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Zbigniew Leszczynhski

REMARKS ON FUNCTOR CATEGORIES

et € be a skeletally small (pre)additive category. We
recall that C-llod is the category of C-modules, i.e. the ca-
tegory of covariant additive functors from € to the cate-
gory of abelian groups. We have also a natural morphism:

fM:(tr;I Qt) el ——tEI(Qte i),
where X®N 1is a tensor product of modules over the cate-
gory C (for the definition see below).

et R be a (not necessarily commutetive) ring with
unity. We know that for the category of unitary modules over
the ring R the following conditions are equivalent:

1) right projective modules are injective

2) left projective modules are injective

3) right injective modules are projective

4 left injective modules are projective,
Bach of these conditions defines a cless of gquasi-Frobenius
rings (see [2]). rhe situation is different in the case of
the category C-Mod. Harada in [3] gave examples from which
we may conclude that no implication between points 1) and 3)
nolds, Ve show for modules over (¢ that conditions 1) and
2) imply 3) and 4), snd that the inverse imclication holds,
too, In the proof of this fact we use a characterisation of
locally Noetherian, coherent and perfect functor categories
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2 Z.Lleszczynski

in terms of the morphism fy« Some of them where studied
in [4], (7], and [10].

We know that {hX}XeC’ where h¥ = HomC(X,-) denotes
Yoneda functor, is the family of small projective generators
of C-liod. Lvery finitely generated free module is a finite
coproduct of Yoneda functors.

Now we recall the definition of tensor product of modu-
les over C. Let N be a QOP—module and i a C-module.

i ®gl'.-£ = (X(?C(I‘:XOZIVD()) /U’ where U 1is the subgroup gene-

rated by elements N{fl)ye®x - yel(f)x for all
t e dom (X,Y),x eliX, yeNY. It is well known and easy to
check that H@Chxz NX, hy® M =~ X (see [5]1).

For a given family {QtTtei of C°P-modules and a C-mo-
dule i we define a homomorphism

£33(

n ¢ Yo . M—=T (Q,® M)
teI t) °¢ ter ¢ C

to be the unique for which the diagram

=
4

M _
n Q \en—"=11 (G, ®HN)
<1:eI ) tel T

rk01 v ﬂé
Q@M = G @M

is commutetive for each t € I, where ﬂt, ﬂ% are canoni-
cal projections.

We start with the following useful result (see [4]).

Proposition 1

a) If M is free (resp. finitely generated projective)
C-module, then f. is a monomorphism (resp. an isomorphism].
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b) A C-module ii is finitely generated iff £, is an
epimorphism for all families {Qt}tel (even only for fami-
lies of Yoneda functors).

c) A C-module i is finitely presented iff f,, is an
isomorphism for all families {Qt}tel {even only for fami-
lies of Yoneda functors].

Proof. a) easy.

b} Lecessity, If we have an epimorphism @: ¥, =

n X
= @ h t—= then from commutativity of the diagram
’ i=1
LI )
nm g )er m (g, ®F
(0, &) °m g ek

| l

m Qt)om—M—nI (G @)
te 1

0]

we conclude that fM is an epimorphism,.

Sufficiency. Take I = | J MX (disjoint union) and
XeC
Qt = hx for t e MX, For each finitely°generated submodule

Ne=M we have a commutative diagram

J
fu g 4
(n Qt)eM Mo (o) —=T1 T (MX),
tel tel XeC teMX
’ T1(1e3)
f g'
(0 qg)enw n_ (¢, en) non (N,
tel tel XeC telX

where (MX), = MX, (NX), = NX for t e€lX, g and g are
isomorphisms induced by isomorphisms Qtelvlz MX, QtONc-'- XX
for t € KX and the right hand morphism is induced by natu-
ral inclusions NX~=MX. Let a = <t teMX>Xeg €

