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PIECEWISE MONOTONIC TRANSFORMATIONS 
OF THE DISCRETE STOCHASTIC PROCESSES 

Let (SJ,S,P) be a probability space, T = <0,-») a$d let 
>i 

X: Q * T—"-2C cR be a stochastic process. We assume that 
X = .••]•• 

Iiet = ( t * * *' ' *n-1 = ^ x i» x 2'" ' " 'xn-1^' 

X C t ^ ) = (X(t 1 ) ,X( t 2 ) , . . . ,X( t n _ 1 ) ) and let 

where t / ] , t 2 , . . . f t n eT, t ^ < t 2 < . . . < t Q , x t , x i eX , 
1 2 n 

be the transition probabilities of the process X. 
We assume that the process X sat i s f ies the conditions: 
1°. 

(1) lim P(X(tJ = x. , . . . , X U J = Xj ) 

= lim P( X(t n ) = X, ) = 

for x. 4 x. 
n 

P l X U . J s X , ) for x. = x. 
n~ ' n-1 ^ 

and the convergence is uniform with respect to x. ,x . . 
n-1 n 
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2 E.Plucinski 

2 ° . There e x i s t s a f i n i t e limit 

(2) Ilm ? 

and the convergence is uniform with respect to t ,,, x . , 

K l - ^ 
3 . We assume that q is a continuous function with 

respect to t Q 

Prom (1) i t follows that 

( 5 ) l i m P 1 ( t n - 1 ' x i ' Si ' f x i P = X f x l t x i ^ 

and the convergence is uniform with respect to x.^ J, 
i . e . process X s a t i s f i e s trie continuity condition. n~'1 n 

From (2) i t follows that 

v4) lim _ 5l! 
t r " t n - 1 -

= ^ n - l ^ i ^ ' l - i j ) 

and the convergence is uniform with respact to t Q x i , 
n-1 
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Piecewise monotonie transformations 5 

D e f i n i t i o n . We say that a process X is a 
discrete stochastic process i f i t s phase space X i s a de-
numerable set and conditions 2° ,3° are s a t i s f i e d . 

Let us consider a stochast ic process Z = f (X) , where f 
i s a piecewise monotonic function. Denote by X the phase 
space of the process Z and the transi t ion probabi l i t ies of 
the process Z by ' ^ n ' ( z j P * 

We shal l prove the following theorem. 
T h e o r e m . I f X i s a discrete stochastic process, 

f i s a piecewise monotonic function,then Z = f(X) is a 
discrete stochastic process. 

P r o o f . Denote 

An = { ( i 1 f . . . t i n ) : f ( x . ) = z . , . . . , f ( x . ) = Z } , 

then we have 

(5) P(Z(t„) = r , ) = 
Jn a . = p O C U n ) = x Í q ) 

and passing to the l imit under sum sign, we get 

(5) 15m P(Z(t _) =z . ) = l i m - ---, n 0 V- t — t . n 
° n n n-

P(XU n ) = x . ) = 
1 n 

) i f A * i / 

Ç P O U t ^ ) = x1 ) i f V x ± = x ± 
n-1 V A n û Û - 1 

0 i f z . ¿ z . 
Jn J n-1 

P ( Z U n - - 1 } = Z i } i f z i = z i n 1 J n-1 3n J n-1 
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and the convergence ia uniform with respect to z . , i z . I, 
• Jn-1 I V 

Therefore the process Z sa t i s f i e s condition 1 . 
Now we shal l show that the process Z s a t i s f i e s condi-

t ion 2° . 
Taking into aocount (5) we can write 

7 V V l ( t n - W P ( Z ( W = 

11m -z \ * 
P(T( V l ) = z ^ ) *n " *n-1 

Since 

we can write (7 ) in the foim 

P (Z ( t ) = * , ) - x ( Z i ) P ( Z ( t _ 1 ) = * 1 ) 
n °n f z d n } n-1 n ' 3n-1 

(8 ) lim 
t — t „ ( t n - t n . ) P ( Z ( t n J = * . ) 
n n-1 3 n _ l n-1 ^n-1 
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Piecewiae monotonie transformations 

lim 
V ^ K - J = z i t . " V l 

E p (x ( t ) = x ) 
LAn 

21 X\yr ) TI 
{ V f ( x l n ) = z . J ( X i n ) V . 1 

P (X ( t n - 1 ) C x ± 
n-1 

lim - x 
P (Z ( tQ_ 1 ) = ^ ^ ^ n - l " 

An 
P(X(tn) = x . J - X p ^ t z ^ M X ^ = x ^ ) ' 

1 x 
P ( Z ( t „ _ J = r . ) 

3n-1 

x 

P(X(tn ) = x Ì Q ) - X { X i | ( x i n _ i ) P tX ( t n _ 1 ) = x ± n_ 

y ; lim ai 
K t - ^ t 

) 
1 

*n " V l 

From (2) , (5) and ^8) we have 

) 
(9) lim 

P (ZU ) = * , ) - X r , . l U , . ) = z . 
n { " j_J Jn-1 n 1 Jn-1 
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6 E . P l u c i n s k i 

A 1 n 1 Xn-1 I V n 

n-1 

Therefore the process Z s a t i s f i e s condi t ion 2 ° . The 
c o n t i n u i t y of the f u n c t i o n Q fo l lows from condi t ion 3 ° and. 
( 9 ) . The proof of ,the theorem i s complete. 

