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I t Let ' p i ß ) be a fami ly o f . f u n c t i o n s P of the form 

p (1.1) p ( z ) = 1 + p 1 z + P2z + 

t h a t a re holomorphic in the un i t d i so K = { z : | z | < i j and 
s a t i s f y 

IfW-HH'-
where ß i s a f i x e d number i n the i n t e r v a l ( 0 , 1 ] . 

Observe t h a t 'piß) c p and p{ 1) s p, where p i s the 
known fami ly of f u n c t i o n s of Caratheodory t ype . 

By f?{ß,k) k ^ 1 , k e N we denote a s u b c l a s s of k-sym-
met r i c f u n c t i o n s of the c l a s s p(ß) i . e . of f u n c t i o n s of 
the form 

(1.3) P(z) = 1 + pkzk + p2kz2lE + ... 

s a t i s f y i n g (1 .2 ) f o r z e K. 
From the d e f i n i t i o n of the f ami ly p(ß,k) we have 

p { 1 ,k ) where p ^ i s a s u b c l a s s of k-symmetric f u n -
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c t i o n s of the c l a s s *p . I t i s easy t h a t i f P e ^(/3,k) and 
0 < /3 < 1, then 

(1 .4) p(z) -
1 - fi ' 

< 2 fi 
1 - i 

z € K. 

S imi la r ly as i n [ 6 ] , we can prove the fo l lowing lemmas: 
L e m m a 1. A func t ion P i s in i f and 

only i f the re e x i s t s a holomorphic f u n c t i o n UJ such t h a t 

(1 .5 ) >(z) = 1 +fiùJ (z 
Tornii • z 6 

where co (0) = 0 and | w ( z ) K | z | . 
L e m m a 2. A f u n c t i o n P belongs to $?(p,k) i f 

and only i f the re e x i s t s a f u n c t i o n p e such t h a t 

(1.6)- vl,\ (1 +>9) p(z) + 1 -jS _ _ „ P ( z ' = (1 - Ì Ì p lz ) + 1 +/3 • 2 6 K* 

Let zQ be any f ixed point of K. 
We de f ine the f u n c t i o n a l 

(1 .7 ) H : ^(/S,k) 9 P——H(P) = p(zQ ) . 

L e m m a 3. ihe se t of va lues o£ the f u n c t i o n a l 
(1 .7) i s the closed d i sc with cen t r e c and r a d i u s y , where 

(1.8) 1 + fi T c = 2 2 k ' 9 = 

1 - ft^* 

2/3r* 
1 - ^ 2 r 2 k r = z ol* 

Let us denote then by ^?2(p,k) a subc lass of a fami ly k) 
c o n s i s t i n g of those f u n c t i o n s P of the form (1 .6) i o r which 
the f u n c t i o n P e ^ i c def ined 

(1 .9 ) p(z) = 1 _ + ^ P 1 { Z J + l ^ A p 2 ( z ) , 
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C l a s s e e of ft-starlike f u n c t i o n s 3 

where 

1 + e z k 

( 1 . 1 0 ) p ( a ) ^ , m = 1 , 2 , 
1 - m 

L e m m a 4. I f P e ^ ? 2 ( / } , k ) , then f o r z = re1"^, 
0 r s c 1, we have 

( 1 . 1 1 ) P(z ) = c + k-y, 

where |-y| = 1 , O s g k s ^ p , c , p are def ined by ( 1 . 8 ) . 
L e m m a 5. I f P E | ? 2 ( J 3 , k ) , then f o r | z | = r < 1 

we have 

( 1 . 1 2 ) z P ' ( z ) = k p 2 ( z j - 1 - k | [ f 2 - | P (z ) - o | 2 ] , ' f 

where c , y are def ined by ( 1 . 8 ) and 

( 1 . 1 3 ) | ? * | = n . 

