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SOME NOTE ON CHANGES OF RIEMANNIAN METRIC
IN GEOMETRY OF SUBMANIFOLDS

Let (%,G) be a m-dimensional Riemannian manifold., We
denote by V the Levi-Civita connection on (H,G). Let
K CH be a m-dimensional submanifold of M. If ¢ = ' G,
then (M,G) is the Riemannian submanifold of (M,G), whe-
re : M CH is the inclusion map., For p e M the tangent
space TDTJI is the direct sum of 1, (T k) and ( ¢ty (T )Y -
- the orthogonal component of z*p(‘l‘pM) in TpI.*_'i (with re-
spect to G}, 1i.e.

‘ N
TpM: z,p(Tpm) & (z,p(Tpm}) for p e M.

If v e Tpﬁ and v = vi 4 vN, where vI e z,‘p(TpM),

v oe (z*p(TpM))N, then v' and vM is called the tangen-

tial component and the normal component of v, respectively.
Let W(M,}) denote a C™ (M)-module of all smooth vec-
tor fields along :z: M C M, We set

W, )N ={ € e w(u,M): €lp) e (z,p(TpmHN for p ek }
It is obvious that (W(M,M),Goz ) is a Riemannian module[2]

and W(u,E)¥ is a €™ (M)-submodule of W(M,K). We observe
that W(i4,i)¥ with the restriction of Go: to W(M,H)¥
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2 K.Cegietka

is also the riemannian module, rhose modules nave a local vec-
tor basis, Hamely, the following theorem is true [1].
"heoren 1. Under the =above supnositions, for
any point ©p e L. there exist a neigiabourhood U of p in u,
an orthonormal basis X,,...,%_  of Wim) = W(u,#) on U
iwith respect to G) and an orthonormal basis Xm+1""’Xﬁ
of Vs, M)V on U (with respect to Goi ) such that
z*0K1,...,L;Xm,xm+1,...,Xm ic en orthonormal basis of w (ii,1I)
on U (with respect to G o)
Let 7 denote the covariant derivative in W(“,:) in-
duced by V and ¢ . Por eny X ew(iu), § e w(i Y we de-
note by -A, (%) and fo the tangential component and tae

.

normal componsnt of VXf, i.e.

Voé = =a_(X) +V§§ for X e ¥(M), € e Wl LL,L.‘)V“,

1
X ¢

where

. — g n
Af(X)(p) € L,p(lpm) for p e i and Xf e W(K,E)",
It is know [1] that A : 3 (Iv.)x w (3, T —e—t (12, )

— T
field and UV : W(M)x N(M,M) —*—N(n,m)h is a covariant de-
rivative in W(M,h) horegver, if vy,eeeyVz . is an ortho-
normal basis of (z*p(Tph))k, then the vector H(p) =

is a tensor

m-m  _
= % > trhA, (+)(p)v, does not depend on the choice of the
5= k

basis Vi,ess,Vz . The vector field H is called the mean
curvature vector field of the submanifold L in (¥,G) [1].
It follows from Theorem 1 that H e W(ii,})Y. The submani-
fold M is called minimal in (%,G) when H = 0.

Let V be another covariant derivative on . For any
X e W), ¢ eW(d,M)¥ we denote by =-A (X) and V f the
tangential component and the normal component of fo, i.e,

(X) + VY6 for X e wW(M) and ¢ e w(w,H)F,
f ; %4
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Changes of Rliemannian metric 3

where

N
A (X)(p) € v, (P M) for p el and viE e wor, b,

Under the above suppositions we shall prove the following
theorem.

Theorem 2. A W) xwui)¥—=wu,¥) is
a tensor field and VY : W(M)’<W(M,M)N——*-W(M,M)N is a co=-
variant derivative in W(m,H)¥.

Proof. It is obvious that A and VN' are an
rR-2-linear mapping. let o« ,B ¢ C* (M), X,Y ¢ W(M) and
¢ew(u, )Y, Then

VexB§ = “hge (€X) + VxRS

Comparing this with

ViyBf = aX(BY +xBVRf = «X(B) + oBl-h, (X) + Vyt) =

§

~uBh, (X) + (ocX(B)¢ + mﬂvgf)

we obtain Aﬁf(mx) =oBA gx) for the tangential component

and V£Xﬁ§ = aX(p)¢§ +4xﬂV§§ for the normal component.
Theoren 3. If V is Riemannian with respect

to G, then vV s also Riemannian with respect to Goz.
Proof. It is obvious that V' is Riemanniaa with

respect to Go:., Hence we have

1

X(G 02)(§,7) = (G0 o)(V56n) + (G0 2)(§,95n) =

(G0 2)(-4,(X) + Tyfu2) + (B 02)(§s=hp(X) +Vy7) =

(G o )Wy6p) + (Boe)§Nyn) for X eu(M), £ 7 eu(m,F)
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4 K.Cegletka

Theorem 4, Let V be a covariant derivative on
M Riemannian with respect to G and with the torsion ten-
sor T. Then

(Go) (T, oKXyt Y}, €) + {Eoz)(z,OX,Af(Y)) = (_G_°Z)(Z,°Y,A§(X))
for X,Y € W(M), ¢ e W(M,M)N. In particalar, if the vector

field T(zy © X,25x ©Y) %s tangent to M for every X,Y e W(M),
i.e.

