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Introduction 
In the present paper the properties of solutions of a 

mixed problem for some non-linear hyperbolic equations with 
linear boundary conditions with n space variables have been 
investigated. The present paper continues and generalizes 
results of the paper [3] and in part [4]. 

1. Notations and statements of the problem 

In the paper functions are denoted by minuscules and 
constants are denoted by capitals. Let R = (-°ofoo)f R + = 
a <0,°° ), Q be the closure of a bounded domain, the boundary 
of which is a piecewise smooth surface r t Q c R

n. 
We consider functions ut Q * H + — — R j a ^ t h^, hg, r, pi 

Q — — R , i,j = 1,...,n and operators : 0^(52 x R + ) — — 
— x fi+). oc[u], /3[u] are values of operators oc , /3 for 
the function u 6 C2(Q * S+) and oc[u] (x,t), ¿3[u] (x,t) are 
their values at the point (x,t). 

In this paper we Investigate the properties of solutions 
of the equation 

(1) U t t + cc[u] u t + ru = ^ ^ ^ i J ^ V j + P M 
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2 W. Sadkowski 

with the i n i t i a l condit ions 

(IC) 

and the boundary condit ion 

(BC) a^ jU_ cos v + pu = 0 1J x . i 
-1 r 

where v^ i s the angle between the axis Ox^ and the un i t 
vector normal to P and point ing out of ffi . 

We suppose tha t the fol lowing compat ib i l i ty condition i s 
s a t i s f i e d 

We also suppose tha t there e x i s t s a c l a s s i c a l so lu t ion u 
of the problem (1) , (IC), (BC), defined on S2*R+. There are 
many papers deal ing with the existence of so lu t ions of non-
- l i n e a r problems, e .g . J . Lions [XI» K . I . Chudawierdijew jj l] . 

Let the func t ions descr ib ing problem (1 ) , (IC), (BC) 
s a t i s f y the condit ions 

(2) u e C2(Q « R+) , r , p e C°(Q ) , h 2 e C2(Q ) , 

r 
= 0 

h„ e C1(£2 ) •̂»«J = 1 » • • • » n 

and 
A1. There ex i s t constants such t h a t f o r every 

u € C 2(f i * R+) the i n e q u a l i t i e s 

0 < L^oc. [u] (x , t ) s£ L2 

are s a t i s f i e d 
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A2. There, exists a positive constant B such that for every 
o _ u e C (S2*R+) we have 

| j8[u](x , t )|< B . 

A3. There exist constants E^, Eg such that for every 
x € £2 we have 

0 < B 1 < r ( x X B 2 . 

A4. There exist constants P^, Pg such that for every 
x e Q we have 

C X P ^ p l x J ^ P g . 

A5. The form a ^ i s symmetrical, i . e . a ^ = a ^ for 
= 1 , . . . , n and there exists a positive constant A such 

that for every x e Q and every e Hn the next 
inequality i s sat isf ied 

'id h h a-

In order to define boundedness, exponential convergence 
to zero, s tabi l i ty and asymptotic s tabi l i ty of the solutions 
of the problem (1) , (IC), (BC) we introduce the space 
H^fl * H+) consisting of functions u e C 1(2 * B + ) , with the 
norm ( i f the assumption A 5 i s satisfied) defined by the 
formula 

l|u(.,t)|| = I/ u 2 (x , t ) + u£(x,t) + 

^ a i ; j (x) u ^ x . t i u ^ x . t ) dx + ^|*u2(s,t) ds 
1 
2 

where t i s considered as a parameter. 
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D e f i n i t i o n s . A solution u of the problem 
(1), (IC), (BC) defined on 8 » I + i s said to be 

a) H^-bounded i f there ex i s t s a posi t ive constant II such 
that f o r every t € H+ we have 

| | u ( . , t ) | | sS M . 

