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THE SECRETARY PROBLEM -
THE CASE WITH MEMORY FOR ONE STEP

1. Introduction

Let K = {1,2,...,n}, let W be the set of all permutations
of K, F - the family of all subsets of W, P- a probability
measure on W such that for all w e W

P({W}) =E1[ -

In that way a probability space (W,F,P) is given, Let xi
(1 =1,2,...,0) be a random variable on W defined as follows:
xi(w) is equal to the i~th element of the permutation w.

Let Y, (i = 1,2,...,n) be the second family of random
variables on W such that Y; =1 + the number of X,, X,,.
eesyXy_4 which are less than Xj.

Let F, = 6(X,, X5y...,X;) be the 6-field generated by
x1"..,xi.

In the general case for a given probability space (W,F,P)
and for a given increasing family of 6~fields {Fn}u’ the

n=4
stopping rule t is defined as a random variable ¢ : W-—-{1,2,
cee, } which fulfills the following conditions
Plt<<eo ) =1,

{t:n}an.
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2 B. Goldys

Let C be the set of all stopping rules on (W,F,{Fi}:_1,P).
Let -

V(n) = inf E(min(X,, X, 4)).

In our case t takes values in {1,2,...,n}. It is shown in
[14] +that in the finite case the optimal stopping rule i.e,
the rule which realizes the infimum given above always exists.
It was shown by Govindarajulu in [2] in a slightly different
form that the optimal rule t is equal to 1 if

i+l
Iy <ulninm o Y1-1)
or
i+1
1y q< nin (n+1 Cys Yi“1)’
whore coefficients oy are given by the following relations

(1) ®pa = E[ﬁin(Yn' E(xn-1!rn-1’ Yn)ﬂ

(2) Cyq4 = E[nﬂ.n(E‘(Xi|Yi),E(xi_1|Yi_1, Y, ci)] ’
i = n-1,...,2.

It is easy to show that it is the well-known backward induction
wmethod and V(n) = c1(n).
The aim of this paper is to prove the following theorem.
Theoreme. If n tends to infinity then the limit
of c¢,(n) exists and

H@T)’“

In this proof the method used by CMRS in [3] is extended.
Remarks: This problem is well-known a8 the secretary prob-
lem,
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The secretary problem 3

Let us take n candidates that apply for a certain vacant
position., They appear one by one in a random order. Then xi
is an absolute rank of the i-th candidate and Yi is a
respective rank, We can observe only respective ranks. The
integer 1 corresponds to the best candidate and n to the worst
one. When the i-th candidate appears we have three possibili-
ties:

a) to take the i-th candidate and stop the process,

b) to take the immediately preceding candidate and stop
the process,

¢) to reject both i-th and (i-1)-th candidates and wait
for the next one. Then the (i-1)-th candidate cannot be re-
called.
We must select one of the n candidates. We are looking for
such a stopping rule t that minimizes the expectation of the
rank of the selected candidate.

2., Basic inequalities
Govindarajulu showed that

(1) c. , =2l

and if we put

2 s = (349 o]

then

(3) C = (1-81-1) (i-si) Cy = (n+1)si(1+81) (31—251-1)
-1 1(1-1) i 31 (1-1)(341) .

FProm (1.1) and (1.2} we have

(4) ¢ =<cy<...<¢ =E§1
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4 B, Goldys

and

(5) s <8<...<s, 4=}

< i1
(6) b = 341 C1 -
Then
_n
(7) t1<t2<ooo <tn_1—3‘o

This yields the equation (from {3) and (6))

(i-84) (1-8,-1) 8, (1+s,) (31-28,-1)
(8 %= 1 5 - T

Lemma 1, For i =1,...,0~1 we have

2n
(9) 1"i < n-i+3

Proof: It is shown in [3] that

' 2n
b < n-i+3 ?
where
1 _n v 1i+1 '
Y1 =2 % = et Ct
and
' _ n+1 o - '
Chq = 3 Ciq = Emin[E(xi|Yi), ci]

but ¢y 4 << °'i-1 for i =1,,..,0~-1 and hence (9) is obvious.
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The secretary problem

Corollacry 1.

(10) c,<8.

Proof. Let i=[—g-]. Then we have

_ n#1 n+1 2n
C Sy = Ty B I3 cneies <8

Lemma 2, For i=2,...,n~1 we have

16 t
(1) ti-1>m(1'i-1>'

It is easy to show this by putting in (8)
ti=[si:|+a for a e <0, 1).

Lennma 3. For n>=5 4 ign-1 we have

i+1 .
(12) by 2> 4(n-i+2)

Proof. Iet T(x)=x (1 - i§1>' T is increasing

for xg% (i-1), because t,_; =-3 the lemma is true for
i = n=1, Suppose that it is true for i. Then we have

i1 _ i1
6 <3S

and from (11) we infer that

iT( ti) 1
t = =
i-1 i+ 4(n-1+3) °

Let us define for any positive integer k and each n > 2k,
i, = the smallest integer j = 1 such that sj> k,
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6 B. Goldys

We note that s; , = O and hence

(13) . c1=c2= 000301_10

From the lemmas given above the following corollaries follow.
Corollary 2.