2. Let ( f i t * ) be a family of f u n c t i o n s P of the 
form 

oo 
( 2 . 1 ) F ( z ) = Y i ank-1 z l l k ' 1 ' a - 1 - 1 

n=0 

meromorphic in the unit d i s c such that 

( 2 . 2 ) " % u i Z ) = P ( z ) ' P 6 ^ ( ) B f k ) . 
» .» » 

Obserwe that ( 1 , 1 ) =2—. » where i s the known c l a s s 

of s t a r l i k e meromorphic f u n c t i o n s which map the r i n g 
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Kq = { z s 0 < Izl < l } onto regions whose complement to the 
closed plane is a starlike region with respeot to the origin. 

T h e o r e m 1. I f F e ^ (A»k) i s defined by 
(2 .1 ) then the coefficients of P satisfy 

(2 .3 ) | an»c-11 ^ Ik » « - 1 . 2 , . . . . 

The estimate (2 .3 ) is sharp and the equality in (2 .3 ) is 
realized by the function 

2_ 

(2 .4 ) F*(z) = 1 (l - ¿ / S * * * ) * , | £ | = 1. 

_ _ * 
P r o o f . Let P € (|5,k). Making use of the defi-

^ » 

nitions of the families (P»k)> ^(^»fc) a n d Lemma 1 
we obtain 

-S f ' (* ) . 1 + z e K 
V ( z ) 3 1 - 0 w ( z ) » a € 

Hence by (2 .1 ) we have 

oo / oq \ 

II amk-1 • ( ~ 2 + y ( m k - 2 ) amk-1 • m k ) ' 

m=1 \ m^ / 

Applying Clunie's method ( c . f . E J ) we get 

(2 .5 ) | nk a n k - 1 | 2 < 4f>2 + ^ [(mk - 2 ) 2 p 2 - (mk)2] j a j 2 . 
m=1 

Since (mk - 2)2 ft2 - (mk)2< 0 for m,k e M and p e (0,1] , 
from (2 .5) we obtain our result ( 2 . 3 ) . 

I t is easy to verify that for the function defined by 
formula (2 .4) we get 
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Iank-1I = nk * 

This ends the proof of Theorem 1. 
For k = 1, aQ = 0 we get the result obtained in [9] 

and for k = 1, /3 = 1 we obtain the result given in [83* 

T h e o r e m 2. If Fe 2 _ (J3,k), then for |z| = r , 
0 < r < 1 , we have 

2 2 
( 2 . 6 ) (1 - P / ) * + . 

The estimates are sharp. The equal i t ies are attained at a 
point z = re3"^ respectively by the functions 

Ca.Tl » ' ( . ) - " - ? > T . F " ( z ) . " * U - 4 ? . 

P r o o f . Let P e ] ^ (p,k) . From the definit ion of 

the family > (/3,k) we have 

1 . F ' (z ) 1 - P(z) 
z + F ( z } = z 

Hence 

1 

(2.8) |F(z)| = y^j exp J re 1 " { : ( z t ) dt, t € R. 
0 

Using Lemma 3 we get 

1 - ¿ ( t r ) £ < r e P ( . t ) < L ± J L * * P . 
1 + >3(tr) 1 - j8(tr, 

Considering the inequal i t ies above and (2.8) we obtain the 
inequal i t ies (2.6) . It i s not d i f f i cu l t to see that the equa-

- 739 -



R.Mazur, A.Treska 

l i t i e s in (2 .6) are attained by the functions (2 .7 ) . This com-
pletes the proof of the theorem. If p= 1 then we get the 
known resu l t given in M . 

We consider the functional 

(2 .9) - re [ l + V ^ 

» 

defined on ¿ Z 

ii'or th i s functional we can prove the following theorems. 

