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DECOMPOSITION OF QUASI-KAHLER MANIFOLDS
WHICH SATISFY THE FIRST CURVATURE CONDITION

1. Introduction

We consider C™° almost Hermitian manifolds. In this pa-~
per we shall be concerned with five classes of almost Hermi-
tian manifolds: K, NK, AK, QK, H. For reference, the defin-
ing condition for these classes is as follows

K: (VXJ)Y =0 K&hlerian
NK: (Vyd)x = 0 Nearly-Kdhlerian
AK: dF = O Almost-Kiéhlerian

QK: (VxJ)Y + (VJXJ)JY 0 Guasi-Kéhlerian

Hr (Vgd)¥e~ (V;0d)JY = 0 Hermitian
for X,Y € 2(M),. where, V is the Riemannian connection adap-
ted to the metric < ,>; J-the almost complex structure;
X(M)-the Lie algebra of vector fields on M, and F - the Kdhler
form given by

F(X,Y) = <JX,Y> .

In this paper, we consider that {Ei:1sé i s:zn}, with
En+k = JEk, 1<<k=n, 1is & local frame field on M,

A key to understanding the geometry of these classes of
almost Hermitian manifolds are curvature identifies.

In fact, for each of the classes given above there exists
a curvature identity [6]. Moreover, in this paper we shall
only be concerned with the following curvature identities
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() Ryyyg = Ryxgvons
(2) Ryyys = Byxgvoz * Rwoxvsz + Resxavas

(3) Byxyz = Rymoxavoz
where R 1is the Riemannian curvature operator,

Por a given class L of almost Hermitiar manifolds,
let Li be the subclass of manifolds whose curveture opera-
tor satisfies identity (i).

Certain equeslities occur among the various classes [6].
In[(5], A, Gray give conditions under which a nearly Kihler
manifold can be decomposed as a product of Kihler manifold
and strict nearly Kéhler manifold,

In [1], we study decomposition of AK,-manifolds. In [3],
it is proved that S x 8% has a structure of QK,-manifold,
non Kéhlerian, moreover there sre not relations among the
classes IK, AK2 and QK1.

In this article, we study decompositions of cuasi-Kdhler
manifolds which satisfy the first curvature identity and give
condition under which 2 GK,-manifold can be decomposed as a
product of K&hler manifolds and strict cquasi-Kdhler manifolds
which satisfy the first curvature identity.,

2., Prelimingries
Let M be an almost Hermitian C* -manifold., Let V2J, VF
and V2F be tensor fields defined by

(v25)(w,X,Y,2) = (V2,3)Y,2) ,
VF(X,Y,z) = XF(Y,2) - FlU4Y,2) - P(Y,Vy2),

V2P(W,X,Y,2) = WVF(X,Y,2) - VF(VyX,Y,2) -

- VF{X,9yY,2) - VF(X,YV,Z)

for W,X,Y,Z e X(M).
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Then

(2.1

for

for

nifo

Then

Proposition 2.1. Let I be a (K,-menifold.

1) VRX,Y,2) = Vgd)Y,D ,

2)  VeR(¥,X,Y,2)

AvET Y,

3)  veR(W,X,Y,Y) = 0,

4)  KEEIN,D - (VeI = o,

5)  KWET,2> + V3N, =

= - v LI NY,Z) -

- L9 I V)Y, 2>,
6)  VEIIYIYY = - QU NY, 03T,
) 2,2y + A INYIE -

= - V31,5V -

- V)Y, a(vgd 2y,

8 g 5x?) = Vg gw!

W,X,Y,2 e ®(i).

Remar ks : a) Expressions 1), 2) and 3) are valid
every almost Hermitian manifold.

b) Expression 4) is valid for every almost Hermitian ma-
1d satisfying the first condition of curvature.

c) Expression 5) is valid for every (K-manifold,

d) Expressions 6}, T7) are valid for every QK,-manifold.
e) Exprescion 8) is valid for every GK,-manifold.
Proposition 2.2 Let 1! be a QK,-manifold.
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<W2a11,2> = 2 {02, 5003)7> - (Vga)Y,a(ved)z)> -

- <(V(VWJ )XJ)JY,Z>}

for W,X,Y,Z e 2(M).

