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UNIFORM CONVERGENCE OF SEQUENCES OF FUNCTIONS 
WITH VALUES IN A TOPOLOGICAL SPACE 

E, Kocela [13 proved that a sequence j f n J 1 - cor.r.or 
bounded rea l functions defined on some nonempty net / i s 
uniformly convergent to f : X—»-R i f and only for arb i -
t rary : (S-additive family E of subsets of X, increasing 
sequence j n k } natural numbers and rea l numbers 
y 1 , y 2 , y 2 > y 1 , the condition 

x : f (x) < a E for any a e (y. , ,y 2) and k = 1 ,2 , , 

implies 

| x : f (x) < a | 6 E for a l l a e (y^ ,y 2 ) 

and .the condition 

x : f (x) 
k 

implies 

e E for any a e (y. , ,y 2) and k = 1 , 2 , . . . 

|x: f (x) > a | e E for a l l a e (y1 ,y 2 ) . 

E. Kocela and T. iwi^tkowski £2] generalized th is resul t 
by considering an arbitrary compact metric space Y instead 
of closed intervals of R and the se ts |x: f ( x ) ^ K(p Q , r )| 
instead of |x: f ( x ) < a} and [x : f ( x ) > a ] . 
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I t i s easy to reformulate the above conditions character-
izing uniform convergence of r ea l functions in the case of 
functions with values in an arbitrary topological space. 

D e f i n i t i o n . Let X be a nonempty set and 
Y - a topological space. A sequence functions mapp-
ing X into Y i s said to be uniformly convergent to 
f : X — i f and only i f for arbitrary 

a) point p e Y, 
b) open se t s U , U.. such that p e U C IT C U.. , c 0 1 0 0 1 
c) 6-additive family E of subsets of the set X, 
d) increasing sequence j 1 1 ^} » 

the following condition holds 

A A 
u cucucu. o 1 

x : f n (x) 4 U 
k 

€ E 

/ \ { x : f ( x ) $ U} e E j. 
U CUCUOT / v o l / 

There appears the following problem: Does the uniform con-
vergence in the sense of our def ini t ion imply the convergence 
at any point? 

Some r e s u l t s in th i s direction are formulated in the 
Theorems 1 and 2. 

T h e o r e m 1. I f a sequence j f n } of functions 
mapping a nonempty set X into a normal topological space Y 
i s uniformly convergent to a function f : X—^Y, then the 
sequence j f n J i s convergent to f at any point x of X. 

P r o o f : Assume that there ex i s t a point xQ e X, 
an open set ? C Y and an increasing sequence { n k } such 
that f ( x Q ) e V and f n (xQ) * V for any k. Let p = f ( x Q ) 

1c 
and E be a family of a l l subsets of the set X including xQ . 
Put U1 = V and take an open set UQ such that p e UQC 

CUo C V. Then for any open set U sa t i s fy ing UQ C D C 
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c U C V the r e l a t i o n • 

e E. 

On the other hand Y 

o 

f ( * ) i U 
k 

f „ (x j <jfu} 
k } 

holds. Thus 

i s a normal topological space, so 
there e x i s t s an open neighbourhood U* of the point p such 
that Uo C U ' C U ' C V . Of course |x: f ( x ) £ U*} £ E. This 
ends the proof. 

C o r o l l a r y . I f the space Y i s normal then any 
sequence of functions f : X—»-Y has at most one l imi t in n 
the sense of the unif&rm convergence. 

Our theorem f a i l s in the case of an arb i t rary topologica l 
space. 

E x a m p l e . Let X = | x } and Y = j a , b ] be 
equipped with the topology consis t ing of the s e t s <f> , [ a } » Y. 
Then every sequence of functions f n : X — Y i s uniformly con-
vergent to the function f ( x ) = a in the sense of our d e f i -
n i t i o n , but i t i s convergent to a at x i f and only i f 

for any s u f f i c i e n t l y large n. 
T h e o r e m 2 . Let Y be a regular topological 

f n ( x ) = a 

a —»a, where a e Y, a e Y, then space. I f we have 
the sequence { f n } » = a n f o : r a n 7 x e X, i s uniformly 
convergent to the function f , where f ( x ) = a f o r any x 
of X. 

P r o o f : Let a_—»-a and take some n p e Y, open 
s e t s U , U1 , 6 -addi t ive family E •o' 1 , . 
and increasing sequence ( n ^ j such that p e U 
and 

of subsets of the set 
C U C U o o 1 

A A 
U CUCÏÏCH, k 

o 1 

x : f (x) * U 
k 

e jS. 

I f f o r every open set U such that UQ C U C U C U1 and 
(x) e U, then f x : f (x)*u}= 

nk 1 nk J 
f o r every k, we have = f . 

= 0 and now 0 e E. On the other hand, i f 
a e ÏÏ and { x : f i x ) i ÏÏ J = 0 s E. 

n •a, then 

- 705 -



4 Z.Walczak 

Let now for every open set U satisfying U Q C U C TJ C U, 
and for every k , an does not belong to U. Then {x: f_(x)*u]= 
= X e E. The equality U. = U holds because the 

U CU'CUCU. o 1 
space Y is reg lar. So we have a_ ^ U1, a £ U.. and 

• k 
{x: f(x) 4 U} = X E B. 

The proof in the case where there exist open sets U, U1 
and numbers k, k' such that UQ C U C U C U , , l^CU'CU'CU.,, 
a„ e U and a„ eU 1, is trivial. 
nk nk 

R e m a r k . If in our definition we replace an open 
set U by a closed set F such that UQ C P C U ^ then it 
is easy to obtain that uniform convergence of the sequence 
fn: X——R to the function f: X — R implies convergence in 
the sense of our definition and that Theorem 2 holds for any 
T^ - space Y. 
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