T h e o r e m 3'; If e t^en f o r e ach 
fixed z, |z| = r , 0 < r < 1 the following sharp estimates 
hold 

(2.10) - re L1 + V ( z . ) _ 

m1(r,|3) for k = 1, r e (0 ,1) 
m2(rfj3J for k ^ 2 , r € {0,r"] 
m3(r ,^i for k ^ » 2 , r e (r*1 J, 

where r* e (0,1) i s the only root of the equation A(r,/J) = 0, 
and 

(2.11) A(r,/J) = (k-1 )d+j3r k ) 2 ( l . . r 2 k ) - 2krk( 1+jJ) (1-|3r2k), 

(2..12) 

(2.13) 

(2.14) 

wnile d 

p v , • . 1 _ r* - 2£r 
= » 

' 1 - tT 

- 1 + 2d-k))3rk + ft2r2k 

1 

I . I-/- -U A2r.2kl 
n J r . f l ) = Vk( 1+c<) (2-k+kE) - ^ 1 + 1 , 
3 ' /Ml-r'' / 

and q* are define., by ( l . b ) and (1.13 
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The equa l i t ie s in (2.10) are realized by functions of the 
lorm 

2 

(2.16) J? (z) = P ?(z;/3i = 1 (1 - /3e- i k Vz k ) , 

( , . 1 7 , p 3 < . , - , , < . „ ) . i « p / «> 

where 

1 (1+/Jr2k) - I1-/3r2k) s 1 

( 2 ' 1 a ' d ( r ; £ ) = - g ( u p ) - (1-/3) B 1 

(2.19) s . =\l + . 
1 l 2 9 + k ( 9 * - 9 ) 

P r o o f . Let P (£.!<)• In view of the defini-

tion of the family > (p,k) we have 

Applying the theorem of Zmorowic and lemmas (3-t>) we have 

- [ 1 + G ( 8 ' t ) » 

where the function 

(2.20) G( s , t ) = [ ( 2 - k ) f e + k - ^ ] c o e t + k > 
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is defined in the domain 

(2.21 ) D = { (s,t Js c - 9 0 s^c+p, -y(s) sg t <f(s) } 

y(s) = arc cos s 2 c+ 1 , 0 ?e(s)sS^(1) 

and c, y , y* are given by (1.8), (1.12), (1.13), respecti-
vely. We verify, by direct calculations, that the function 
G(s,t) can attain its minimum in the domain D along the 
diameter t = 0 only. Thus the problem of finding the mini-
mum of the function G(s,t) in the domain D under conside-
ration is reduced to one of finding a minimum of the function 

Cr̂  (s) = G(s,0) in the interval [c_?» C+P] • 
If k = 1, then the function G.j(s) atta.ins its absolute 
minimum at the point s = 1. Por k > 1 the function G ^ s ) 
attains its absolute minimum at the point s^ given by for-
mula (2.19) when s1 < c + 9. If, however, s1 ^ c + 9, then 
G^(s) attains its absolute minimum in the closed interval 
[c-f, c+ 9] at the end point c+9. Thus the required result 
follows from the above reasoning. 

It is not difficult to show that for the functions given 
by (2.15M2.17) the equality holds true in the estimate 
(2.10/. 

In the same way as above, we can prove the following 
theorem. 

i' h e 0 r e m 4. If P € ^ Z C/3»k>, then for |z| = r 
(0 r < 1) we have 

(2.22) - re ["1 1 z P"(z)' L1 + P U ) . 

m1(r,-p) for k = 1, r e (0,1) 
m2(r,-/3) for k3&2, r e (0,r**] 
m3(r,-0) for k Ss=2, r e (r** ,1 ), 

where r*' e (0,1) is the only root of the equation 

(2.23) A(r, -p) = 0 
while A(r,)3) is defined by (2.11). 
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i'he equalit ies are attained by the functions: 

(2.24) J)'*(z) = i '^U; -/3) 

(2.25) i''*(z) = ¿'2 (z; -p ) 

(2.26) Jf'*(z) = Jb'3(z; -p ) 

respectively, where i^(z;/3), i?'2(z;/3) and are defined 
by (2.15) - (2.17). 

We put 

r ( i ' ) = sup { r : -re |1 + 

I t is known that the number 

0, 

r . c . Z I * ( p , k ) = inf ( r ( F ) : if1 6 X l \ p , k ) } 

« 
i s called the radius of convexity of the family > (p>,k). 

