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ON SOME CLASSES OF p-STARLIKE
AND OF QUASI -£-STARLIKE MEROMORPHIC k-SYMMETRIC
FUNCTIONS

1, Let P(8) be a family of functions P of the form
(1.1) B(z) =1 +p1z+p222+...

that are holomorphic in the unit disc K ={z : |z| <1} and
satisfy

(1.2) l%{-ﬁ—:—}|<p.

where p is a fixed number in the interval (0,1].

Observe that 2(8) c ¥ and P(1)=@, whers @ is the
known family of functions of Caratheodoxry type..
By p(ﬁ,k) k=1, k € N we denote a subclass of k-sym-

metric functions of the class @(B) i.e. of functions of
the form

(1.3) Plz) =1 + pkzk + p2k22k + see
satisfying (1.2) for 2z € K.

From the definition of the family @ (B,k) we have
g(1,k) =@,, where @,  1is a subclass of k-symmetric fun-
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2 He.Mazur, A.9reska

ctions of the class . It is easy that if P e Z(B,k) and
0<p <1, then

1+/32

(1.4)
1-8°

Pl(z) -

<< 2B 5 2z € K.
1 -8
Similarly as in [6], we can prove the following lemmas:
Lemma 1. 4 function P is in #(g,k) if ard
only if there exists a holomorphic function w such that

(1.5) plz) = HAtE 2 e g,

where w(0) = 0 end |w(z)]<]z|k.
Lemma 2, A function P belongs to Z(B,k) if
and only if there exists a function p e gpk such that

(1.6) plz) = H =8 olal £ 128, sex

Let 2, be any fixed poirt of K.
We define the func'tional

(1.7) i :9(8,k) 3 p—=H(P) = Pz ).

Lemme 3. The set of values of the functional
(1.7) is the closed disc with centre ¢ and radius ¢ s where
2r2k

(1.2) .___JB_ ’ = ___2_/3_1‘__ , r = .
1 - per?k § _ p2pok EN

Let us denote then by ?2(;%,}:) a subclass of a family ?(ﬂ,k)
consieting of those functions F of the form (1.6) tor which
the function pe %k is defined

(1.9) plz) = 1 Expﬂ'z) + 1—52‘— py(z),
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Classes of p-starlike functions

where
1 + emzk
(1.10). pplz) = T, .k B 1,2, |eg| =1,
- £ 2
m

-t A1,

‘ Lemma 4, if Pe?z(ﬂ,k), then for z=.rei‘f',
0<<r=<1, quogEn we have

(1.11) P(z) = ¢ + ky,

where |y| = 1, O<Tc<9 y ¢, ¢ are defined by (1.8).
Lemma 5, If Pe?z(/a,k), then for |[z]| = r<<1
we have

2 :
(1.12) ZP'(Z) =k.P_.EQ)_-J-_k§g;_[92_IP(Z) -Olz]fl‘,

where ¢, ¢ are defined by (1.8) and
(1.13) e I LA CRE

x
2. Let o (B,k) be a family of functions ¥ of the
form

O
nk-1
(2.1) F(z) = Z &g 2 y  8_q =1
n=0

meromorphic in the unit disc such that

(2.2) '—zr—F(;-Sﬂ = P(z), P e@(p,k).

* * x
Obserwe thatz (1,1) :—'Z » Where Z is the known class

of starlike meromorphic functions which map the ring
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4 R.Mazur, A.Treska

Ko = [z : O<<|z| < 1} onto regions whose complement tn the
closed plane is a starlike region wi.th respect to the origin.
Theorem 1, If Fe_ (pk) 1is defined by

(2.1) then the coefficients of F satisfy
2
(203) Ianx_“ISﬁ ’ n = 1,2..-0 L]

The estimate (2.3) is sharp and the equality in (2.3) is
realized by the function

-2

)ET:'

(204) F'(Z) =% (1 -€pznk . 'E' = 1.

