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REMARKS ON FUNCTOR CATEGORIES 

Let C be a s k e l e t a l l y small (pre )additive category. We 
r e c a l l that C-Mod i s the category of C-modules, i . e . the ca-
tegory of covariant addit ive functors from C to the ca te-
gory of abelian groups. We have a l so a natural morphism: 

where X®N i s a tensor product of modules over the ca te-
gory C ( for the de f in i t ion see below J. 

Let R be a (not necessar i ly commutative) ring with 
unity. We know that fo r the category of unitary modules over 
the r ing R the following conditions are equivalent: 

1) r ight project ive modules are in fec t ive 
2i l e f t project ive modules are in jec t ive 
3l r ight in jec t ive modules are project ive 
4i l e f t in jec t ive modules are pro jec t ive . 

Each of these conditions defines a c l a s s of quasi-Frobenius 
r ings (see [ 2 ] ) . The s i tua t ion i s d i f f e r e n t in the case of 
the category od. Harada in [3] gave examples from which 
we may conclude that no implication between points 1) and 3) 
holds . We show for modules over C that conditions 1) and 
2) imply 3) and 4 ) , end that the inverse implication holds, 
too. In the proof of th i s f ac t we use a cnaracter i sa t ion of 
loca l ly Noetherian, coherent and perfect functor categor ies 

-n ( Q . ® M} 
t e l X 
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2 Z.Leszczyrïski 

in terms of the morphism Some of them where studied 
in [4 ] , [ 7 ] , and [ 1 0 ] . 

We know that M r - . 
where h^ = Hom^fX,-) denotes 

Yoneda functor , i s the family of small pro jec t ive generators 
of C-i'iod. livery f i n i t e l y generated f ree module i s a f i n i t e 
coproduct of Yoneda functors . 

How we r e c a l l the d e f i n i t i o n of tensor product of modu-
l e s over C. Let N be a C0?-modiile and ivi a C-module. 
a ® c - . = ^ © (KX ® /y, where U i s the subgroup gene-
rated by elements B ( f ) y ® x - y®M(f )x f o r a l l 
f e Hom̂  (X,Y) ,x eMX, y e E Y . I t i s well known and easy to 
check that N ® c h X NX, iL ®CM MX (see [ 5 ] ) . 

For a given~family {^-fcjtel o f C°P-modules and a C-mo-
dule M we define a homomorphism 

M t ? T Q t ) ® ç M — + U T ( Q t ® ç M ) 

to be the unique f o r which the diagram 

X 1 

( n ( Q + « M ) 
\t*T t / t e l X 

" t 
Qt®M = Qt®M 

i s commutative f o r each t e I , where FT ,̂ FI.J. are canoni-
ca l pro jec t ions . 

We s t a r t with the following useful r e s u l t (see [ 4 ] ) . 
P r o p o s i t i o n 1 : 
a) I f M i s f r e e (reap, f i n i t e l y generated p r o j e c t i v e ) 

C-module, then f j , i s a monomorphism (resp. an isomorphism), 
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Remarks on functor categories 3 

b) A C-module M i s f i n i t e l y generated i f f f^ i s an 
epimorphism for a l l famil ies { ^ t l t e l ( e v e x i only for fami-
l i e s of Yoneda functors ) . 

c) A C-module iu i s f i n i t e l y presented i f f i\. i s an ill 
isomorphism for a l l famil ies { ^ t } t e l ( e v e n only for fami-
l i e s of Yoneda functors J. 

P r o o f . a) easy. 
b) Necessity, I f we have an epimorphism <p i i1. = 

n X. 
= © h ——to then from commutativity of the diagram 

i=1 
f-n 

( t 3 i 
pi •n (Q+®F 1 ) 

t e l \ 1 

( t l i " * ) ' 
M - n ( q + ® ivi) 

t € l , 

we conclude that f^ is an epimorphism. 
Sufficiency. Take I = (JJ MX (disjoint union) and 

XeC 
Qt = hx for t e MX. For each finitely'generated submodule 

we have a commutative diagram 

( n Q t ) U e l V 
' M • 

Q t ) H e l x> 

LM n ( q + ® m ) 
t e l t 

- n n (i.'ix i. 
XeC teMX 

-n (q. ® n) - n n (nx) +, 
te l x XeC teMX x 

where (MX)t = MX, (UX)t = NX for t e MX, g and g' are 
isomorphisms induced by isomorphisms Q.J. ® M ^ IIX, 
for t e MX and the right hand morphism is induced by natu-
r a l inclusions NX1—MX. Let a = « t > teMX^XeC e 

6 FI FT (MX).. By the assumption fM i s an epimorphism; 
XeC teMX x m 
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_4 Z.Leszczyriski 

then a = gfj j(b) for same b e (FFQ )̂ ® M. Then one can find 
a f i n i t e l y generated submodule ¥c-r-M and an element 

c e ( FT Q + \«N such that b = (1 ® j ) c . The commutativity 
Wei t y 

of the above diagram with such an N implies that MX £ NX 
for each X e C and therefore M = N i s f i n i t e l y generated. 

c) We assume that f j j i s an isomorphism. From a) we know 
that M i s f i n i t e l y generated. Hence we have an exact sequen-
ce 0—-K—-I1—-M — 0, where F i s a f i n i t e l y generated 
f ree C-module, This sequence induces the commutative diagram 
with exact rows 

i n hy ) ®K-
Wei H ' 

LK 

0 — - n (hY ® K) 
t e l At 

( n h. 
Wei x J ® F 

LP 

- n (hY ® p] 
t e l At 

• ( U h. 
Wei At 

M-

M 

- n (hY ® m) — - o. 
t e l At 

Since fg i s an epimorphism then from a) we have that K 
i s a f i n i t e l y generated C-module. The inverse implicat ion can 
be proved s i m i l a r l y . 

