 

A Let us denote by D a multiply connected domain bounded by 
1 = U ljj. Obviously D CD and CD with the exception 

ksO 
k=1,2,...,q 

of the end points b. ,a. . For the first boundary value 
Ki Ki+1 A A 

problem in Df the Green tensor G(x,y) can be constructed! A under the assumption that D is homogeneous and consists of 
<o)1e medium with elastic constants . The construction follows rs 

from the existence and uniqueness of the solution of the first 
boundary value problem for multiconnected domain 

» „ * . a fA, J A 
A G(x,y) =0 xeD, |G(y0,y)|g = 0 y 0 e 1. 

A 
Making use of G(x,y) we can now repeat the arguments of the 

(o) 
paper Q3J to construct the Green tensor G(x,y) for a mixed 
boundary value problem in i) -i.e. 
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(o) , Co) (o) 
6(y 0 ,y) . , = 0 y 0 € l k -

(o)(o) 
T G ( y 0 , y ) =0 

y o e l k ' 

k = 0 , q + 1 , . . . , n and to prove i t a properties needed in the 
subsequent development. 

Taking into account B e t t i ' s formulae and the properties 
Co) 

of G (x f y) one can prove s imilarly as in the case of 
i so t rop ic bodies [ 1 ] the following fundamental theorem. 

T h e o r e m 1. The boundary value problem ( l ) - ( 3 ) i s 
equivalent to the system of functional equations of the form 

q f f (o ) (p) _q f f ( k ) a ( o ) 
J5(x) u(x)= V" J J G (x,y ) P(y,u)dr - £ J J u(y) A (-¿-)G(x,y )dr+ 

p=o D p=1 D 

(4) 
q f(o) (p) q f r X o ) -I* 

+ 1 J G (x ,y)g(y,u)dl + 21 J l-TG(x,y)J u(y)dl + 
p=1 1. p=1 1 

T f ( 0 > o 
- Z— J „ G U , y ) f 2 (y)dy x eD, , 

P=0 l p ^ 

where /3(x) = ¡5 for x e D̂  i s a constant matrix, T = T - T 
and an a s ter i sk denotes the transpose of a matrix. 
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It ia a straightforward matter to ver i fy the identities 

(k) a ^ (k) a2 

9 x ' k r f iS l r s « f r ^ a ' 
(5) 

U ) (k ) (o ) ^ (k) d 
T = a T + afc r r g cos(nx, fg) j j - , 

U ) a (k) i| (k) dei| e=1,2 
where a = ^ , r r £ j = || r ^ || . = 1 > 2 , 

rs " ak A ra aQ n ra 

and 

/ , ( k ) i 9 ( k ) Vi (6) ak = A fa + A«c/3 f o r r + a + 0+9=6» r=d 

and oc+p+y+6=6, cc^y . 
1 De 

In the caae of isotropic medium the constants A_a 
k 1 3 

are reduced to the Poisaon constants of the k-th medium. 
By inserting (5) into (4) we see that u(x) satisf ies 

the following system of functional equations 

Ik) A (P) e r ( o ) ( o ) -i* (k) 
(7) 2JiEau(x) + > ( 1 -a ) J L T G(x,y)J u(y)dl=P(x,u) 

P~1 K 

xeD k , k=0,1,.. .,q,, 
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wnare 
U ) 

(8) _ ( x , u ) 
P=5 Dr 

G(x,y) i ( y , u ) d r + 

p=1 p r , s=1 r 3 1. 

2 (o) 
- £ a < i l J J „ W « ) • p=1 * r ,3=1 s D ^ r Bt?3 

^p) 
y) g ( y , u ) d i + 

r 1 (* r (o) (o) 
U . L t G(x,y)J £ (y )d l ) + 

p#1,2,..Mq P 

f Co) 

,2 , . . .,q 

U ) 
,y) f ^ y ) d l - a k r p 8 C r a Blx) , 

x e V 

( k ) i e 
where C r g are constant matr ices dependent on Ar£ , E de-
notes the unity matr ix and the i n t e g r a l s appearing in the 
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Xk) 
t h i rd term of P(x,u) are understood in the Cauchy pr inc ipa l 
value sense. 