Tz, © Xy2, ¢ Y)(p) € z,‘p(’DpM) for X,Y e W(M) snd p € M,
then A is self-adjoint with respect to G °:.

Proof. let p e M be any point of WM. Then for
every X,Y € W(M) tnere exist a neighbourhood U of p in
M, a neighbourhood V of p 4in M and tangent vector
fields X, Y on V such that U c V and

(1) 1,°X|U = Xoz| U, ¢,0Y|U =To:z|U.

Hence we get
o [x,1]|U = [X,7] o:u.
Differentiating covarlantly the egquality
(Gou)le,0Y,6) =0 for Y e W, ¢ e wig, i)V
with respect to VY in the direction X e W(M) we have
(Eoz)(vg’{z* oY, f) + (Goz2llz, 0¥, V'i{) =0

by virtue of Theorem 3. Next, it follows from (1)} that

(G o)Wy (Toe),6)|U + (Goelle, o Yymhelx) + Vyf)|U = 0.
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Changes of Riemannign metric 5

Since (Gou)(z,°Y VNf) 0, we get

(G o z)(vL*OXY,{)IU (G o2, ¥,k

We observe that

(V, ox¥ -V, oyK)U = (73T -VgEloz| U = 2(E,T)oe|U +
+[X,T]oe|U = e, 0X, e, 0Y)|U +
+ 40 &Y.

Thus

(Goe)(ze0 [X,¥] ,£) + (Goed(T(2,0%,2,07),¢) =

= (§°z)(zt°Y,A§(X)) - (’Goz)(Af(Y),z,ox).

Hence it follows that

(Goa)(Tle, ©X,2,0Y),f) + (§°z)(z,°X,A§(Y)) = (§°z)(z,°Y,A§(X)).

Ve now assume that V is any covariant derivative on M,
Let u4,eee,uz - be an orthonormal basis of (z,p(TpM))N
(p e M), Let Ak = g Jpl) : T M—=T M, where ( €
€ W(M,E)N is a vector field such that §,(p) = u for
k = 1,00, ,0-m, By a simple calculation we verify that the
vector H(p) =-% trAkuk is independent of the choice of the
orthonormal basis Ugsoneylin o It follows from Theorem 1
that H is smooth, i.e. H e W(HM, M)} We say that the vec-
tor field H 1is a mean curvature of the submanifold M in

(i,G) with respect to the covariant derivative V ,
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6 K.Cegiektka

Let E be the deformation tensor of V and V, i.e.

EyY = VY - V3Y for X,Y e w(i),

We set

EyY XY + EXY for X,Y e W(i),

where

_N. N T
ByY € W(M,M)" and (ExY)(p) e z*p(TpM) for p € M,
Then, for any X e W(i), ¢ e W(M,M)¥ and p e M there
exist a neighbourhood U od p in M, a neighbourhood V
of p in M and X,Y € W(}M) such that U c V, ¢,0X|U =
= XozlU and ¢|U = Y oz|U. Thus, on the set U, we have

. - - -
Vi = Vi(Toe) = V00 = Vgo X = (Vg¥lez= (Vg¥ + Ex¥loe=

Uglors By¥or=Tg, T+ Bg¥oe =V, o7 + Byl oe=

V. (Toe) + BgFor=Tif + igfoz=

u

-Af(X) + EXYOz) + (_Xf + ‘gYOL) =

(-Bg(X) + E; OX;) + (TR6 + Eﬁlg oxble

Since p 1is an arbitrary point of M, we get

- T . - w77y
A;(X) Af(X) + By ox for X e W() and ¢ e W(H,H)".

We set

B,(X) = EY tor X e W(i) and € W(M,E)N.
$ 240X
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Changes of Riemannian metric 7

le-m
(p e bi)e It 1s easy that

Let uyyeee,uz be an orthonormal basis of (z*p(TpM))N

fiit
Bp) =1 ) trBe (+)(ply, for p el
k=1

is independsnt of the choice of basis UppeoooylUp s where
£, € TOLE)Y is such that £ (p) = u,
Hence we obtain the following theorem.

Theoremn 5e Under the above hypothesis and no-
tation we have

FOT k = 1,000 ,f~m,

H =H + B,
As an application, we consider a conformal change of Rie-
mannian metric on M. Let G be the Riemannian metric on I
given by

(2) G==3

al-

for some positive function o e C” (). Let V be the Levi-
aCivita connection on (M,G). ~'then it is nown (see for in-
stance [3]) that

(3) ByY = 2—10c (G(X,Y)V - X()Y - Y(x)X) for X,Y e W(H),

where V e W(M) is such that
z(e) = G(v,2) for 2z e W(M).

We say that the conformal change (2) ie differentially con-~
stant on M when

flpllx) =0 for ¢ e Wi, )N and p e M.
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8 . K.Cegietka

In this case it is obvious from (3) that B = 0. A4S an imme-
diate consequence of Theorem 5 we obtain the following the-
orem,

Pheorem 6. Let M be a submanifold of Wi
Let {2) be the conformal change of Riemannian metric which
is differentially constant on M. Then M is minimal in
(M,G) it and only if M 4is minimal in (M,G).
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