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UNIFORM CONVERGENCE OF SEQUENCES OF FUNCTION3
WITH VALUES IN A TOPOLOGICAL SPACE

o

E., Kocela [1] proved that a2 seguence {*n} 2 conmon
bounded real functions defined on some nonempty set I ie
uniformly convergent to f: X-—R if and only if for arbi-
trary: G6-additive family E of subsets of X, increzsing
sequence {nk} of natural numbers and real numbers
Tqs Jos Io=>Tqs the condition

{x: £ (x)<a}eE for any =z € (y1,y } and X = 1,2,e40
ny : 2
implies
{x: fx) <a} €eE forall a € (y.‘,y?)
and .the condition
{x: £ (x)> a} €eE for any a € (31,y2) and k = 1,2,e00
k
implies
{x: f(x) >a} €E for all a € (y,l,yz).
E. Kocela and T. Swigtkowski [2] generalized this result
by considering an arbitrary compact metric cpace Y instead

of closed intervals of R and the sets {x: f(x) ¢K(p°,r)}
irstead of {x: fi{x) < a} and {x: f(x) > a}.
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2 Z.Walczak

It is easy to reformulate the above conditions character-
izing uniform convergence of real functions in the case of
functions with values in an arbitrary topological space.

Definition, Let X be a nonempty set and
Y - a topological space. A sequence {fn of functions mapp-
ing X 1into Y 1is said to be uniformly convergent to
f: X—Y if and only if for arbitrary

a) point p e Y,

b) open sets U,» U; such that pe U C ﬁo C Uy,

¢) 6-additive family E of subsets of bhe set X,

a) increasing sequence ntos
the following condition holds

/\ /\{x: fnk(x)¢l—1} eE|=

T UdaEw k
[+ 1

= /\ {x:f(x)q&ﬁ}eE.
U Cucicu,

There appears the following problem: Does the uniform con-
vergence in the sense of our definition imply the convergence
at any point?

Some results in this direction are formulated in the
Theorems 1 and 2,

Theorem 1, If a sequence {fn} of functions
mapping a nonempty set X 1into a normal topological space Y
is uniformly convergent to a function £: X—Y, +then the
sequence {fn} is convergent to f at any point x of X.

Proof: Assume that there exist a point X, € X,
an open set V C Y and an increasing seguence ny such
that f(xo) € V and fnk(xo) ¢ V for any k. Let p =f(x°)

and E be a family of all subsets of the set X including Xye
Put U, =V and take an open set Uo such that p e UOC

<:ﬁ° C V. Then for any open set U satisfying ﬁo cuc
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cUC V the relation %, € {x: f, (x) Q'U} holds, Thus
k

lx: f, (x) ¢ Ut e E.
L k

On the other hand Y is & normal topological space, so
there exists an open neiglibourhood U* of the point p such
that T  CU*CT'CV. 0f course {x: £(x) ¢ T’} ¢ E. This
ends the proof.

Corollary. If the space Y 1is normal then any
sejuence of functions fn: X—=Y has at most one limit in
the sense of the uniferm convergence.

Our theorem fails in the case of an arbitrary topological
space,

Example. ILet X={x} and Y ={a, b} be
equipped with the topology consisting of the sets ¢, {a}, Y.
Then every sequence of functions fn: X—Y is uniformly con-
vergent to the function f{x) = & in the sense of our defi-
nition, but it is convergent to a et x if and only if
f (x) = a for any sufficiently large n.

Theoren 2. Let Y Dbe a regular topological
gpace. If we have a_—=a, where a, €Y, a € Y, then
the seaquence {fn]’ fn(x) = a, for any x € X, 1is uniformly
convergent to the function f, where f(x) =a for any x
of X.

Proof: Let a —=a and take some p €Y, open
sets Uo’ U1, 6-additive family E of subsets of the set X
and increasing sequence {nk} such that p € Uo C ﬁo C U,

/\ /\{x: fnk(x) ¢ U] € E.

T CUCTCU, %
[} 1

and

If for every open set U such that ﬁo CUCUCU, and

for every k, we have a, = f_ (x) € G, then {x: £, (x)gﬁ}:
. k k

=@ and now ¢ € E. On the otker hand, if a,—~2a, then

a €U and {x: fix) ¢ ﬁ} =@ ek,
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Let now for every open set U satisfying U cucvUc U,
and for every k, ank does mt belong to U. Then {x' fh (X)¢U}-
= X € E. The equality U1 =._\\—i} U holds bscause the

UOCU'(UCU,‘
space Y is reg lar. So we have ank ¢ U1, a ¢ U1 and
{x: £(x) ¢ﬁ} = X eE.

The proof in the case where there exist open sets U, ig
and numbers k, k' such“that g, cucucupu cy'ct'cu,,
ank €U and ank el is trivial.

Remark. Tf in our definition we replace an open
set U by a c_osed set F such that Uo CFC U1, then it
is easy to obtain that uniform convergente of the seguence
fn: X—=R to the function f: X—R implies convergence in
the sense of our definition and that Theorem 2 holds for any

T1 - spéce Y.
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