: ¥
Proof. Let Fe> (p,k). Making use of the defi-

*
nitions of the families > (p,k), #(B,k) and of Lemma 1
we obtain

'
-2 ¥ 1 +8w
S - R s en

Hence by (2.,1) we have

Z mk 8y g 27K - <-2 + Z (mk ~ 2) a,, , zmk>,6w(z).
m

m=1

Applying Clunie's method (c.f. [2]) we get

(2.5) |nka, %< 4p®+ : [(mk -2)2p2 - (mk)z] EWE
| £

Since (mk - 2)242 - (mk)?< 0 for mk eN and B e{0,1],
from (2.5) we obtain our result (2.3). ‘

It is easy to verify that for the function defined by
formula (2'.4) we get
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Classes of B-starlike functions 5

This ends the proof of Theorem 1,

For k=1, a, =0 we get the result obtained in (9]

and for k = 1, =1 we obtain the result given in [8].
 §
Ttheorem 2, If Fe >_ (B,k), then for |z| =

O<<r<1, we have

2 2
kyk k,k
(2.6) B oBr ) )< Utz

The estimates are sharp. The equalities are attained at =a
point 2 = rei? respectively by the functions

2 2

-ike _k,k -iky kjk

2 ), p*%(z) - U+ Be )

- * (1 -
(20() F (Z) = pe z ’ Z

4
Proof. Let FeZ_ (p,k). From the definition of
x
the family > (B,k) we have

F(z) _ 1 - P(z)
F - 2 °

1
z* (2]

Hence
(2.8) |P(z)| = ; expfre - P(Zt) t € R,

Using Lemma 3 we get

1= BE)E g plat) < L:M)_;

1 + B(tr) Bltr)

Considering the inequalities above and (2.8) we obtain the
inequelities (2.6). It is not difficult to see that the equa-
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6 R.Mazur, A.Treska

lities in (2.6) are attained by the functiuns (2.7). this con-
pletes the proof of the theorem. If pf= 1 then we get the
known result given in [4].

We consider the functional

(2.9) - re [1 + ZT‘}-‘:(‘-%)-]

*
defined on >_ (p,k).
ror this functional we cen prove the following theorems,
»
Theorem 3 If ¥e>_ (p,k), then for each

fixed =z, |z2] =r, O<<r=<1 the following sharp estimates
hold '

" m1(r,[3) for k=1, r € (0,1)
(2.10) - re |:1 + W]? mz(r,ﬁ) for k=2, r € (0,r]

m3(r,ﬁ) for k=2, r € (r}1/,

where r*€ (0,1) is the only root of the equation A(r,B) = O,
and

(2.11)  A(z,B) = (k=1)(14pr®)%(1-02K) - 2kr®(148){1-pr2¥),
2 2
(2.32) nir,p) ==L =20C
1 -2
ank . a2 2k
(2.13) mp(2,p) = - 2(:~lfl:§r?§p —
- - 2.2k
(2.14) ny(r,p) = V(1) (2-kela) - U+ B2

/3(1_1‘5,1{}

4
while R = -g- and ¢, ¢' are define. by (1.u) and (1.13),

- 740 -



Classes of B-starlike functions 7

The squalities in (2.10) are realized by functicns of the
Iorm

2/5e-i¢(r‘~ e-i(p3 ) p
1~ (1-ﬂ)re'l¢;-ﬁe'?‘w§2 /

z
(2.15)  »4(z) = Py(25B) =—;— expf
' 0

[

: k
(2.16) Fo(z) = Fylz;Bi =% (1 —ﬁe"lk"pzk) '

-ikg .y . -ikg k, k=1
2pe”_ (p(dﬂe ; e Yrrx 7
1-(1=B)de™" ?? -pe”<t V;

z
(2.17) FB(Z)= E‘B(Z;,ﬁ) =% expz[

where

o 1 (14p2%K) - (1p2%K) 5,
(2.1} af{r;p) =;" (1+p] ~ (1-p] 8, °

(2.19] 8, =\/—k(9’—+9)— .
2¢ + klp*=9)

4
Proof. Let F ez (Bsk)e In view of the defini-

*
tion of the family >_ (B,k) we have

S R I PY 41 C  P TTh
Applying the theorem of Zmorowi¢ and lemmas (3-5) we have
- [:1 + Z—Ff—;-(—?—l]> min G(s,t),
2 (s,t)
where the function

~ [(2-x)8? + &k 2cko* k oM8241)
(2.20)  Gls,t) = [ 8-+ k geﬂ]m v kefet)
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8 R.kiazur, A,Treska

is defined in the domain

{2.21) D = {(s,t): c-9 =<8 < C+9, —1,v(s)<'t <vl(s)}

2
y(s) = arc cos 520; 1, o< plsl<y(1)

and ¢, ¢, ¢* are given by (1.8}, {1.12), (1.13}, respecti-
vely. We verify, by direct calculations, that the function
G(s,t) can attain its minimum in the domain D along the
diameter ¢t = O only. Thus the problem of finding the mini-
mum of the function G(s,t) in the domain D under conside-
ration is reduced to one of finding a minimum of the function

G,(s) = G(s,0) in the interval [c-p, c+9].

