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A CONTACT PROBLEM IN THE THEORY OF ELASTICITY

1. Formulation of the problem

Let on the plane be given contours 1, (k=0,190ee4yn)
having no points in common. Assume that 1 encloses contours
1, (k=1,2,...,n) which lie each outside the others. Let D,

denote a multiply connected domain with the boudary U 11:
k=0

and D, the domain bounded by 1, (k =1 2....,q) respectively,
where 0<q<n. Furthermore let D =D U(U Dk) where 51:

denotes the closure of D, . Assume that the oontours lk
(k = 0,q+1,...o4n) congist of finite number of arcse .

b
= a

ki ki+1 where i = 1,2,...,m,

a = a a b, € and let
T U N T
f m 1 n m \ n
= U = UJi (1 =1ul).
B Uoh s Uk, =%V

The case of J.L or l'l'{ being an empty set for some k is
not excluded. i

The elastic constants of an anisotropic metzitsm of the
k).
domain D, (k = 0,1,2,...,9) are denoted by A, Y°

(rys,)j,8 = 1,2) respectively. The operator of statics of an
anigotropic bodies and the astress operator hgave the form
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(fj)(éa;) Er,s=1(§1)“’ 7 8?,, for xeD  (k=0,1,2,...,0),
where

(k) (k)je o=1,2

hpg =l Apg Il 51,00 % = x(£126))
and

k) k)
(T Ei (A cos(n,, fs)l (k =0,1540059),

where n, denotes the exterior normal at the point x elk.
The problem consists in the following: determine in D
(k)
e digplacement vector u(x) =u (x) for xeD (k=0,%,24..,9)

of the class 02(Dk)f‘ C1(ﬁx) satisfying the system of
equations

(k) 5 (k)
(1) A G ulx) = P(x,u) for xeD, (k=0,1,25000,9)

gubject to the boundary conditions

(k) '
{u(yo)}Do = f1(y6) Yo €L
(2)

(o) (k)
2 "
{ T u(yo)}D = £%(y,) Yo €L, k = 0,q+1,...,0
)

and the contact conditions
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{u(xo)}Do = {u(xo)}Dk
(3)

(o) (k) k
T u(x,) D =] T ulx,) D, + 8(x u)  x €l k=1,2,3,...,q,

where { }Dk- denotes the limit of a vector when x tends to

the boundary from the interior of Dk‘
The sbove problem is a generalization of the problem
investigated in [4] to a finite number of insertions from

different materials and to a multiply connected domain,
()yg (k) (k)

Due to the symmetry conditions Ars = Ajs = Asr

which are satisfied by the elastic conetants, the gystem (1)
is a strongly elliptic syatem in Vishik?’s sense.

It is assumed that: _

1° The contours L, (k=0,1,...,n) satis?y the Lapunov
conditions and there existe at least one arc lki which

containg at least three points not lying on one straight line.
' (k (k)

2° The components of the vectors F%x,u) and g(xo,u)
defined and bounded in the regions

(k) (k)
{x €Dy, l uj(x)|< +oo} , {xo el,l uj(xo)l < +°o}
regpectively satiafy for every k +the conditions

(k.) (k) ¢ ' ' ' ue 1. '
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(k) (k) \
sj(xo,u1,u2) gd(xo,uvu2 f<:K8|xoxol +3 K, 4 Iui-ui|j=1,2

with o €(0,1) and Kf,K ,K being some positive comstants.

8' g

(k) \ (k) o
° 1 Uy ecln), £'2(3,) €C (1),

2. Reduction of the problem to functional equations

Let us join the successive points b, and a with
i ki+1

arcs Eki lying entirely in the exterior of D 1in such a

' ~ ~ m
way that ik = 1, vl is a Lapunov contour where %kisézaiki'

Let us denote by 3 a multiply connected domain bounded by

A

n 1
1= U 1. obviously DcD end 1, cD with the exception
5 K

k=1,2,...,9
of the end points bk.,ak
_ R i "ia A
problem in D, the Green tensor G(x,y) can be constructed
under the assumption that ) is homogeneous and consgists of

. For the firet boundary value

o
medium with elaptic .constants Arge. The construction follows
trom the existence and uniqueness of the solution of the first
boundary value problem for multiconnected domain

(o) A A »
A ('é%:') G(x,y) =0 xeﬁ,l {G(yo,y)}i3 =0 y,el.
Making use of G(x,y) we can now repeat the arguments of the

paper [3] to construct the Green tennor G(x,y) for a mixed
boundary value problem in v -1.e.
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(o), (o) (o) . [(o) (o)
At2)6{x,y)=0 xeD, {G(yo,y)}D=O yoelk,{T G(yo,y)] ;=0

Yo le,

k=0,g+1,...,n and to prove its properties needed in the
subgequent development. _
Taking into account Betti’s formulze and the properties

of 8 (x,y) one can prove similarly as in the cage of

isotropic bodies [1] the following fundamental theorem,
Theorem 1. The boundary value problem (1)-(3) is

equivalent to the system of functional equations of the form

(o) (p) (o)
B(x) u(x)= é QJ‘G (x,y) %(y,u)dt - ﬁ& J],u(y) AG{%dG(X.y)dT+
= p
(4)

