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ON THE COMPLETENESS OF CERTAIN SYSTEMS OF FUNCTIONS 
IN THE SPACES LJ(0,°») AND L 2 ( - i ~ , H 

1. In t roduc t ion 
Let 

811 s 1 k 1 ' s 2 1 3 2 k 2 " " 

be a sequence of complex numbers such tha t 

8„,„ ^ s„„ i f m i n mp nq V-
% = sm i f P = k a 

fie sm < 0 i f m = 1 , 2 , . . . m 

S oo . m 

In the sequence (*) each of the numbers s occurs succes 
vely km t imes . 

Introducing the r ecu r ren t sequence 

Ko = 0 

K 1 = K l -1 + k l f o r 1 = 

we may wr i te the sequence in ths form 

(1.1 ) zK = s m , 
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2 S.Kus 

where 

m-1 mp 

„ _ — 1 • • » • t k . mp m 

We sha l l consider the sequence of functions 

(1.2) X j j ( t J = < 

' s t 
t mP e m i f t > 0 

w0 i f t < 0 

and the sequence of their Laplace transforms 

i*-nn - 1 } ! 
(1.3) = 

I t i s well known that the sequence (1.2) i s l inearly in-
dependent [10] . I t i s easy to prove, by reductio ad absur-
dum, that the sequence (1.3) i s l inearly independent. I t i s 
a l so easy to veri fy that the terms of the sequence (1.2) are 
elements of the Hilbert space L (0 , °o ) with sca lar product 
defined by the re la t ion 

oo 
(1.4) ( f , g ) = f fit) i T t l dt . 

This space wi l l be denoted by H^. 
Now, from Parseval ' s formula £6] 

ioo 
(1.5) f f ( t ) g ( t ) dt = ¿ J f F(s ) G(s) ds 

0 -loo 

i t follows that the terms of the sequence (1.3) are elements o 
of the Hilbert space L (- ioo, i ° ° ) with sca lar product 
defined by the re la t ion 
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Certain systems of functions 3 

( 1 . 6 ) (F,G) = ¿1 J V(b) G(S }ds , 
-loo 

where F(s) ./[f(t)] i G(s) = .£[g(t)]. 
This space will be denoted by H . s 

From the point of view of theory and applications the 
essential problem is that of completeness of the sequences 
(1.2) and (1.3) in corresponding spaces. For a particular ca-
se of the sequence (1.2) it has been solved by P.R.Clement 
C4]. In this paper we solve the problem in the general case. 
To prove the completeness conditions we make use of the se-p 
quence of functions orthonormal in the space L (-i~> , i» ), 
equivalent to the sequence (1.3), constructed by A. Cremone-
si [52. This sequence will be considered in the next section 
of this paper. 

2. Orthonormal exponential functions and their transforms 
In the paper C5D A. Cremonesi has constructed the sequen-

ce of orthonormal functions in the space H 

f [ W^(s) . W^P~ 1(s) • Vm(s) 
m-1 . T T K-. 

(2.1) U,,(s) = A, m 
tL=0 

where 

A = y-2 Re s m ' m » 

for fL= 1 ,.. •, m 

1 
s - s m 
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4 S.Kus 

This sequence is equivalent to the sequence (1.3) , i . e . 
each function of the f i r s t sequence is a linear combination 
of functions of the second sequence, and conversely. 

Prom Parseval's formula (1.5) i t follows that the inverse 
transforms 

form an orthonormal system in the space H^, equivalent to 
the sequence (1.2) . 

I t is obvious that equivalent sequences are both either 
complete or not. Moreover, from a theorem of Paley-Wiener C9D 
i t follows that the sequence of inverse transforms and the 
sequence of transforms too are both either complete or not. 
The results of these considerations may be recollected in the 
following lemma. 

L e m m a 2.1. The sequences (1.2) , (1.3) , (2.1), 
(2.2) are simultaneously complete, or not, in the correspond-
ing spaces. 

3. Par*-* rular case 
In the sequel we shall investigate a particular case of 

the considered sequences and present the results concerning 
completeness in this case. 