€ M 1 (MX),. By the assumption fy 1is an epimorphism;
XeC teMX
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4 Z.leszczyrski

then a = gfy(b) for same b € (TT¢;) ®k. Then one can find
a finitely generated submodule NLE-M and an element
c € ( n Qt)ON such that b = (1@ j)ec. The commutativity

tel
of the above diagram with such an N implies that X & NX

for each X € ¢ -and therefore M = N is finitely generated.

c) We assume that fM is an isomorphism. From &) we know
that M 1is finitely generated. Hence we have an exact sequen-
ce 0—~K—=P—M—0, where F 1is a finitely generated
free C-module, This sequence induces the commutative diagram
with exact rows

n ©K—= (T hy \@F-—=(T h, \@Hu 0
(teI t) (teI Xt) (teI Xt)
fx '“"l p = Iy
0—=T1 (hX ® K) n (hX ®F) n (hX e M) 0.
. teI %4 teI Xt tel Xt

Since fK is an epimorphism then from a) we have that K
ig & finitely generated C-module. The inverse implication can
be proved similarly.

We call a category C-ilod locally coherent if every fini-
tely generated submodule of a free module is finitely present-
ed, or equivalently, every finitely generated submodule of
any n* is finitely presented (see [6]).

If C-Mod is locally Noetherian then, of course, it is lo-
cally coherent,

Proposition 2 C~Mod is locally Noetherian
iff fM is a monomorphism for all M and all families
{Qt}tel of flat objects in C°P-liod (see [10] Prop.2.4).

Proof ., Let {Qt}teI be a family of flat C°P-mo-
dules and let M be a C-module, By the assumption, M is
a union of Noetherian submodules ng; M, Then for each k
we have a commutative diagram
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n(qtomk),

R

(nag)e m I

E o T1(q, @ 11),

where f is an isomorphism and ¢, is a monomorphism sin-

B
ce Qt age flat, Then it follows that fM is a2 monomorphism,
Conversely, assume that C-ilod is locally Noetherian. ‘e
shall show that every C-submodule & of any hx, XeiC, 1is
finitely generated. The exact sequence O—-Cb—-hf"—’hA/(Z—»O

induces the following commutative diagram with exact rows

(1 hxt“’“ (ﬂhXt)Oh (I'Thxt)oh /A 0
0 M (b, ®0) M(h, ®h¥) M{n, © u*/@)—=o0,
t t t

where fH%z is an isomorphism by the assumption. Hence QZ

is an epimorphism and by Proposition 1, & is finitely ge-
nerated,

Recall that a category is said to be perfect if each of
its objects has a projective cover.

Proposition 3. The following three condi-
tions are equivalent:

i) C-Hod is perfect,
ii) every flat C-module is projective,
iii) f); is a monomorphism for all rlat C-modules Ii.
This is a part of Theorem 5.4 in [7].

Proposition 4, If in the category C°P-kod
every injective ovject is flat and every flat C-module is a
directed union of finitely presented modules then the cate-
gory C-Mod is perfect,
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Proof. Let M be a flat C-module and suppose

W o= U 1y is a directed union of finitely presented modules
k€K
Mk. By proposition 3 it is sufficient to show that fM is

a monomorphism. Consider the commutative diagram with exact
TOowS

0 (Mg, )eu (H@t)eM
Iy 8
0 n(q, e u) n(Q, eu),

where Qt is an injective envelope of (. TNow 1t is enough
to show that 8y is a monomorphism. Suppose Ker gy # 0.
Then there exists % such that the composed map ( T @t) OMk
—= I'l@t) oIvI—-’-ﬂ(@toM) has a non~trivial kernel. Since
each of the modules Gt is flat, then from commutativity of
the diagram

( ﬂ@t)OM — nat)oM

k

zkml
~ id
H(QtoMk)

0 (G, e 1)
where 8;: is an isomorphism, we get contradiction,

Co rko llary 5 If 211 injective QOP—modules
are flat and the category C-Mod is locally Noetherian then
C-liod 1is perfect.