(p) )
i ftr(x,y)g(y,u)dl + is f[ég(x,y)] u(y)dl +
p=

- (o)
Z f[(g)(g()x y)] £1(y)a1l +

;#12..,q p

- (0)
2:: Jj G (x,y) f2(yldy x €Dy

p=0
p#q'a, L4 ’q

(k) (o)

where fB(x) =p for x €D is a constant matrix, T=m-m
and an asterisk denotes the transpose of a matrix.
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It ig a straightforward matter to verify the identities

(k)( 2 (k) 2°
A x)=8% ey rs 8¢ 0(, °
(5)
(k) (k)(o) (k)
T =a T+a, cos(n,{)
r45e1 x f
(k) & (k) (k)ae 8=1,2
where a = E%’ Trg = ” “ §=1,2 *
rs = & rs "a " rs
and
(k) (k)
(6) a, = 4 gg + de for r+s+jve=6, r=j

and o +B+y+d=6, WLy .
In the case of isotropic medium the constants Tal_Ars
k

are reduced to the Poisson constants of the k-th medium.
By inserting (5) into (4) we see that u(x) satisfies
the following system of functional equations

)J‘ (0)(0) * (k)
(7) szau(x) + (1-a) [’l‘ G(x,y)] u(y)dl=P(x,u)

XEDk" k=0,1’oo-'q,’
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where

(k) 4 {
(8) (e = Dfé
P

2. (p) )
+ (a Z T ,]‘:u(y)-%}a-(-ﬁlcos’\ny,ns)dl)+
P r

2 (o)
( )
P J'my) _Gum an +
p=1 733

IVI“

+

(0) (p
.{ G{x,y) g(y,u)dl+

x(p)
. 2 f[(g) ey’ 2Apran) +

P125400,Q

f(o) (p)2 (k)
= " G(x,y) £ (y)dl—ak 7..C..ulx),
P

rS rs
r,s8=1
PE12, 00 00 !
xeDh,

(k) ;

where Crs are constant matrices dependent on Arge y B de-

notes the unity matrix and the integrals appearing in the
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k)
third term of ©P(x,u) are understood in the Cauchy principal

value sense.

3. Solution of the problem

The proof of existence and uniquenes’of the solution of
the given problem is based on the Banach - Cacciopoli theorem.
Let us consider a functional space A consisting of all
cont inuous vectors u(x) = [u (x), u2(x):] defined on D and
of the bounded norm

(9) Cx(wyD) = C(u,D) + By(u,D),
where

C D) = ’
(u,D) j:zizg [;tépv }uﬂ(x)l]

k=0,%y0000 k
2 (u.D) [ |_“a(_")‘_“a("_)}
u = max o
ot j=1,2 xxPeD lxx'|®
k=01, 00 ¢,

The distance d(u,u') between two points u, u' is defined as
the norm of the difference

§(uyu') = Cylu-u',D).

In the space A let us consider the transformation

(k (p) fr{o)(0) (k)
(10) 278 a u(x)+ f_-,('l : [‘.(E) g(x y)] u(y)dl=P(x,u) xeD,,
Y
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which assigns to each point u(x) of the space A a point u
of the space A s and let

(k) ;
T= max Trge .
r,s,j,e=1,2
k=1,2,...,9

Theorem 2, If the assumptions 1°- 30 are
satisfied and the constants T ’KF’Kg are sufficiently small
to satisfy the condition

T+ K

1
7 +K8<E’

(k)

where m depends only on the elasgtic constants Arge and
the domains of integration in (4), then there exists exactly
one golution of the problem (1)~-(3).

Proof. Limiting process for X—=X elk leads to a
gystem of singular integral equations with the kernel which
differs from the kernel appearing in [4] only by the conti-

nuous terms, Thus, the system is uniquely solvable(:1 provided
the right-hand side is of the class Cu(1l), 1 = kL_J,]lk’
From the properties of Cauchy integrals on Lapounov contours
(?lc;x;lp.’lo) it results that P(x,u) €Cy(1l) where P(x,u) =

= P(x,u) for x €l, . Solving the system of integral equations
we obtain the estimation of Cy(l(x),1).

Considering now the transformation (10) we get the
following inequality

(1) Cul®, D)< m[C(u, D)7 + Clg,1) + C(B,D)] +m, Culs,D),

where S denotes the known function on the right-hand s(idg
k

of (10) [comp.}o:l and m,m, are constants depending on Arge

and on the domains of integration.
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Here we have

k) (k)
g(xo,u) = glx,,u) for x e€l, and F(x,u) = Fx,u)
for xe Dk'

From (11) it follows that the transformation (10) maps the
space A onto itself if the constants T are sufficiently
small i.e. if < % .

Furthermore from (11) we have

Celu-a',D) < m[r-c(u-u',D) + C(P-F',D) + c(g-g',1)],
where g' = g(x,u'), F' = F(x,u') and from the assumption 2°
we obtain

c(F-F,D) < K C(u-u',D), C(e-g',1) <K, Clu-u',1).
Finally we have
C“.('ﬁ-'fi',_D)Qm(‘r+Kf+ KS) Coelt = u',D)

and the transformation (10) decreases the distance between
every pair of points wu, u' if

(12) T+ Ep + K8<%.

Under the condition (12) all the assumptions of Banach’s
fixed point theorem are satisfied and there exists exactly
one fixed point u* of the tranaformation (40). This implies
the existence and uniqueness of the gsolution of the gystem of
functional eguation ( 4), which in view of Theorem 1, completes

the proof,
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