If k =1, then the function G,(s) attains its absolute
minimum at the point s = 1, For k >1 the function G,(s)
attains'its ebsolute minimum at the ponint 84 given by for-
mula (2.19) when 84 <c¢c +9. If, however, 84 2C +9, then
G1(s) attains its absolute minimum in the closed interval

[c-g, c+9] at the end point c+¢. Thus the required result
follows from the above reasoning.

It is not difficult to show that for the functions given
by (2.15)-(2.17) the equality holds true in the estimate
(2.101.

In the same way as above, we can prove the following
theorem. .

Yheorem 4, If Feo_ (p,k), then for |z] =T
(0<r<<1) we have

m,(r,~p) for k = 1, r € (0,1)
(2.,22) - e [1 + 2 g 2 ]é mz(r,-p) for k=2, r € (0,r""]

m3(r,—p) for k=2, r € (r**,1},
where r*' € (0,1) is the only root of the eguation

(2423) Alr, -B) =0

while A(r,p) is defined by (2.11).
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“he egualities are attsined by the tunctions:

(2.24) #ilz) = vi(2; -p)
(2.25) l'"z(z) = ¥,(z5 -p)
(2.26) r;(z) = ¥y(z; -p)

respectively, where r,(z;p), Fz(z;p) and F3(z;ﬁ) are defined
by (2.15) - (2.17).
ve put

r(F) = sup {r: -re [1+Z:E: z]>0, lz]|<zr} .

It is known that the number

T.C. Z‘([S,k) = int {r(F) s Foe Z'(p,k)}

*
is called the radius of convexity of the femily _ (P k).

¥Prom Theorem 3 taking into account the compactness of

Zt(ﬁ,k) we get

Theorenmn 56 The radius of convexity for the
. .
class o>_ (p,k) is given by

S for k =1
. V1 + 28
TeCo Z (p,k) =
r for k >1,

0

where r, € (0,1) is the only root of the equation

(148) (1-pr2*) [ pl2-10) (1-02%) + k(1-p%?2) ] = x(14p20%%).

’ E
rheorem 6, If F e (p,k}, then for |z| =r,
O0<<r-<1 we have

(2.27) n{r)<<|¥'(2)] < N(r),
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10 R.Mazur, A,ulreska

where

1
(———— tor k =1, r € (C,1)
r2(1-r2)P ’ !
2=k
(14pr*) ¥ (1-pr’) =
n(r) = A 5 for X=>1, re(0,r ]
o
2-k
srky k 2k
LU“LBI‘ ) 5 (1-pz”"7) exp #{r) for k=1, r e(r** 1),
r
while
r
1 - m,y(r,~p)
R(I‘) ___f 3r ’ ﬁ o
r‘t
and
2,p
Ll:_:'z_) for k = 1, r € (0,1)
2=k
ky k k
N(r) ={ (1-pr") 2 “i"ﬁr ) tor k =>1, r € {o,r*]
2=k
sk Ky
(1-pz” ") 2(1+Br ) exp &(r) for k=1, r € (r*,1),
C r
for

T
1 = m,(t,p)
oy ] L,
T
rt
while »*, r** €(0,1) are the only roots of the equations
(2.11) and (2.23), respectively.
*
Proof. Suppose that F is in Z (B,k). We then
have '
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Classes of B-starlike functions . 11

log z°F (z) = log |22F'(z)| + 1 arg(z® P'(z)).

Putting z = reiq’ we get

o g 20e a2 r ] 1 oo {1 2]

Using Theorems 3 and 4 we obtain (2.27). ‘the equality holds
in both cases for the functions defined by (2.15) ~ (2.17)
and (2.24) - {2.26), respectively. This completes the proof
of the theorem,

3. Let S*M (p,k) bve a family of quasi-p-starlike

meromorphic k-symmetric functions f defined by the egquation
o (1) -
(3.1) r(f) = M¥F(z), o0<lz|=<1,

’ x
where ¥ € >_ (p,k) and M 4is a fixed number in the inter-
val [1,). For p=1 we obtain the class Sty

(cof. [4]), but for p=1 and k = 1 we get the class S M

(e.f. [3]).
let M = et, 0<t<e and let f(z,t) be a quasi-p -
-starlike function defined by the equation

(3.2) F(}) = e®Flz), 0<t <o, o<lsl<1, Fe =g ,x).