From ( 6 ) and (9 ) i t fo l lows tha t the t r a n s i t i o n p r o b a b i -
l i t i e s of the process Z s a t i s f y the c o n d i t i o n s 

(10) l im p 2 ( t n - r z 
t ^ t jt n n-1 

and the convergence i s uniform with r e s p e c t t o z . , Iz . \ 
Dn-1 l 

(11) l im 1 n J 

^ n - l ^n " V l 

and the convergence i s uniform with r e s p e c t t o t z . , 
n " 1 Gn-1 

b j -

E x a m p l e . Let the f u n c t i o n q have the form 
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Piecewise monotonic t r ans fo rma t ions 7 

then from (9) i t fo l lows t h a t 

^ ' V l ' ^ n P s A O a r d { V f ( x i n ) = z o n } ' 

I t fo l lows from the proved theorem t h a t the c l a s s of 
d i s c r e t e s t o c h a s t i c processes in c losed with respec t to p i e c e -
wise monotinic t r a n s f o r m a t i o n s . 

In a p p l i c a t i o n s sometimes i t i s i n t e r e s t i n g t o know the 
t r a n s i t ion p r o b a b i l i t ie s 

(12) I ^ V ^ x w t n , { y ) ) = P(Y( t n ) = y | X ( t n _ 1 ) = x ^ ) 

and t h e i r p r o p e r t i e s , i f 
a) we know the t r a n s i t i o n p r o b a b i l i t i e s 

^ n - l ' ^ ' M ^ P ' 
b) Y = g(X), 
c) the process X s a t i s f i e s condi t ion 2° and 3 ° . 
Let us cons ider the case when f u n c t i o n g i s a piecewise 

monotonic f u n c t i o n ( i t i s no s p e c i a l case of the previous 
c ons ide ra t i o n s ) . 

We s h a l l prove t h a t i f the process X s a t i s f i e s condi t ion 
2°, then the t r ansmi t ion p r o b a b i l i t i e s (12) s a t i s f y condi t ions 

(13) 

(14) lim -
n n-1 

W l ' X j ^ ' V W - X ( y } ( ) 

t - t n n -1 

= r ? x < l ( t n-1» x i » i x i P » f i n : g ( r i )=y] n 1 ^a- l I V 
i n ' 
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8 S . P l u c i d s k i 

where 

(15) 

and the convergence in (13) i s uniform with respec t to 
x . ,{y}, the convergence in (14) i s uniform with r e spec t t o 

n-1 

t n - 1 ' X i n - 1 , { y } ' 
Note t ha t 

(16) 11m P(X(t , ) = x, , Y ( t ) = y ) 
t r " t n - 1 

= i m Y. p ( x ( v 
t—»-t ^ ^ 
n n ^ l f y ^ )=yj 

* i ) n 

Z l im F(X(t ) = X. ) = 
{ve(xi)-»} ^rvi L n J 

P ( X ( V l ) = x ^ ) 

if A i X. , 
i n n n-1 

g(x, )=y 

if V x. = x. 
i n "n 

g(*i )=y 
Therefore from (12) and (16) we have 

(17) lim 
P ( X ( t n _ 1 ) = x i ,Y( t n ) = y) 

'n-1 
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riacowiso monotonie transformations 9 

t — t „ n n-1 'n-1 

0, if A x, 4 x . 
J"n V i 

g(xt ;=y 

1, if V X = x i n n-1 
gU-̂  )=y 

n 

Wo can write formula (,17) in the form 

(18) lim P j C t ^ , * ^ ^ . { y } ) J Z 
t • t jt n n-1 

. V i •• " ' { v . f y i / K r V i j ' 

Now we shall geek the intensity function of the process 
Y = g(X). 

Let us denote 

(19) E Xj , ( X i ) = X r y ) ( x i ) . 
{in:g(x^)=y} { x i J V l U i n-1 

We shall f ind the l imit 

P (X ( ) =x ^ , Y{ t n ) = y ) - y { y } ( x i ^ ) P ( X ( t n . 1 ) = x ^ ) 
(20) lim 

V^n - I 

Taking into account (16) and (19) we obtain 

P(X(t 
(21) ) Z lim 

frsÇtejt^t 
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10 E.PluciÄski 

From (21) i t follows that re lat ion (14) is thus proved. 
Because q is a continuous function^with respect to 

concequently the sum on the right-hand side of (21) is a 
continuous function with respect to 

Therefore the process Y = g(X) i s a discrete stochastic 
process. 

All the consideration in th is paper concern pon-markovian 
processes (processes which can be but need not be markovian 
processes) . Some results for non-markovian processes were a lso 
obtained in the previous paper of the author, for example C l ] > 
[2]. 
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