b) H^-exponentially convergent to zero i f there ex is t s a 
posi t ive constant K such that 

lim | | u ( . , t ) | | e K t = 0 . 
t-^OO 

c) H^-stable i f fo r every y > 0 there ex is t s A > 0 such 
that f o r every c lass ica l solution v (defined on fl * S+) of the 
considered equation, sa t i s fy ing given boundary condition the 
next inequali ty 

||u{.,0) - v( . , 0 ) | | < A implies || u( . t ) - v ( . , t ) | | f o r t e l + . 

d) H^-asymptotically s table i f i t i s s table and in 
notations of the l a s t def in i t ion we have 

lim | | u ( . , t ) - v ( . , t ) | | = 0 . 
t—-00 

In the sequel we use the following Green formula 

+ J v ^ a ^ cos VL d s . 

We define a function of Lapunov type f o r the solution u 
of the problem (1) , (IC), (BC) in the following form 
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(4) k ( t ) = J J u 2 ( x , t ) + \ a i ; j ( x j u ^ i x . t ) ux_.(x,t) + 

+ ^ r (x) u 2 ( x t t ) + e u ( x , t ) u t ( x , t ) dx + J* p ( s ) u 2 ( s , t ) d s , 

where t e R+ and the cons t an t t s a t i s f i e s the cond i t ion 

(5) £= \ min (VS^, ~2 
4 L 1 R 1 

L | + 4R1 

We in t roduce an a u x i l i a r y f u n c t i o n 

. 2 • 

(6) l { t ) = J [ u 2 ( x , t ) + y a ^ U J u ^ i x . t J u ^ ( x , t ) + 
7J=Ì 

+ u 2 ( x , t ) J dx + J u 2 ( x , t ) d s . 

By the assumption A5 every term i n (6) i s non-nega t ive . 
This means t h a t we can put | | u ( . , t ) | | = "\il( t)' f o r t e R + . 

2 . The a u x i l i a r y theorems 

L e m m a 1 . I f t h e assumptions A3, A4 and the condition 
(5) a r e s a t i s f i e d then t h e r e e x i s t p o s i t i v e cons t an t s M^, Mg 
such t h a t f o r t e R+ we have 

(7) l ^ l f t ) ^ k ( t ) < M 2 l ( t ) . 

P r o o f . In v i r t u e of the assumptions A3, A4 we have 

k(t)4 [i ut + i zl + i V2 + i f<«2 + + 
Q 3 
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+ P2 J u 2 d s ^ M 2 l ( t ) f o r t e R+ , 
r 

where = 2 m a x ' 2 > R2 + 2P2^ * 

Using the same assumptions A3, A4 we obtain 

k( t ) > ^ / [ " t ~ 2,61ul lutl + R1u 2 + ^ a i j u x ux. d x + 

a i , j=1 1 d 

J" + P^ I u2ds f o r t e R+ . 

By the condition (5) the quadratic form / - 2t^ij + R̂  j?' 
i s positive def in i te , therefore there exists a positive 
constant N, such that / 2 - 2 f + R^ rj2- > N ( / 2 + t^) . 

Consequently we have f o r t e R+ 

k ( t J > M 1 l ( t ) , where = 1 min (N, 1, P^ . 

Thus Lemma 1 is proved. 
L e m m a 2. I f the assumption A2 holds then there 

exists a positive constant M̂  such that fo r every t e R+ 

we have 

k1 ( t ) = J ( u t /3[u] + £U |3[u])dx^M3 Vklty. 

P r o o f . Making use of Schwarz's inequality, the 
assumption A2 and the formulae (6 ) , (7) we obtain f o r t e R+ 

dx + eB I I ul d x ^ ^ ( t ) < B J |ut| dx + eB J 
Q Q 

B( J d x ) 1 / 2 ( J u 2 dx) 1 / 2 + £B( Jdx) V 2 ( f u2 dx)1 / 2 s 

ffl a Q Q 

M, Vk( t ) , 
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where 

M3 = ^ 2 8 lai = J d x . Si 
This ends the proof of Lemma 2. 
L e m m a 3. If the assumptions A1, A3, A4- and the 

condition (5) are satisfied then there exists a positive 
constant M^ such that for every t e R+ we have 

k2(t) = J oc[u] - f ) + £u ut oc[u] + £r u2 + 

+ e a ijV^x. dx + éjp(s) u2 ds>2M 4 k(t). 

