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Kazimierz Cegietka 

SOME NOTE ON CHANGES OF RIEMANNIAN METRIC 
IN GEOMETRY OF SUB MANIFOLDS 

Let (:Vi,G) be a m-dimensional Riemannian manifold. V/e 
denote by V the Levi-Civita connection on (M,G). Let 
M C M be a m-dimensional submanifold of IvI. I f G = t* G, 
then (M,G) is the Riemannian submanifold of (M,G), whe-
re is M C S is the inclusion map. For p e M the tangent 
space T M is the direct sum of i* (T M) and { vt (T Ivl))K-p *p p _ ;p p 
- the orthogonal component of (T M) in I il (with re -
spect to G), i . e . 

T I = IS.JTM) e U , ( T M ) ) N f o r p e M. 
P *P P P P 

I f v 6 T 1 and v = vT + vN , where vT e t, (T M), 
P t *P P 

vN e ( i* (T M)JN, then vT and vK is called the tangen-
*P P 

t i a l component and the normal component of v , respect ive ly . 
Let W(M,MJ denote a C°° (M)-module of a l l smooth vec-

tor f i e l d s along z : M c M. We set 

W (M , I ) W = [ §6W(M,M): f (p ) e ( i , IT Jii))11 f o r p e l i } . 

I t is obvious that (W(M,M),G°t ) is a tfiemannian module [2 ] 
and W(M,I)N is a C~ (M)-submodule of W(M,M). We observe 
that W(M,E)N with the restr ic t ion of Got. to W(M,M)N 
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2 K.Cegieika 

is also the Hiemannian module. Those modules have a local vec-
tor basis. Maine ly, the following theorem is true 

'i1 h e o r e m 1. Under the above suppositions, i'o.r 
any point p e L. there exist a neighbourhood u of' p in ..i, 
an orthonormal basis X,j,...,X of W(m) = W( ,.f.VJ on U 
vwith respect to G) and an orthonormal basis ,... ,X— 
of V< on U (with respect to (i<> i) such that 
z^oX.] ,1/X ,X .],... ,Xm is an orthonormal basis of (i,1,L!) 
on U (with respect to G 

Let V 1 denote the covariant derivative in V. (¡.-¡,K) in-
duced by V and i . ¿'or any X e W (K), f e V.'(}.i,i,i we de-

note by -A,(X) and V^i the tangential component and the 5 i A normal component of i.e. 

V ^ = -I (X) + V®^ for X € -.y(M), $ € W(M,H)\ 

where 

A (X) (p ) e z.ip(TpM) for p e M and e W(M,I)13. 

It is know [1] that A : W(M)* W(M,M) N—— W(M,M) is a tensor 
field and V K : W(H)x W(M,I) J——W(M,M)^ is a covariant de-
rivative in 7/(M,M)^. Moreover, if vi»''',vm-m i s a n 0r'';-'10" 
normal basis of ( (T M)j\ then the vector H(p) = *P P 

1 ip—m _ 
= — > trA (*)(p)v. does not depend on the choice of the 

m k=1 k basis v - „ . The vector field H is called the mean 1' ' m-m _ _ 
curvature vector field of the Bubmanifold LI in (M,G) 
It follows from Theorem 1 that H € W(M,S)M. The submani-
fold M is called minimal in (M,G) when H = 0. 

Let V be another covariant derivative on M. For any 
X e W(M), ( € \V(M,H)K we denote by -A, (X) and Vyf the s l 

tangential component and the normal component of i.e. 

V ^ = -A (X) + V^f for X e W(M) and / € Vi(M,M)K, 
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Changes of RjLemannlan metric 3 

where 

A, (X) (p) e i , (T M) for p eM and viJf e 1(11,1)1 j p p A 

Under the above suppositions we s h a l l pijove the fol lowing 
theorem. 