^Prom i'heorem 3 taking into account the compactness of 
2 Z we get 

i ' h e o r e m 5. The radius of convexity for the 
class > . (p,k) i s given by 

r . c . 2 Z (P « k ) = 
V1 + 2/3' 

f o r k = 1 

f o r k >1 , 

where rQ e (0,1) is the only root of the equation 

(1+/0)( l-/Jr2k ) [/î (2-k)( l-r2k ) + k ( l - £ 2 r 2 k ) ] = k ( l+p 2 r 2 k ) . 

i' h e o r e m 6. I f F e > ! (p ,k ) , then f o r |z| = r , 
0 < r -c 1 we have 

(2.27) n ( r ) < | * ' ( s ) | « £ N ( r ) , 
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where 

n(r) = 

r 2 ( l - r 2 ) ^ 

2-k 
i 
X 

(1+Prk) k ( l -p r k ) 

for k = 1, r e (0,1) 

:'or k > 1 , r e (0,r**] 

2-k 

( l + p r " k ) k ( 1 - P r " k ) e x p K ( r ) f o r k > 1 f r 6 ( r « f l ) ) 

while 

R(r) = f 
1 - m^r.-jS) 

dr 

and 

N(r) = 

( 1 - r V 
_2 for k = 1, r e (0,1) 

for k > 1 , r e (o,r*] 

2 - k 

( l - 9 r k ) k (1 +firk) 
r 2 

2-k 
(1 - p r * k ) k ( u p r * k ) 9 X p s ( g ) f 0 P k > 1 f P € ( r * ,1 ) , 

for 

S i r ) = J 1 - m3(r,p) 
dr 

while r * , r** e ( 0 , l ) are the only roots of the equations 
(2.11) and (2.23), respectively. 

P r o o f . ¿suppose that P i s i n > ' (p,k). tVe then 
have 

- 744 -



Classes of ft-starllke functions 11 

log z'V (z) = log | z V (z) | + i arg(z2 P1 (z)). 

Putting z = re**** we get 

Using Theorems 3 and 4 we obtain (2.27). i'he equality holds 
in both cases for the functions defined by (2.15) - (2.17) 
and (2.24) - (2.26), respectively. This completes the proof 
of the theorem. 

¿.Let (|l,k) be a family of quasi-/}-starlike 

meromorphic k-symmetric functions f defined by the equation 

(3.1) p(j) = M P ( z ) , 0 < | z| < 1 , 

where ¥ e > *(fi.k) and M is a fixed number in the inter-

val C1,°°). For 1 we obtain the class > *M(k) 

(c.f. [43), but for /J = 1 and k = 1 we get the class > 

(c.f. C3]). 
Let M = e*, 0 < t <«>° and let f (z,t) be a quasi-0 -

-starlike function defined by the equation 

(3.2) f(1) = e^Ffz), 0«£t <oo , 0 < | « | < 1, P c XI*(p.k). 

It is easy to see that if is a fixed function of the 

class > *(ft.k) and f(z,t) satisfies the equation (3.2), 

then we have 

(3.3) lim e _ t f(z,t) = i'(z). 
t — oo 

It follows from the definition of the family JP(/3,k) that if 
Pe<P(/3,k), then j e p?(f},k). Making use of this remark, si-
milarly as in Cl]» C43 we can prove the following result. 
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T h e o r e m 7. A function f belongs to the class 

2Z*M(jB,k) i f and only i f f ( z ) = f ( z , T ) , where f ( z , t ) 

is a solution of the equation 

(3.4) 1 4 H i = f ( z ' t } P { f W ^ n ) ' O^S t=£ T, P e ^(/3,k) 

1 T 
satisfying the in i t i a l condition f ( z , 0 ) = , where M = e , 
I t is easy to see that the equation (3»4) is equivalent to 
the system of equations 

(3.5) d log | f (z f t ) | = re P ( f f ^ j j ) dt 

(3.6) d arg f ( z , t ) = im P ( f ( z ] t j ) dt. 

Theorem 7 implies the following theorems. 