Assume that 

i . e . let us consider the sequence of unequal complex numbers 

the sequence of functions 

( 2 . 2 ) 

(3.1) k = 1 for m = 1 ,2 m ' 
, . . . , 

e i f t > 0 
(3.3) 

0 i f t s£0 

- 710 -



Certain systems of functions' 

the sequence of Laplace-transforms 

(3.4) Xrr(s ) = 1 " - SN ' 

the sequence of orthonormal transforms in the space Hg 

N-1 
(3.5) UN (s) = AK . \^(s) • VN (s ) , 

equivalent to the sequence (3.4) , and the sequence of ortho-
normal inverse-transforms in the space Ht 

(3.6) uK ( t ) [ % ( s ) ] 

equivalent to the sequence (3.3) . 
The sequences (3.5) and (3.6) have been constructed by 

W.H. Kautz in the paper C8]. In the paper [4 ] P.R. Clement 
has proved that the sequence (3.3) is complete in the space 
Ht i f and only i f 

(3.7) £ -Re s 

K=1 1 + 

H 

SN + 2 

and Re srr < 0 . 

By virtue of Lemma 2.1 this implies the following lemma. 
L e m m a 3.1. The sequences (3.3) , (3.6) in the spa-

ce Ĥ  and the sequences (3.4) , (3.5) in the space I 
complete i f and only i f the condition (3.7) is f u l f i l l e d . 

are 

4. General case 
We shall now consider a sequence of complex numbers (1.1) , 

a sequence of functions (1.2), the sequence of their Lapla-
ce -transforms, and the corresponding orthonormal sequences 
(2.1) and (2.2) . We are going to prove the following theorem. 
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6 S.Kus 

I h e o r e-m 4 . 1 . The sequences (1 .2 ) and (2 .1 ) in 
the space Ĥ  and the sequences (1 .3 ) and (2 .2 ) in the spa-
ce H are complete i f and only i f the following condition s 
i s f u l f i l l e d 

(4 .1 ) J 
k (-Re s ) ra 

m=1 1 + m d 

2 = ° ° » R e s m < 0 a n d sm • oo , 

To prove the theorem, we s h a l l construct a sequence, near 
to the sequence ( 2 . 1 ) , of transforms with s ing le poles and 
we s h a l l prove some lemmas. 

We modify the sequenoe (1.1 ) so as to obtain a sequence 
of unequal complex numbers 

(4 .2 ) 2 k = s m - <5 * 
mp 

where the numbers J s a t i s f y the i n e q u a l i t i e s 
mp 

(4 .3 ) 6 > 0 and -Re ( s m - <T ) > 0 . 
mp flip 

Using the sequence ZJJ we s h a l l build the orthonormal sequen-
ce of Kautz-functions 

(4 .4 ) % ( s ) = XH . n V ( s ) ' V P ( S ) * 

where \ = A/-2 Re ( s ^ d ^ ) , 
' mp 

J c n 
W 0 ° (s) = 1 , 
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^k 3 + s -J, 8 + §<" 
••• s - s„ +J„ f o r <" = 1» 

1 
V j s ) = s - s m + <T mp m mx, mp 

In view of (3.7) the necessary and sufficient condition 
for the sequence (4.4) to be complete may be written in the 
form 

(4.5) 

L e m m a 4.2. The sequences (2.1) and (4.4) are both 
either complete in the space H„ or not. s 

P r o o f . I. A direct calculation (making use of re-
sidua) shows that 

lim (UK U K) = 
mx. •0+ 

mp 

1 when n = K 

0 when n ^ K 
K — 1 y 2 y • •, 

Then it follows from the equality 

l UK - UK||2 - I K l f + I N I 2 - <UK V - UK> 

that 

l i m llUK " 5K I I = K = 1 » 2 " 
mx •0+ 

mp 
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8 S.Kul 

Similarly, the inequality 

P * " I U J M I V U K I I + h - i V K * UKI ' I IUK I I + 

n=1 

N + Y M V a H - W I 
n=1 
n/K 

implies 

i J ^ o - J ^ " i ^ ^ U n l l = K = N > K * 
ax n=1 mp 

This means that for every number f=-0, there exists a number 
6(e) > 0 such that if 

(4.6) 0 < d m * < i ( £ ) 
mp 

then 

(4.7) ||UK - ftK||<« , K = 1,2, 

and 
N 

(4.8) ||0K - X > K V U n l l < £ K = 1,2,...; N > K . 
n=1 

In what follows we shall consider only functions U K such 
that the numbers <f satisfy the condition (4.6), 

mp 
II. Let the sequence of functions { U

K} be complete in 
the space Hs. Suppose the sequence of functions 

- 714 -



Certain systems of functions 9 

not complete in this space. Then there exists a function 
Ppis) satisfying simultaneously both conditions 

1° ||*oll>0 

2° ( U k F o ) = 0 . 

We shall now estimate the scalar product. To this aim 
we can use condition 2°, Schwarz's inequality and condition 
(4.7). 

