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where

=K 4+ *mp

x =1,o",k

mp m*

We shall consider the sequence of functions
2, -1 s 1t
t WP g M if t=>0
0 if t =<0

and the sequence of their Laplace transforms

(. =~ 1)t
(1.3) Xy(s) = —mp——gm—p .

(s - sp)

It is well known that the sequence (1.2} is linearly in-
dependent [10] . It is easy to prove, by reductio ad absur-
dum, that the sequence (1.3) is linearly independent, It is
also easy to verify that the terms of the sequence (1.2) are
elements of the Hilbert space LZ(O,OO) with scalar product
defined by the relation

(1.4) (f,g) = ff(t) g(t) at.
(o]

This space will be denoted by ..
Now, from Parseval’s formula [6]

%o oo

(1.5) ff(t) a(t) dt = 5er If F(s) G(s) ds

[¢)

it follows that the terms of the sequence (1.3) are elements
of the Hilbert space L2 (-ico, ioo) with scalar product
defined by the relation
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joo
(1.6) (F,G) = iz f F(s) G(slds ,

=joo

where F(s) =.L[f£(t)] i a(s) =L[a(t]].
This space will be denoted by Hs’

From the point oif view of theory and applications the
essential problem is that of completeness of the sequences
(1.2} and (1.3) in corresponding spaces. For a particular ca-
gse of the sequence (1,2) it has been solved by P.R.Clement
[4]. In this paper we solve the problem in the general case,
To prove the completeness conditions we make use of the se-
guence of functions orthonormal in the space LZ(-iso , ieo ),
equivalent to the sequence (1.3), constructed by A. Cremone-
si [5]. This sequence will be considered in the next section
of this paper.

2. Orthonormal exponential functions and their transforms
In the paper [5] A. Cremonesi has constructed the sequen-
ce of orthonormal functions in the space H

s
o1k, x, -1
(2.1) Ug(s) = A » T—T %a () » Wmmp (8) « v, (s),
M=0

where

Ay = Y¥-2 Re 8 >

k
WOO(S) - 1.

k

_—
k 8 + 8
“ fad
W# (s) =<m;> fOI‘ #'—' 1,...,!11,
1
Vm(s) =8 -8_ "'
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This sequence is egquivalent to the sequence (1.3), i.e.
eacil function of the first sequence is e lincar combination
of functions of the second sequence, and conversely,

From Parseval’s formula {1.5) it follows that the inverse
transforms

(2.2) ug(t) =271 Uy (e)]

form an orthonormel system in the space Ht’ equivalent to
the sequence (1.2},

It is obvious that egquivalent secuences are both either
complete or not. Moreover, from a theorem of Fazley-Wiener [9]
it follows that the sequente of inverse trasnsforms and the
sequence of trensforms too are both either complete oxr not.
The results of these considerations may be recollected in the
following lemma,

Lemma 2.1. The sequences (1.2), {1.3), (2.1),
{2.2) are simultaneously complete, or not, in the correspond-
ing spaces.

3. Particular case

In the seguel we shall investigats a particular case of
the considered sequences and present the results concerning
completeness in this case,

Assume that

(3.1) k =1 for m = 1,2,0!.,

i.e. let us consider the sequence of uneguel complex numbers

{3.2) 4 ZN = By
the sequence of functions
Syt
5 eV ifr t>o0,
(303) XN(t) =
0 if t <0,
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the sequence of Laplace-transforms

(3.4) % (a) = —1
N s - sN

’

the sequence of orthonormal trensforms in the space Hs
(3.5) Uyls) = Ay » Ny (8) o Vyls),

equivalent to the sequence (3.4), and the sequence of ortho-
normal inverse-transforms in the space Ht

(3.6) iy (t) =L ™ [Ty(s)]

equivalent to the sequence (3.3).