T h e o r e m 2. A : W(M) * W(M,M)N—-W{M,M) i s 
a tensor f i e l d and VN : W(M) * W(M,M)N—•WiM,!)11 i s a co-
var iant der iva t ive in W(M,M)^. 

N 
P r o o f . I t i s obvious that A and V are an 

K-2- l inear mapping. Let oc e C°° (M), X,Y € W(M) and 
/ g W(M,M)N. Then 

- ( o c X ) + • 

Comparing t h i s with 

= = ocX(/3)i + cc/5(-Ag (X) + V ^ ) = 

= (X) + (ocX(j3)/ +oc/3V^) 

we obtain Aâ .(ocX) =x/ZAf (X) for the t angent i a l component 
T.T ^ 3 S 

and V = ocX(/J+oc/3Vx£ for the normal component. 
T h e o r e m 3. If V i s Riemannian with respect 
~~ N — to G, then V i s also Riemannian with respect to Got. 
P r o o f . I t i s obvious that V i s Riemannian with 

respect to C° ! , Hence we have 

X(G O 0 ( f , ? ) = (G O + (G ° OC^.V^J = 

= (Bo i)(-A (X) + v j/ , ? ) + (G °z)(f ,-A ?(X) + vj[>?) = 

= (G + for XeV(M),f 6 ;i(M,M)N. 
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4 K.Cegieika 

T h e o r e m 4 . Let V be a covariant der ivat ive on 
M Riemannian with respect to G and with the torBion t e n -
sor T. Then 

( G o i H i l i / X . t . n ) ^ ) + ( G ° z ) U t ° X , A ^ ( Y ) ) = (G 0 l) (l%
 0 YtA^ ( X ) ) 

f o r X,Y € W(H), f e W(M,M)K. In p a r t i c u l a r , i f the vec tor 
f i e l d T(z* o x , i * ° Y ) i s tangent to ffi f o r every X,Y e W(M), 
i . e . 

TU* o ° Y) {p) 6 zx (T M) f o r X,Y e W(M) end p e l , 

then A i s s e l f - a d j o i n t with respect to G 0 i . 
P r o o f . Let p e M be any point of M. Then f o r 

every X,Y e W(M) tnere e x i s t a neighbourhood U of p in 
M, a neighbourhood V of p in M and tangent vec tor 
f i e l d s X, Y on V such that U c V and 

( 1 ) t * ° X | U = X ° z | U , z , ° Y | U = Y o z , | u . 

Hence we get 

^ o [ X > Y ] j u = [ X , Y ] o t | u . 

D i f f e r e n t i a t i n g covar iant ly the equal i ty 

( 5 ° ! ) ( t , o Y , { ) = 0 f o r Y € W(M), e W(M,M)N 

with respec t to V1 in the d i r e c t i o n X e W(M) we have 

(G o + ( C ° t ) ( i , ° Y , V i ^ ) = 0 

by v i r tue of Theorem 3. Next, i t fol lows from (1) that 

(G ° ¿HV^(Y ° |U + (G ° l ) { z t ° Y,-A^(X) + V ^ ) | u = 0 . 
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Changes of Riemanniajn metric 5 

Since ( G » t ) ( i , ° T , V j ( ) = 0, we get 

(G o t ) (7 x Y , r ) | u = (G o l ) ( t # o Y,A^(X))|u. 

We observe that 

(Vj 0 I Y -V 0 yX) jU = (V^Y - VyX) 0 z | U = T(X,Y) ° i | U + 

.+ [ x , y ] ° 11 U = T( t , o X, i % oY)|u + 

+ i t ° [X,Y] |U. 

Thus 

{G ° Z )U t o [X,Y] + (G02)(T(!,<>X,2,0Y),f) = 

= (G° i) (it
 0 Y,A ^(X)) - ( a o 8 J ( A ^ ( y ) , l , o x ) . 

Hence i t follows that 

( G o i ) ( T ( t t o X l t , o l J | J ) + ( o o t ) ( i ( o x , A ^ ( I ) ) = (G°i ) (z , °Y,A£(X)) . 