Proof . According to (2.1) 5}, &), 7), 8)
-((V‘%XJ JY¥,2> will be written as a linear combination with
constant coefficients of the products <(V.J)',(V.J)> ’
I0.3)+,(v.3)> and <(Vig 5).9)9°,°>, that is

(2.2) <(@E3)Y,2> =

a, Vpd )X, (V4312 + a, (Vyd )2, (VeI YD +
+ 8y {(Vd )Y, (V3 )X> + 8, {(Vgd )X, (7,9)Y5 +
+ ag {Vpd )2, Wyd)X)> + ag {(Vgd )Y, (V4d)2> +
+ ay (Vg3 W, (V43)2)> + ag K(V,IIW, (Vyd)YD> +
+ ag K(Vyd W, (V3 )X> + ayq (VI W, (9,3)Y> +

+ a8y, <(VZJ)W,(VYJ)X>

+

840 <(VYJ W, (VXJ)Z> +

+

+ by (J(VWJ )X,(VYJ)Z> + b, (J(VWJ)Z,(VXJ x>

<+

+ b3< J'(VWJ)Y,(VZJ)X> + b4<J(VWJ)X,(VZJ)Y>

+
+

+ b5 {IWpd )2, (Vyd XD+ by I (VI )T, (Vg3 )2D

+ by {J Wy, (Vyd 2>

<+

bg <3V, )W, (VXJ x> o+

+ by <J(VYJ w, (sz x>

+

b (J(VXJ)W,(VZJ)Y> +
+ byy (J(VZJ)W,(VYJ)X> + byp <J(VYJ)W,(VXJ)'Z> +

+ ¢, ((V(VWJ)XJ)JY,Z> + ¢, <(V(VWJ)YJ)JX,Z> +
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+ oy <(V(VWJ)ZJ)JY,X) + ¢, <(v(va,YJ)Jw,z> +

+ cg <(V(VXJ)ZJ)JW,Y) + ¢ <(V(VYJ)ZJ)JW’X> .

As (2.2) must satisfy (2.1) 3), 4), 5), 6) it follows that
ell the coefficients are null except

- -1 - .1
by = =31 bg =5104 = =3

and the proposition is proved,
In [1], we defined for an almost Hermitian manifolds M,
the distribution K* by

K*p) = {X e P (M);(vyd)X =0 for Yer (M)}

for each p e M,
Moreover, we proved that this distribution is integrable
for an AKz-manifold. V
In [47]), this is proved for a NK-manifold.
Corollary 2.2, Iet M bea QK,-manifold,
Then on any open subset of M on which dim K'(p) is constant,
the distribution p**'K'(p) is integrable, Furthermore, the
integral submenifolds are Kihler submanifolds of M.
Proof, Let W and X be vector fields which at
each point lie in the distribution p—=K'(p), Then

(VyJW = 0 and (VyJ)X =0 for all Y.
Differentiating this and making use of (2.1), we obtain
(vy3) [W,x] =0 for a11 ¥,
Hence [W,X] 1ies in the distribution p~=K®*(p)., There-
fore, by the Frobenius theorem, it follows that the distribu~

tion is integrable on open sets of M on which dim K (p)
is constant. The second statement is immediate.
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3. Ricci curvature and Ricci y curvature

For any almost Hermitian manifolds, there are two useful
contractions of the curvature tensor. Let {E1"“'En’En+1"“
eeesBy, } be with B, = JE, 1=<k<n, a local frame
field. We define linear transformations ¢ (Ricci curvaturs)
and ¢* (Ricci » curvature) by [5]

X,¥ =i3 -
G s Bl B

2n

t 1
i=

If ¥ is a AH,-manifold, then e=0%,
Now, we define for sll AH-menifold, a new operator B by

{BK,¥> = any, (X,9Y) = : {RXJYEI.JEI - %((VxJ)Ei,J(VJYJ)Ei>},
=1

where 1 is the first Chern class of I,
If M is a Kdhler manifold, then B =g¢.
Proposition 3.1. Let M be a QKB-manifold
(H3-manifold); then

(3.1 <(g*-B)X,Y) =¢%—i (Vg3 By, (V4T )E; D
=1

for X,Ye¥(M). In particular, if N is e QK,-manifold
(H,-manifold), we have

n

Z V4B, (V0B > o
i=1

]

(3.2) (¢ -BIX,Y> =21

The proof is immediate.
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In [5], it is proved that for all AHy-manifolds we have

L 3 *
QOJ = dJog and Q oJ = J°9

Proposition 3.2,

Let I be a QKB-manifold.
Then BoJ = JoB,
Proof. We observe that

n

Z {RXYEiJEi - 3 K(Vgd)Ey,T (V43 )E; D}
=

< BIX, YD

]

I
(IBX,YD> = -~ {BX,JY> = Z {Ryye

1 ) T
- % (V43 )E;,3 (943 )E D}

Now the proposition is immediate,

Proposition 3.3, Let I be a QK1-manifold.
Then

1) <(Vyle-B))X,X> = <(g~B)X, (VyJ)3x>,
(3.3) 2) 2Vylp-B)IX,Y> = (9=BIX, (V3 )IT> +
+ {(p-B)Y, (V3 )IX>

3) (Vyle-Bl)x + (Vyyle-BliX = 0
for U,X,Y € X¥(H).