It is easy to see that if ¥ 1s a fixed function of the
class S_ (B,k) end £(z,t) satisfies the equation (3.2),
then we have

(3.3) 1lim o~% £(z,t) = Flz).

t—oo
It follows from the definition of the family ?(ﬂ,k) that if
Pe Z(p,k), then %e?(ﬂ,k). Making use of this remark, si-
milarly as in (1], [4] we can prove the following result.
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12 Re.Mazur, A.Treska

T'heorem 1T, A function f belongs to the class
>="™M(p,k) if and only if £(z) = £(z,4), where £(z,t)
is a solution of the equation’

(3.4) a_fé_%z_t_) = f(z,t) P (ﬂ%.T)) y, Ot 1T, PE%(ﬂ,k)

patisfying the initial condition £(z,0) =—;— , Where M = eT.
It is easy to see that the equation (3.4) is eguivalent to
the system of equations

(3.5) d loglfiz,t)] =re P (f—(z:”) dt
(3.6) | d arg fl(z,t) = im P (f—(zj';—)) dt.

theorem 7 implies the following theorems,

X .
Theorem 8 If P eS_ (pk), then for
|2] = << 1 we have

(3.7) n(r) < | £(z)| < u(r),
where
1
F k x |¥
(3.8) m(r) =8| 3 (1-p0%)? +if+% (1-prk)\[(1-prk)2+4mr d
1
(3.9) m(r) B | 1 (1480512 - To o 1 (1,p2K) | (14pK)2 apet ‘
3.9 l\Ir)_;LE 148 -M—k+§ +pr +pr -Mk |

‘'hese inequslities are sharp.

Proof . Let fez,m(ﬂ,k). Then from the equation
(3.4) we obtain
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(3.10) a log 2(z,v) = P(gzigy) at, P e P(p,x).

Hence, by (3.5) and Lemma 3 we have

k k
(3.11) lela, el 2 =B — g 10g [£(z,t)] < éfz :;IE +p .
Z, -

l£(z,t)] % +p

Integrating (3.1) in the interval from O to L = log M
and taking into account the initial condition we obtain

(1 £(z,7)|¥ +p ,2<Mk {1 +Qrk)2

|f(z,'1‘)|k o
and
(Lelz, 20 * 502 _ (1 -%rk)z
| £(z,2) 1% = T

From the above inequalities we obtain (3.7) - (3.9). It ig
easy to see that the function realizing the equalities in
(3.7) are defined by the equations

k_p )k £
o -pb My ey,
.2 2
k
£ + ) =%(1 +pzk)

respectively. 'his ends the proof of Theorem 8,

Remarks., When k=1, f=1 we obtain the known re-
sult given in [3]. When p =1 'and k=1,2,... 'We obtain the
result given in [4]. v

“Theorem 9. If fe Z.M(p.k), then we have
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l£(z)l g . 14p2" ’

- 0 << = << 1
l£(z) Ksp  1-prE 2] ==

(3.12) | arg 2f(z)l<y log

and the equality in (3.12) holds for the tunctions f defin-
ed by the equations

2 2
(3.13) 1%+ ip¥ = 2 (14 pigf),

2 2
(3.14) 1o ap* =B (h - pik,

Proof. Ilet f‘e:E:‘M(P,k). ‘then from (3.5) and
(3.6) we obtain

im P

(3.15) é arg f(z,t) = E « d log |f(z,t)].

re P

L] B L)
—
1] 0N (=
- d

<t
N

By using lemmas 1 - 5 it is not difficult to see that

K L oo Kk
-22T im P(z 2pr
(3.16) 1 - p2g2K e Pla) =7 2.2k °

The estimates (3.16) are sharp., We have equalities respecti-
vely for the functions

.k
(3.17) P.' (z) = 1—-—&2—1; ’
1 + Biz’
1+ izk
(3.18) Py(z) = , and |z] =T,
1 - Biz

from (3.15) and (3.16) we obtain

. k
|a arg r(z,t)]| < ]ffﬁ L;;Zit)lpz « o log | £(z,t)].
Z, -
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Integrating the above inequality in the interval from O to

v = log M and taking into account the condition f(z,0) = %

we obtain (3.12). From (3.17), €3.18) in view of the defini-
tion of the family :Z:‘M(ﬁ,k) we infer that the functions

realizing the equalities (3.12) are of the form (3.13) and
(3.14), respectively., This ends the proof of Theorem 9. ror
B=1 we obtain the result given in [4],
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