4 C-module ki is FP-injective if sxtl(P,M) = O for all
finitely presented C-module P (see [&8], [11]). :

Let G Dbe a C~module, We define the character QOp-mo-
¢ule " by formula G¥(X) = Hom,, (6{x),%/,) (see [8]).
vrom the Yonede equivalence it is easy to check that the

aorpiism



Remarks on functor categories 7

defined on generators by

x(gtef)(r) = g*(P(£)),

where g¥: G(Y) Q/Z’ f: X Y, P :'hx-——*-G, is an
isomorphism. We remark that the homomorphism Xy is an epi-
morphism if M 1is a finitely generated C-module, and it is
an isomorphism if M is a finitely presented C-module,

Lemma 6. Suppose that QOP-Mod is locally coherent.,
The following conditions are equivalent:

i) Every injective C-module is flaft.
ii) Every flat C°P-module is FP-injective.

iii} Every finitely generated free g°p-modules is FP-in-
jective, or equivalently, each of the Yoneda functors hX
is FP-injective. .

For modules over a ring this lemma is due to Colby [1],
theorem 1 and Wiirfel [11], satz 4.3..

Proof. i)—ii)., Consider a monomorphism
u: M F hYk, where M is finitely generated. By

1 =
k=1
our assumption M is finitely presented. Further let F be

a flat g°p—module. We want to have that the natural morphism
hF(u):(F1,F)———*-(M,F) is epimorphic, or equivalently, that
hF(u)+:(M,F)+-———---(F.1,F)+ is a monomorphism, where hF(u)+
is the natural homomorphism of groups of characters (see [8],
Prop.2.6), Since, by the assumption, F* is flat we have

the commutative diagram

0 MeFrt F10F+

XM = o~
" b ()t (M, P ) ———(F ,F)*

and ii) follcws. The implication
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8 Z.,lLeszczynski

ii)——1iii) 4is obvious.
iii)——=1i)., Iet Q be an injective C-module and con-

sider an epimorphism F—p-—Q+——-O, where F = @ hy
tel t
is a free gop—module. We derive the monomorphism

Q++_P_+.F+.~4 m nt,

tel t

Hence, by the assumption, Q 1is a direct summand of F*
because p+ is a monomorphism and there is a natural embedd-
ing Qe=—Q**, Now, to show that « 1is flat, it is enough
(from the coherentness of C°P-Mod) to show. that hi is
a flat C-module for every object X (see [4], Satz.4.).

let & be a finitely generated (i.e. finitely presented)
submodule of the free g?p—module hy. Then the commutative

diagram

+
Iwrehx

~

Xa -3 o~

+
0—-—@ QhX

0 —e(&,h, )" —e (hy, b, )*

implies condition i).

Now we are in a position to prove the following theorem
related to Harada’s results in [3].

1 heoren Te Let C be a skeletally small
(pre )additive category and let C-Mod (resp. C°P Mod) denote
the category of additive functors from the category C (resp.
QOP) to the category of abelian groups. Then the following
conditions are equivalent:

i) Every injective C-module and every injective g°p-mo-
dule is projective.

ii) Every projective C-module and every projective C°P-mo-
dule is injective,

- 682 -



Remarks on functor categories

Proof. If we assume i) then from the well-known
Faith theorem ([2] Theorem 1,1) C-iod and C°P-liod are lo-
cally Noetherian, From lemma 6 we have that hx,hX are FP-in-
jective and therefore they are injective., Now since these two
cetogories are locally Loetherian we obtain the statement ii),

ii)——1i). By (3], Theorem 3 we know that C~iiod and
gpp-Mod are lccally finite and hence perfect eand locally co-
herent., Therefore i) is a consequence of Lemma 6,

The author would like to express his gratitude to pror,
D. Simson for help and encouragement during work over this
paper,
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