We c a l l a category C-Mod loca l l y coherent i f every f i n i -
t e l y generated submodule of a f ree module i s f i n i t e l y present-
ed, or equiva lent ly , every f i n i t e l y generated submodule of 
any h i s f i n i t e l y presented (see C6]). 

If £-Mod i s l o ca l l y Koetherian then, of course, i t i s l o -
c a l l y coherent. 

P r o p o s i t i o n 2. C-Mod i s loca l l y Noetherian 
i f f f^ i s a monomorphism for a l l M and a l l f ami l i e s 
{ Q t} te l o f f l a t o l ° j e c t a i n Cop-Mod (see [10] Prop.2.4) . 

P r o o f . Let {Q-jJtel b e a i" a m i ly of f l a t Cop-mo-
dules and l e t M be a C-module. By the assumption, M i s 
a union of Noetherian submodules M̂ i== M. Then for each k 
we have a commutative diagram 
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Remarks on f u n c t o r c a t e g o r i e s 

(TTQt) « Mk 

LM,. 
• n ( Q t ® M k ) , 

( n Q t ) « M 
fK • n (Q t ®i . i ) , 

where f ^ i s an isomorphism and cp^ i s a monomorphism s i n -
k 

ce a r e f l a t , Then i t f o l l o w s t h a t f-1? i s a monomorphism. 
C o n v e r s e l y , assume t h a t C-Mod i s l o c a l l y N o e t h e r i a n . We 

s h a l l show t h a t every C-submodule <X of any h x , X e £ , i s 
f i n i t e l y g e n e r a t e d . The e x a c t sequence 0 — — h T / a — 0 
i n d u c e s t he f o l l o w i n g commutative d iagram wi th e x a c t rows 

( n h,, a-

a 

• ( r i h Y ) ® h X ~ ( n h Y ) © h X / U — • o 
x t A t 

V/Cf, 

• n ( h Y ®c&) • n ( h Y ® h )• 
H 

- n ( h Y ® h K / a ) — - o , 

where fhx/ct, i s a n i somorphism by the a s s u m p t i o n . Hence f ^ 
i s an epimorphism and by P r o p o s i t i o n 1 . CI i s f i n i t e l y g e -
n e r a t e d . 

R e c a l l t h a t a c a t e g o r y i s s a i d t o be p e r f e c t i f each of 
i t s o b j e c t s ha s a p r o j e c t i v e c o v e r . 

P r o p o s i t i o n 3 . The f o l l o w i n g t h r e e c o n d i -
t i o n s a r e e q u i v a l e n t : 

i ) 2-Mod i s p e r f e c t , 
i i ) eve ry f l a t C-module i s p r o j e c t i v e , 

i i i ) f j j i s a monomorphism f o r a l l f l a t C-modules E. 
Thi s i s a p a r t of Theorem 5 . 4 i n [ 7 3 . 

P r o p o s i t i o n 4 . I f i n t he c a t e g o r y Cop-Mod 
every i n j e c t i v e o b j e c t i s f l a t and every f l a t C-module i s a 
d i r e c t e d union of f i n i t e l y p r e s e n t e d modules t h e n the c a t e -
gory C-Mod i s p e r f e c t . 
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6 Z .Leszczyñsk i 

P r o o f . Let M be a f l a t C-module and suppose 
:<; = I I M. i s a d i r e c t e d union of f i n i t e l y p r e s e n t e d modules 

keK K 

M^. By p r o p o s i t i o n 3 i t i s s u f f i c i e n t t o show t h a t f ^ i s 
a monomorphism. Cons ider the commutative diagram w i t h exac t 
rows 

- ( n q t ) -(nQt) ® H 

•n(Q, 
"M 
M)-

SM 
H), 

vvhere Q^ i s an i n f e c t i v e envelope of Q^. Kow i t i s enough 
to show t h a t g^ i s a monomorphism. Suppose Ker gM ^ 0 . 
Then t h e r e e x i s t s k such t h a t the composed map ( n Q t ) ®Mk 

n ) • M -n(Q. ® M) has a n o n - t r i v i a l k e r n e l . Since 
each of the modules 
the diagram 

i s f l a t , t hen f rom commuta t iv i ty of 

0 

( r i Q t)®M k - ( n Q t ) ® M 

% k ^ 
— - n ( Q t ® M) •n(Q t ® Mk) 

where g»T i s an isomorphism, we ge t c o n t r a d i c t i o n . 
C o r o l l a r y 5. I f a l l i n f e c t i v e C p -modules 

a r e f l a t and the ca t egory C-Mod i s l o c a l l y K oe the r i an t hen 
C-LIod i s p e r f e c t . 