P r o o f . In virtue of assumptions A1, A3, A4 we have 
for t e H. 

k2(t)>J[ut*L1 ~ £L2 lul lutl + iRiu2 + 

+ £ 
n 

Z I a i ó u
X i v i i=-1 A «j i» 0=1 

dx + iP^ J*u2 ds. 
r 
p 

By the condition (5) the quadratic form £ (L̂  - £ ) - él2 f 7 + 
+ eR^ is positive definite and so there exists a positive 
constant N^ such that 

f2(L1 - é ) - £L2f 7 + £E1 p2 S ^ U 2 + ?2). 

Therefore 

k2(t) 2M4 k{t) for t e R+ , 

where 
min (N1t i , eP1) 

M4 " 2ÌÌ2 

- 781 -



8 W. Sadkowski 

Hence Lemma 3 i s proved. 
L e m m a 4. I f k e C 1 ( R + ) , k (t ) ^s 0 f o r t e R + , 

Mj, M̂  are pos i t ive constants, then the inequal i ty 

(8) k ( t ) ^ -2M4 k(t) + Vk( t)' 

implies the following estimation 

(9) k ( t ) < (im f o r t e R+ . 

P r o o f . In v i r tue of the assumption (8) we obtain 

2M,.t \ 2M,.t .• 2M.t 

f o r t e R + 

d_ 
dt 

/ 2M.t \ 2M.t 2M.t , 
fe * k( t ) ) = e ^ (k ( t ) + k ( t ) X e H V ^ t ) 

Taking K j ( t ) = exp (2M^t) k(t ) we get 

Mvt ( , 
k ? ( t ) ^ M 3 e ^ \ k ? ( t ) f o r t € R+ . 

For any pos it ive integer n we have 

M„t 
¿5(t)s=SM3 e 4 ^ ( t ) + J" f o r t e R + . 

Therefore 

k , ( t ) M.t 
—2 e * f o r t e R. . 3 + 

\ k ( t ) + 5 

Integrat ing both parts of t h i s inequal i ty from 0 to t we 
obtain 

^ ( t ) + ¿ < ^ ( 0 ) + i + ^ ( e M ^ - 1) . 
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I t fol lows t h a t i f n—oo then 

Y k j [ t j < y k ^ o y + ^ ( e 4 - 1 ) 

and f i n a l l y 

, . . -M,t M, M, -M.t 
V k l t i ^ V k l O J e ^ + ^ - ^ e 4 . 

The constants M ,̂ M̂  being pos i t ive and t e R+ we obtain 
the est imation (9 ) . 

3. Theorems 

T h e o r e m 1. If the assumptions A1-A5 are s a t i s f i e d 
then every so lu t ion u of the problem (1) , (IC), (BC) i s 
H^-bounded. 

P r o o f . Let u be an a r b i t r a r y so lu t ion of (1) with 
condi t ions (IC) and (BC). Let the func t ion of Lapunov type 
f o r t h i s so lu t ion be of the form (4 ) . 

In v i r t u e of (2) , the integrands in (4) are of c lass C^ 
with respec t to t and of c l a s s C® with respect to x . Thus 
we may interchange in t eg ra t ion and d i f f e r e n t i a t i o n with 
respect to t . Af t e r d i f f e r e n t i a t i o n of fc with respect to 
t we obtain f o r t € R+ 

k( t ) = J [ u t u t t + 2 ~ ] a i j ^ t V . 
2 i f0=1 

+ J* p(s) u u t ds . 
r 

+ r u u t + £u t + enlist; dx + 

Computing u t t from (1) and introducing i t in to the previous 
formula we see tha t the l a s t equal i ty becomes 
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k(t) . J u t ^ ( a . . ^ . + " t - a[u] 4 + 

iT3=i 

a i d V x i + f u t + £ u ( a i d V r d + 
1,3=1 0 iTo^5! 