K ' V I - K - v VMIV^HKII^ ' IKI I -
The number ¿ > 0 being arbitrary we have 

(UK F 0) - 0 

whence, since the sequence {^J comP^e*e» w e set 

P0(a) = 0 , s e (-i~ , ioo ). 

This being contrary to condition 1° the completeness of the 
sequence k^ 1 1 established. 

III. Suppose the sequence of functions c o m" 
plete in the space H . To prove the comDleteness of the s 
sequence jU^J we have to show that it is closed, i.e. that 
for every function F e H_,, there exists a sequence of 
coefficients {cnJ such that 

( 4' 9 ) J 2 J P - Î Cn Un|| = °-n=1 

Let the coefficients assume the following values 

K = 1,2,...; n = 1,2,... 

s coeiiicieri^E assume i 

k=1 
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and le t 

- SK " Ì V V 
n=1 

Prom thè equality 

l l F - Ì ckUnll=llF-i V^k-'WII 
n=1 k=1 

we deduce the estimation 

H K K (4.10) i*-]rokun||<n?-£ M+XJ (pM-im-
n=1 k=1 k=T 

The completeness of the sequence inpli®8 i-*16 closure 
condition 

K. 
U a J * - J ^ ( F \ ) Uk|| = 0 

k=1 oo 
and the convergence of the series I (PUi.) I 2 , whence 

k=1 the condition. 

lim |(PUk)| = 0. 
k— 

This means that for every number « > 0 , there exists a num-
ber K ( f ) such that i f 

KssKU ) 

then 

K 
F " H <P V BkII<£ 

k=1 
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Certain systems of functions 11 

and 

(F Uk)|<£ . 

Moreover, (4.8) implies that 

HkN|<f ' k = I T > k ' 

Let K = K(£) be f ixed. Prom inequality (4.10) we get 

P - > cnUn || < e + K(£)»£% N>K(e) 
fcl 

whence i t f i na l l y resul ts that condition (4.9) i s sa t i s f i ed 
and that the sequence {Un} i s complete. 

L e m m a 4.3. The conditions (4.1) and (4.5) are 
equivalent. 

P r o o f . Let us consider two following sequences 
of numbers e. and a„: m m 

am = 
km . (-Re sm) 

1 + am + ? 

a m = m 
J k (sm - d 

mp 

*hp 
s - S m mx_ mp l 

The following re lat ion i s evident: 

lim = 1 
6 — 0+ m m* mp 

i . e . for each number e > 0 there ex is ts a number 6(e) 
such that 
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12 S.KuS 

0 ccf , < Sit) 
mp 

implies 

or 

(1 - e )a_ < a m < (1 + t ) a, 'm m m 

Thence i t follows that the series (4.1) and (4.5) are both 
either convergent or divergent. 

Lemmas 2.1, 3.1, 4.2 and 4.3 proved above imply Theo-
rem 4.1. 

5. Final remarks 
The completeness of a system of functions is a property 

which conditions the possibil ity of constructing a base in 
the corresponding space and, at the same time, the possibil ity 
of arbitrari ly near approximation in the sense of the metric 
of this space. In this paper we have considered certain sys-
tems of exponential functions and of their Laplace transforms 
(with single or multiple poles). Theorem 4.1 gives necessary 
and suff ic ient conditions under which these systems are bases n o 
in the spaces L (0, ° ° ) and L ( - i ° ° , i ° ° ) . 

Another important property of these systems, in view of 
the simplicity of computations, is their orthonormality. One 
of the most important of them seems to be the system func-
tions introduced by W.H.Kautz, of which a particular case is 
'the system of Laguerre functions. Another particular case is 
the system of exponential functions with real exponents foam-
ing an arithmetic sequence - they are nearly related to the 
Jacobi polynomials ( [ 1 ] , C2]). 

The functions of A. Cremonesi are generalizations of both 
Laguerre and W.H. Kautz functions. These functions may be 
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Certain systems of functions 13 

applied e . g . in the approximation of solutions of l inear d i f -
fe rent i a l equations with retarded argument. Exact solutions 
of such equations in form of s e r i e s of functions (1.2) may 
be found in the books C3], C7]. To construct such a solution, 
i t i s necessai'y to know a l l the roots of the character i s t ic 
equation. Y/hen only some of these roots are known, with 
greatest rea l parts (the so-called dominant roo t s ) , i t i s 
possible to find an approximate solution. The computations 
may then be simplified by use of an orthonoroialized system. 
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