We now assume that V i s any covariant derivat ive on M. 
Let u 1 | a . . , u - m be an orthonormal bas i s of U , „ ( T M))H 

i ' m-m *p p 
(p € M). Let Ak = k 9 { - } (p) : T M—-T„M, where f, e Jjj. P P 
e W(M,M)N i s a vector f i e l d such that £ k (p) = uk for 

k = 1 , . . . ,m-m. By a simple ca lculat ion we ver i fy that the , . 1 ir vector H(p/ = — trA uk i s independent of the choice of the 
orthonormal bas i s u - , . . . t u - . I t follows from Theorem 1 1 ' ' m—m _ 
that H i s smooth, i . e . H e W(M,M) . We say that the vec-
tor f i e l d H i s a mean curvature of the submanifold M in 
{M,G) with respect to the covariant derivative V . 
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6 K.Cegie3:ka 

Let E be the deformation tensor of V and V , I . e . 

E X Y = VXY - V X Y f o r X , Y e W ( I ) . 

We set 

E X Y = EXY + E X Y f o r X , Y € W(M), 

where 

E X Y e W(M,M)W and ( E ^ Y H p ) e i*p(TpM) f o r p € M. 

Then, f o r any X € W(M), f e W(M,M)K and p e M there 
e x i s t a neighbourhood U od p i n M, a neighbourhood V 
of p i n M and X ,Y € W(M) such that U C V, i « ° x | u = 
= X 0 i |U and f|U = Y ° e | U . Thus, on the set U, we have 

V ^ - V i i f o * ) = V Z t O X Y = V X O i Y = ( V x Y ) o Z = (VxY + E x Y ) o z = 

= V X ( Y + E X Y o i = v y + J i j i o i = 

= ( - A ̂  (X) + Ep°i) + (V®? + S f f o j ) = 

= (-A^ (XJ + B £ 0 X f ) + + ^ o X ? ) . 

S ince p i s an a r b i t r a r y point of M, we get 

A^(X) + o x f o r X e W(M) and £ e W(I»I,M)N. 

B® o x f for X € W(ivl) and / e 7/(M,S)N. 
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Changes of Rj-emannian metric 7 

Let u „ f . . . . i i - „ be an orthonormal basis of ( i* (T JV1))N 
1 ' ' m-m * p p 

(p e isi). I t i s easy that 

B(p) = 1 ^ t r B ^ k ( « ) ( p ) u k for p e M, 
k=1 

i s indeoendent of the choice of basis u., u- „, where _ 1 ' ' m-m' 
e W(M,M) is such that £k(p) = uk for k = 1 , . . . , m - m . 

Hence we obtain the following theorem. 
T h e o r e m 5. Under the above hypothesis and no-

tation we have 

H = H + B. 

As an application, we consider a conformal change of Eie -
mannian metric on M. Let G be the Riemannian metric on M 
given by 

(2) 2 = i G 

for some positive function oc e C°° (M). Let V be the Levi-
^Civita connection on (M,G). --'¿'hen i t i s known (see for in -
stance C3H) that 

( 3 ) KXY. = ^ (G ( X , Y )V - X(oc)Y - Y(oc)X) f o r X , Y e W ( I ) t 

where V e W(M) is such that 

Z(oc) = G(V,Z) for Z e W(I). 

We say that the conformal change (2) i s d i f ferent ia l ly con-
stant on M when 

/(p)(oc) = 0 for § e W(M,I)N and p e M. 
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8 K.Cegieika 

In this case it is obvious from (3) that B = 0. As an imme-
diate consequence of Theorem 5 we obtain the following the-
orem. 

i h e o r e m 6. Let M be a submanifold of h. 
Let (2) be the conformai change of Riemannian metric which 
is differentially constant on M. 'i'hen M is minimal in 
(S,G) ii and only if M is minimal in (M,G). 
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