Bl

(14) lim inf

>1,
neo0 8

The proof is easy from (10).
Corollary 3. On every set

{agigb; 0<a<b<1} ,
we have

(15) lim (t,~t; .) = O.
i Wik B

Proof. From the inequalities (9) and (11) we have
it t 2
i i 1{ 2n i (2n
O<bH 1<t -1 (1 - ﬁ)<t<m + o (8) ><
2
11(_2 2 ——
< (1-b+2(1-b)) 0.

Corollary 4. (VkeUN) (Vo> 32k)

(16) x>1-2,
(17) ni<" - ggf-
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The secretary problem 7

Proof. From inequality (9) we have

2n

n- :I.k

k=>-K>q_2

B H‘“

k k
what proves the formula (16).
The inequality (17) is true it i, <[3n] . 12 1,>[]xn],
then it is true by (12).
Corollary 5. For every k,meN, k>m, we have

(18) lim ¢, =1lim ¢, __ = k.
neco Tk L m
1 A
Proof. Take a,b such that O<a<g, 1 - 32K <P<1.

Then by (14) and (17) we have

i -m i
X -~k
a< n<n<b

for sufficently large n, so by Corollary % we have

lim(t. -t ):o.
neco\ 1  1p=m

But ti_m<k<t which ends the proof,

i, -m?®
=B

Corollary 6. For k=1,2,... we have

(19) sik = k for sufficently large n
and
(20) Mo (L g - i) =wo .

Proof. k<s; <% . Thus by (18) the equality
k k

(19) is proved. Moreover, we have
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8 B. Goxdys

lim (t -t ) =1 and lim [t -t ) =0
et ( I

n-=oco n-eco

so (20) is true.

3. The proof of the theorem
Let k be a fixed positive integer. Let n be so large

that

s =k 8- =k+1.
L e

For 1, <i<i, , we have by (2.8)

2
i°—1 k(k+1) (33+2k=-1)
£y = (IR (-ET) Pi1 = 3(iaeAd (i)

Let
k(k+1
by =V o+ ‘%EIT) .
Then we get
I G G
i ® (A-k)(i-k=1) Vi-1 ¥ (i-k)(i-k-1) °*

where

1+k+k2

k(k+1) (3 2ke] +2k+1)
ak = 5 .

Now we have

vy = (110 (T-k=1) v« (L ~ke1) T (i-k=1).. . (1 k) vy *

8y

* E-x) (i-x-1)
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but

(1+1) oo (d41-k) (i-k) ... (1, +2) (1+1) eun($41=K)
(1 =k+1) oo (L +1) (L +2) oo (B-k) = (L +1) ..o (1 #1-k) =

=1

.

and in the same way we obtain

(1-1)5001 l_K] 14 j=k-1
—k) 3=1 ( kto— '1)

(i‘-k-1 )c.o

80 we have

idfol=q 8
1+ i=k=1 (1-kJ {i-k=1) *

Thus, turning back to ti and putting i=ik+1-1, we get

k{k+1
% = +
ik+1'1 2k+1
. (t _ k(k+1)) k+ ik+1+j-k-1 ik+1+3-k—2 .
ik 2k+1 ik+j-E ik+j-k—1
3=1 J=1
a
+ -
(1, k=10, 4-k=2)

From (18), (20) and (14}, taking into consideration that
is a function of n we obtain

1
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10 B. Goidys

_ k(k+1)
k+1 = i

k+ . k . .
. (k _ k(k+1)>l'_1 Lig [ eI Lig [ DerttIE
kT “igE )| | HB\ TaTe

J=1 o J=1
2 i 2k+1
- kK lim k+1
k+1 Deoo ik

and consequently

2
i 2k+1
Lim < k+’l>_ (k;'l) ]
n-+oo k
Hence we have
2
e Mo 1,/n k= ( .>2j+1
im +— = m = .
neoco Ii n’m1i7n o J+1

From {16) we obtain the following inequality

_2 .
k-1 2547 i i,

(v - 2) [ ] (55) ° <lim inf £<lin sup <

n—’°° N—-m=oco

Tending with k +to infinity we infer that
2

ne=eco
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The secretary problem 11

Now we have

i
1
1 = 1lim ¢, = lim (——— c ) =
nee 1471 T Lae \D¥1 71441
2
. i, s 2 :\2J+1
=1lim -— ¢, = 1lim ¢ (—] <~1%
N-»co ,I =00 1 j.—. J+
In this way we obtain
= 2321
: +
lim c,(n) = [—1 <Q§1> ~2,57.
n—+=oo J=1

which ends the proof of the theorem.
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