The sequences (3.5) and (3.6) have been constructed by
¥.H, Kautz in the paper [8]. In the paper [4] P.R. Clement
has proved that the sequence (3,3) is complete in the space
Ht if and only if

-Re SN

(3.7)

5 =00 and Re 8, <<O0.
: I ll L‘
=1 1 + sN + 5

By virtue of Lemma 2,1 this implies the following lemma.

Lemma 3.1, The sequences (3.3), (3.6) in the spa-
ce H, and tae sequences (3.4}, (3.5) in the space H, are
complete if and only if the condition (3,7) is fulfilled,

4. General case

We shall now consider a sequence of complex numbers (1.1),
a sequence of functions (1.2), the sequence of their Lapla-
ce-transforms, and the corresponding orthonormal sequences
(2.1) and (2.2). We are going to prove the following theorem,
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Theore-m 4.1, The sequences (1.2) and (2.1) in
the space H, and the sequences (1.3) and (2.2) in the spa-
ce ‘Hs _are complete if and only if the following condition
ig fulfilled

~ k, (~Re &)
(4.1) Z =0 , Re s <0 and s _—eoo,

To prove the theorem, we shall construct a sequence, near
to the sequence (2.1}, of transforms with single poles and

we shall prove some lemmas.
We modify the sequence (1.,1) so as to obtain a sequence
of unegual complex numbers

(402) 27 = 8 -d
it m mxhp’
where the numbers dmx satisfy the inequalities
mp
/ i
14.3) ) =0 and -Re (8~ & }=>0.
mxmp m mxmp

Using the segquence 2N we shall build the orthonormal sequen=-

ce of Kautz-functions

o-1 x %1
(404)  Uylo) =Ty « [ [ W, 460 - T (o) vmxmp(s),
#=0

where A, = \/-2 Re (s_-& )
N VF m mxmp '
k
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k 8 + 8, -0 & + §¢u. "d,-u.k
& f) p1 e
W (S) = e o e fOI‘ #':1 PPy ]
M 8 - 8, +0,, s-s#+d'ﬂk(a L
~ 1
v (S) = .
mx g8 ~8_+0
mp m mxmp

In view of (3.7) the necessary and sufficient condition.
for the sequence (4.4) to be complete may be written in the
form

o) -Re(sm - d )
{(4.5) mp =oo and Re s_<0.
m= ® =11+

Lemmmna 4,2, The sequenoces (2.1) and (4.4) are both
either complete in the space HS or not,
Proof. I. A direct calculation (making use of re-

sidua) shows that
1 when n =K
lim (U Ug) = K= 1,2,000
mx 0 when n £K
Then it follows from the equality
5 R 52 ~ ~
llog - Tl = {lug|f + IBkll” - (g Tg) - (T Uy
that
lim  ||Ug - U

K”-"O’ K=1,2,nou
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Similarly, the inequality

1Bk - i (Bgu,) Uyl <1 Tg=ug || + [1-(Tuge) vg |- [Jug +

n=1

N

+ Z | (Tu,)
n=

n£K

Uyl
implies

lim || Ty - Z&_ (Teu,) Upll=0, K =1,2,..05 ¥=K
me o* n=1 '

mp -
This means that for every number ¢=0, there exists a number
d{e) >0 such that if '

(4.6) 0<d, =< ble)
mp
then
(407) ”UK—ﬁK"<6, K= 1,2,..0
and

N
(4.8) ||ﬁK - Z(ﬁxun)un” <¢ K=1,2,00e3 N=>K.
. n=

In what follows we shall consider only functions ﬁK such

that the numbers d . satisfy the condition (4.6},

mp
II. Let the sequence of functions {UK} be complete in
the space HB. Suppose the sequence of functions {ﬁK} to be

- T14 -



Certain systems of functions

not complete in this space. Then there exists a function
Fo(s) satisfying simulteneously both conditions

1% |IF =0

We shall now estimate the scalar product. To this aim
we can use condition 2°, Schwarz ‘s inequality and condition
(4.7).