Proof. We have

2n
(3.4) 4 {(p=B)X,X> = Z||(VXJ)3.L|}".

i=1
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[8s)

Differentiating (3.4) and using (2.,1) we obtain

Il

2.

(3.5)  <(9y(g-B)IX,X> = %’217 Wy 25, (Vg a)ax? Vs 2
1=

(\»]

Fow 1) follows from (3.5). 2) is e simple consequence of
1) and 3) is immediate,

4. Decomposition of guasi-K&hler manifolds

Theorem 4.1, Let I be a GK,-manifold (H.-ma-
nifold) and p € 1. Denote by P1(p),.,L4Pr(p) the eigen-
spaces of ¢*~B corresponding to the nonzero eigenvalues
of ¢'-B and put H(p) ={Xe ():(¢*-B)X = O}, Then

a) H(p) = {X eTp(M):(VXJ) = 0},

b) On any open subset of ¥ on which dim H(p) 1is con-
stant, the distribution H{p) is integrable.

¢) Furthermore, we can decompose the tangent space as

a direct sum

Tp(M) = H(p) ® B, (p) ® ... @ P.(p).
In particular, if U 1is 2 (K,-manifold (H1-manifold) we have
a similar result with ¢ .

Proof. The first statement follows from (3.1). It
is proved in [6] that p+=H(p) is integrable, The last
statement is a well-known fact in linear algebra.

Definition -4.2. et M be a QK1-manifold.
We call I strict provided that for all p € M and XZeTp(M)
with X # 0 we have (VyJ) #0 ([5]).

Let M be a simply connected QK1-manifold and M =
=0« u' x,..x ¥ de Rham’s decomposition of W, Here MO
denotes @ Euclidean space, and M1,...,M9 are ireducible

0

Riemannian manifolds,
We form s new decomposition M = kaMS from de Rham’s

decomposition. Here Mk denotes the product of all factors
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Mi which have the following property: (VXJ) = 0 for all
Xex{¥"). Then M° is the product of the remaining factors.

Similarly as in [5], we shall meke the following assump-
tion: ¢- B is parallel on . By (3.3), 3) this is quite
reasonable, .

Lemma 4.3. On each factor M" of de Rham’s de-
composition of I there exists a constant l such that
(9-B)X = A, X for X € X(M").

For the proof we use a method similar to that in [5].

Lemma 4.4, &' c¥® if and only if A, = O.

Proof. If i cu¥, (v,3) =0 for a1l X e2(1t)
then (p-B)X = 0 and A; = O,

Lemma 4.5, If pe K, then T, (%) = H(p).

Proof. If Xe Tp(M) then X I:f; ;» where

X; 1is the component of X in Tp(Ml). Suppose X € Tp(Mk).
Then (VxJ) = 'E (VX.J) = 0 so that X e H(p). Conversely,
e 1

if H e H(p), theén

= (p-B)X = ;:: AyXg.
Micls

Thus X, = 0 for ' ¢ ¥® eand X e Tp(Mk).
Lemma 4.6, MY is 2 Kihler submanifold of M and
M° is a strict QK1-submanifold of M.
Proof. That Mk and MN°® are aslmost complex
submanifolds of M follows from the fact that (¢-B)odJ =
= Jo(p-B). From [2], ¥ is Kbhlerian and U° is strict
QK.
Theorem 4.7, Let M be a GK,-manifold, that
is not Kéhlerian. Then ¢ - B is parallel if and olny if
for any U e %(u), (Vyd) is closed for the spectrum of
¢~ B. 1In particular if Q- B has only one eigenvalue then

¢- B is parallel.
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Proof. By (3,3), 2) we get

2AW;{9=B) )X, Y> = {{p-B) (V3 )X,3X> = (VI ) (9-B)X,JY> .
Thus
2(vyl9-B)IX = (9-B)(V5yd )X = (V53 ) {9-BIX.

Now, the theorem is immediate,
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