+ £u /8[u] - £u oc[u]ut - i r (x)u £ dx + K J * P ( S ) U UT 

r 
ds . 

Making use of Green's formula (3) and the boundary conditions 
(BC) a f t e r some routine transformations we get for t e R+ 

-k( t) = J* ^ uf ( qc[u1 - £ ) + £u u t oc[u] + eru^ + 
a 

dx + £ j p ( s ) u 2 ds - J ( u t J3[u] + £u /3[u])dx. + e ;> a ± .u u 
O r i i 3 x i x d j 

From Lemmas 2 and 3 we obtain the following estimation 

(10) k ( t ) ^ -2M4 k( t ) + Yk(t)' for t e R+ . 

By the definition of the auxiliary function 1 given by 
( 5 ) , the assumption A5 and Lemma 1 we have for t € R+ k ( t )3s0 . 

Applying Lemma 4 to k we get for t e R+ 

k ( t ) ^ (Vk{0) 

From the above estimation and in virtue of the inequality (7) 
i t follows that 

¡|u(.,t)|| < 1 1 for t g R+ , 

M, 
where U = 

Theorem 1. 
1 7 

VkioT 2M„ . This completes the proof of 
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R e m a r k - 1. The H^-boundedness of u implies the 
boundedness of u, ut, gradxu in the sense of L (0 ) for 
t e Ë +. 

T h e o r e m 2. If the assumptions A1, A3, A4, A5 
hold then every solution of the homogeneous equation (1) 
(£[u] = 0) with conditions (IC), (BC) is H^-bounded and H^-
-exponentially convergent to zero. 

P r o o f . The H^-boundedness of u follows from 
Theorem 1, as all its hypotheses are satisfied. 

H^-exponential convergence to zero follows from the 
inequality 

(11) k(t)< -2M4 k(t) for t e R + . 

One can obtain this inequality directly from (10) putting 
Mj ss 0 because /3[ujs0. 

From the inequality (11) we get the following estimation 
for t e R + 

-2M.t 
(12) k(t)sg k(0) e * . 

The last inequality implies exponential H^-convergence to 
zero of the solution u for t-—oo. 

Thus Theorem 2 is proved. 
R e m a r k 2. Prom the estimation (12) and by Lemma 1 

we infer that u, û ., grad^ u converge to zero in the sense 
of L2( Q ) when t — • 

T h e o r e m 3. If the assumptions A1, A3, A4, A 5 
are satisfied then the zero solution of the homogeneous 
equation (1) (/3[u]= 0) with conditions (BC) and (IC: 
h^ = h^ = 0) is H^-stable and H^-asymptotically stable. 

P r o o f . According to definition of H^-stability we 
must prove that for every ? > 0 there exists A > 0 such that 
if ||u(. ,0)|| < A then the solution u of problem (1), (BC), 
(IC: h^ = h 2 = 0) satisfies the inequality || u(., t) || < ? for 
t e H +. 
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Put t ing A = ViM /̂Mg)" i in v i r t u e i n e q u a l i t i e s (7) and 
(12) we obtain 

u ( . , t ) | | < ?e 
-M4t 

f o r t e B+ . 

Prom the above est imation i t fol lows tha t the zero solution 
i s s t ab le and H^-asymptotically s t a b l e . 

Hence the proof of Theorem 3 i s completed. 
R e m a r k 3. By the following inequa l i ty 

J v 2 ( s )ds 
r Q 

/ + Cr V X^ 0 d x , 

(where constants <f , c^ are pos i t ive and c^ depends on 9 
and d" only) and by the assumption A 5 we obtain the bound-
edness, convergence to zero, s t a b i l i t y and asymptotic s t a b i l i t y 
of so lu t ions of the problem (1) , (IC), (BC) in the energetic 
norm i . e . 

I u ( ' t w i l l = J [ u 2 ( x , t ) + u 2 ( x , t ) + ( g r a d x u ( x , t ) ) 2 dx 
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