T h e o r e m 8. I f I1 e ^ Z ^ l p . ' t l i then for 
I z I = r < 1 we have 

(3.7) m(r) < | f ( z ) | M(r), 

where 

(3.8) m(r) 

(3.9) M(r) 
, i Mk ^ T Mk 

These inequalities are sharp. 

P r o o f . Let f e ^T^MjB.k). Then from the equation 
(3.4) we obtain 
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Classea of ̂ -atarllke functions 13 

(3.10) d log f(z,t) = p( f(z
1
tt)) dt, F e ̂?(/3,k). 

Hence, by (3*5) and Lemma 3 we have 

if(z,t)i +j3 if(z,t)r 

Integrating (3.1) in the interval from 0 to T = log M 
and taking into account the initial condition we obtain 

(|f(z.T)|k )2
 < M k (1 + 0r k) 2 

and 

f(z,i')|k r k 

(|f(ztT)|k -fl ) 2
> M k (1 -Pr k) 2 

I fiz.'i1) lk " P 

Prom the above inequalities we obtain (3.7) - (3.9). It is 
easy to see that the function realizing the equalities in 
(3.7) are defined by the equations 

Z £ 
- H k . j ( 1 . „ k j " t 

2 2 
{¿L+SJH = m (1 + /3z*,k 

respectively, This ends the proof of Theorem 8. 
R e m a r k s . When k=1, /3=1 we obtain the known re-

sult given in C3]. When /J =1 and k=1,2t... we obtain the 
result given in [4]. 

T h e o r e m 9. If f e kJ, then we have 
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( 3 . 1 2 ) i a r g z f ( z ) | < ± log | f ( z ) | ^ • , 0 < | z | = r < 1 
K If (z )| +/} 1 - j i r 

and the e q u a l i t y i n ( 3 . 1 2 ) ho lds f o r the f u n c t i o n s f d e f i n -
ed by the e q u a t i o n s 

£ 2 
( 3 . 1 3 ) i ( f k + i P ) k = f (1 +Pizk)k, 

2 2 
( 3 . 1 4 ) i ( f k - i / 3 ) k = ? (1 - 0 i z k ) k . 

P r o o f . Let f e 2 Z * M ( / 3 , k ) . i 'hen from ( 3 . 5 ) and 
( 3 . 6 ) we o b t a i n 

( n i r n ) . im P , f i , t w . . 
( 3 . 1 5 ) d arg f ( z , t ) = r 1 ? * 1 ' • d log | f ( z , t ) | . 

r e p ( f u r n ) 

By using Lemmas 1 - 5 i t i s not d i f f i c u l t t o see t h a t 

M 1 6 ) - 2 p r k < i m p ( z j | < 2 fi r k 

, 3 ' ' i _ p 2 r 2 k r i p T z ) 1 _ ^ k • 

i'he e s t i m a t e s ( 3 . 1 6 ) are s h a r p . We have e q u a l i t i e s r e s p e c t i -
v e l y f o r the f u n c t i o n s 

( 3 . 1 7 ) l \ ( z ) = 1 ~ , 
1 1 + J3iz 

k 
( 3 . 1 8 ) P o ( z ) = 1 + and |z| = r . 

^ 1 - J3iz 

from ( 3 . 1 5 ) and ( 3 . 1 6 ) we o b t a i n 

|d arg i ( z , t ) | . a l o g | f ( z , t ) | . 
| f ( z , t ) r K - ^ 
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I n t e g r a t i n g the above i n e q u a l i t y in the i n t e r v a l from 0 to 
i = log II ard tak ing i n t o account the cond i t ion f ( z , 0 ) = — 
we ob ta in (3 .12 ) . ïTom (3 .17 ) , <3.18) i n view of the d e f i n i -
t i o n of the family > .*M(^.k) we i n f e r t h a t the f u n c t i o n s 

r e a l i z i n g the e q u a l i t i e s (3.12) are of the form (3.13) and 
(3 .14 ) , r e s p e c t i v e l y . This ends the proof of Theorem 9. i 'or 
J3 = 1 we ob ta in the r e s u l t given in [ 4 ] . 
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