A C-module 1,1 i s F P - i n j e c t i v e i f ¿xt^(P,M) = 0 f o r a l l 
f i n i t e l y p resen ted C-module P (see Qs] , [ 1 1 ] ) . 

Let G be a C-module. '.Ve d e f i n e the c h a r a c t e r C°P-mo-
oule G+ by fo rmula G+(X) = HomAb(G(X) ,Q/Z) (see [ 8 ] ) . 
i'rom the Yoneds equ iva l ence i t i s easy t o check t h a t the 
.r. or nlii em 

hX H h X , G)h 

- 6 8 0 -



Remarks on functor categories 7 

defined on generators by 

X(g + ®f)(P) = g + ( F ( f ) ) , 

where g + : G(Y) ~ Q / Z . f - x P • i s a n 

isomorphism. We remark that the homomorphism Xjj i s a n epi-
morphism i f M i s a f i n i t e l y generated C-module, and i t i s 
an isomorphism i f M i s a f in i t e ly presented C-module. 

L e m m a 6. Suppose that C°P-Mod i s local ly coherent. 
'i'he following conditions are equivalent: 

i ) Every infect ive C-module i s f l a t . 
i i ) Every f l a t C°P-module i s FP-injective. 

i i i ) Every f i n i t e l y generated free C°^-modules i s FP-in-
j ec t ive , or equ.ivalently, each of the Yoneda func.tors hx 

i s FP-injective. 
For modules over a ring this lemma i s due to Colby [1], 

theorem 1 and Wiirfel [11], satz 4 . 3 . . 
P r o o f . i)——~-ii) . Consider a monomorphism 

u : M —F1 = S liv i where M i s f i n i t e l y generated. By 
1 k=1 1k 

our assumption M i s f in i t e ly presented. Further l e t F be 
a f l a t C°P-module. We want to have that the natural morphism 
h p ( u ) : ( F 1 t F ) — (M,F) i s epimorphic, or equivalently, that 
h p ( u ) + : (M,F)+ — (F.1,F)+ i s a monomorphism, where h F (u ) + 

i s the natural homomorphism of groups of characters {see [ 8 ] , 
Prop.2.6) . Since, by the assumption, F + i s f l a t we have 
the commutative diagram 

0 - M ®F+ - F „ ® F + 
1 

h p (u) + : (M,F) + - ( F V F J + 

and i i ) follows. The implication 
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Z.Leszczynski 

i i ) 
i i i ) -

i i i ) i s obvious. 
i ) . Let Q be an i n f e c t i v e C-module and con-

s i d e r an epimorphism P- •0, where F = © h , 

i s a f r e e c op -module. We der ive the monomorphism 
t e l 

. n 
t e i 

Hence, by the assumption, 
because 
ing Qc 

Q i s a d i r e c t summand of F 
p' i s a monomorphism and the re i s a n a t u r a l embedd-

+ + . Now, t o show t h a t Q i s f l a t , i t i s enough 
(from the coherentness of C°P-Mod) to show, t h a t h j i s 
a f l a t C-module f o r every ob jec t X (see [4 ] , S a t z . 4 . ) . 

Let OL be a f i n i t e l y generated ( i . e . f i n i t e l y presen ted) 
submodule of the f r e e -mod ule 
diagram 

• ly • Then the commutative 

d ® hi-

•a 

0 - (CC,hx )+ (hY ,h x )+ 

impl ies condi t ion i ) . 
How we are i n a p o s i t i o n to prove the fo l lowing theorem 

r e l a t e d to Harada 's r e s u l t s in [ 3 ^ . 
T h e o r e m 7. Let C be a s k e l e t a l l y smal l 

(pre Jaddi t ive category and l e t C-Mod ( r e sp . C0*5 Mod) denote 
the category of a d d i t i v e f u n c t o r s from the category C ( resp . 

to the category of abe l i an groups. Then the fo l lowing 
condi t ions are equiva len ts 

i ) Every i n f e c t i v e C-module and every i n a c t i v e C°P-ino-
dule i s p r o j e c t i v e . 

i i ) Every p r o j e c t i v e C-module and every p r o j e c t i v e C°P-mo-
dule i s i n j e c t i v e . 
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Remarks on functor categories 9 

P r o o f . If we assume i) then from the well-known 
Faith theorem ([2] Theorem 1.1) £-Mod and Çop-ï,lod are lo-ir 
cally Koetherian. Prom Lemma 6 we have that hx,h are FF-in-
jective and therefore they are infective. Now since these two 
categories are locally Koetherian we obtain the statement ii). 

ii) "~i). By C3], Theorem 3 we know that C-LIod and 
Ç°P_Mod are locally finite and hence perfect and locally co-
herent. Therefore i) is a consequence of Lemma 6. 

The author would like to express his gratitude to proi. 
D. Simson for help and encouragement during work over this 
paper. 
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