[ UgFo)| = [ (Ug-Bs Bo) [ <[ OB ]| « || Fofl <l 7 || -

The number £>0 being arbitrary we have

F (s) =0, £ € (=i, 100},

This being contrary to condition 1° the completeness of the
sequence ﬁK has been established.

IIX, Suppose the sequence of functions {ﬁK} to be com~
plete in tae space Hs' To prove the completeness of tiae
seguence UK} we heve to show that it is closed, i.e. thsat
for every function F e Hs, there exists a secuence of

coefficients {cn} such that

(4.9) 7 I%IEE“IIF -i ¢, Upll =0

n=1
Let the coefficierts assume the following values

¢y = t (FUOL), K =1,2,0005 0 =1,2,..,
k=1
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and let

From the equality

T
|® - i Uyl = |7 - (F Ty )0y = Ry ||

n=1 k=1
we deduce the estimation
N

K K
(4.10) "F - Z ckUn”<”F - ; (F8, ) ﬁkﬂ + ;l(Fﬁk)I-I

n=1

|-

Ryy

The completeness of the sequence {ﬁK} implies the closure
condition

K

Kl_iEJIF - ; (FT, ) ﬁk" =0

8

and the convergence of the series ::: |(Fﬁk)|2, whence
=1

the condition

lim |(FU,)| = o.

k——hoo

This means that for every number £=0, there exists a num- '
ber K(e) such that if

K=Kl(e)

then

K
|® - Z (r T,) Ugl<e
k=1 )
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and_
|(F U )| <e .
Moreover, (4.8) implies that

1,2,0003 N>k,

[ Biwl|<e » X

Let K = K(¢) be fixed. From inequality (4.10) we get

”F -ZL_ ¢, Uy ||< e+ K(e)ve®, N> K(e)
, =1

whence it finally resulte that condition (4.9) is satisfied
and that the sequence {Un} is complete.

Lemma 4.3, The conditions (4.1) and (4.5) are
equivalent.

Proof. Let us consider. two following seguences
of numbers e, and 8 _:

__m
ap = 2!
1 + Ism + ?I
k
-Re (sm -G )
i = mgé .
m |
~ 1+ 18 - 4& '
“mp’ l o m)‘mp
The following relation is evident:
a
lim 0= 1
d'm—x—"O"' m
mp

i.e. for each number £¢>0 there exists a number d&(¢) >0
such that
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implies

or

(1 - e)am< a < (1 + e)am.

Thence it follows that the series (4.1) and (4.5) are both
either convergent or divergent.

Lemmae 2,1, 3.1, 4.2 and 4.3 proved 2bove imply Theo-
rem 4.1,

5. PFinal remarks

The completeness of a system of functions is a property
which conditions the possibility of constructing & base in
the corresponding space and, at the same time, the possibility
of arbitirarily near approximation in the sense of the metric
of this espace. In this paper we have considered certain sys-
tems of exponential functions and of their laplace transforms
(with single or multiple poles). Theorem 4.1 gives necessary
and sufficient conditions under which these systems are bases
in the spaces L2(0,°°) and L2(-i°°, ieo },

Another important property of these systems, in view of
the simplicity of computations, is their orthonormality. One
of the most important of them seems to be the system func-
tions introduced by W.H.Kautz, of which a particular case is
‘the system of Laguerre functions. Another particular case is
the system of exponential functions with real exponents form-
ing an arithmetic sequence ~ they are nearly related to the
Jacobi polynomials ([1], [2]).

The functions of A. Cremonesi are generalizations of both
Laguerre and W.H. Kzutz functions. These functions may be
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applied e.g. in the approximation of solutions of linear dif-
ferential equations with retarded argument. Zxact solutions
of such equations in form of series of functions (1.2) may

be found in the books [3], [7]. To comstruct such & solution,
it is necesssry to know a2ll the roots of the characteristic
equation. “hen only some of these roots are known, with
greatest real parts (the so-called dominant roots), it is
possible to find an approximate solution. The computaticns
may then be simplified by use of an orthonormelized system,
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