3. Solution of the problem 
The proof of existence and uniquenes'of the solut ion of 

the given problem is based on the Banach - Caociopoli theorem. 
Let us consider a func t iona l space A consis t ing of a l l , 
continuous vectors u(x) = [u,j(x) ^2(2: ) ] defined on I> and. 
of the bounded norm 

(9 ) 

where 

Ca(u,D) = C(u,D) + Ha(u,D), 

C(u,D) = max 
3=1,2 

k=0,1,..,q 

sup I Uj|(x)|J, 

Ha(u,D) = max 
3=1,2 

UH(x) -u^(x') 
sup _ ^ ^ 
xx e D^ Ixx'l 

The distance cf(u,u') between two points u, u' i s defined as 
the norm of the d i f ference 

i (u ,u ' ) = Ca( u-u',D). 

In the space A l e t us consider the transformation 

(k) J L (p) /*r( 0) (o) -,* (k) 
(10) 2rtE a u(x)+ 2 - ( l - a ) J L T &(x,y)J u(y)dl=P(x,u) 

P=1 
X€D,. 
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which a s s igns t o each point u(x) of the apace A a poin t u 
of the apace A , and l e t 

T = max 
r , s t j,e=1,2 
k=1,2,.. . ,q 

T ra 

T h e o r e m 2. I f the assumptions 1 ° - 3° are 
s a t i s f i e d and the constanta r ,K-p,Kg are s u f f i c i e n t l y amall 
t o a a t i a f y the condi t ion 

r + k f
 + V i ' 

where m depends only on the e l a s t i c conatants A r^e and 
the domaina of i n t e g r a t i o n in (4) , then there ex i a t a e x a c t l y 
one so lu t i on of the problem ( l ) - ( 3 ) . 

P r o o f . Limit ing process f o r x—-x 0 €1^ leads t o a 
system of s i n g u l a r i n t e g r a l equat ions with the ke rne l which 
d i f f e r s from the kerne l appear ing in M only by the c o n t i -
nuous te rms . Thus, the system i s uniquely solvable provided 

the r igh t -hand side i s of the c l a s s C a ( l ) , 1 = U l k » 
k=1 

From the p r o p e r t i e s of Cauchy i n t e g r a l s on Lapounov contours 

(comp.1°) i t r e s u l t s tha t P(x ,u) eC„( l ) where P(x .u) = 
(k) 

= P(x ,u) f o r x e l ^ . Solving the system of i n t e g r a l equat ions 
we obta in the es t imat ion of C a ( u ( x 0 ) , l ) . 

Considering now the t r ans format ion (10) we get the 
fo l lowing inequa l i t y 

(11) C ^ u . D X m[c0C(u,D)r+ C(g , l ) + C(F,D)] + n^ C a(S,D), 

where S denotes the known f u n c t i o n on the r igh t -hand side 
(k) . 

of (10) [ comp.3 J and are constants depending on 
and on the domains of integrat ion. 
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Here we have 

(k) (k) 
g(xQ ,u) = g(xQ ,u) . fo r x Q e l k and F(x,u) = F(x,u) 

f o r x e Dk. 

From (11) i t follows that the t ransformation (10) maps the 
space A onto i t s e l f if the constants x are s u f f i c i e n t l y 
small i . e . if r < ^ . 

Furthermore from (11) we have 

CjpU-u'.D) < m[T.C(u-u',D) + CtF-F'iD) + C(g-g ' , l ) ] , 

where g1 = g(x, u ' ) , F = F(x, u') and from the assumption 2 
we obtain 

C(F-F',D) < Kp C(u-u',D), C ( g - g ' , l ) < K g C(u-u', 1 ) . 

F ina l ly we have 

C^(u - u ' , D X m ( r + + Kg) Cœ (u-u ' ,D) 

and the t ransformation (10) decreases the distance between 
every pa i r of points u, u' if 

(12) r + K F + K g < - l . 

Under the condition (12) a l l the assumptions of Banach's 
f ixed point theorem are s a t i s f i e d and there ex i s t s exact ly 
one f ixed point u* of the t ransformation (10) . This implies 
the existence and uniqueness of the solut ion of the system of 
func t iona l equation ( 4), which in view of Theorem 1, completes 
the proof . 
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