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NON-CONTINUOUS AND NON-LINEAR HILBERT-HASEMAN PROBLEM 
FOR A SYSTEM OF ARBITRARY POWER 

Let us c o n s i d e r a r e g i o n S+ bounded by a smooth Jordan 
curve L i n t he complex plane C. A t angen t t o the curve L wi th 
any f i x e d d i r e c t i o n forms some angle f o r which the Holder 
c o n d i t i o n h o l d s . Let S~ denote the complement of the s e t 
S+ u L t o the p lane C. The o r i g i n i s assumed t o be i n the 
r e g i o n S + . 

Let Lo = L - { 
° 1 i ° 2 c n j ' where the p o i n t s o-pCg».. 

. . , o £ L; p > 2; a re l a b e l e d i n co inc idence w i t h t he p o s i t i -
ve o r i e n t a t i o n of the L. Thus L = cTc0 u u . . . u c j o * . 

o 1 2 2 3 D i 
D e f i n i t i o n ( c f . [ l ] ) . Let t ' e. t c c c

n
c n + 1 

f o r n = 1 , 2 , . . . , p and Cp+1 = c^ . Let V#: LQ x L^—• C be 
some a u x i l i a r y f u n c t i o n such t h a t 
(1) W ( t , f ) - [ h - c n | | t ' - c n + 1 | ] t f + h , 

where paramete rs 6 and h a re f i x e d and s a t i s f y t he f o l l o w -
ing c o n d i t i o n s 

(2) 0 < tf < 1, 0 < h < 1, <f +h < 1 . 

The c l a s s J?^ i a d e f i n e d to be the s e t of a l l con t inuous 
f u n c t i o n s : LQ—» C f o r which the f o l l o w i n g i n e q u a l i t i e s 
ho ld 
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2 G. i)soewicz 

| [ | t - c j f f |y( t )| ^ c o n s t . , 
n=1 

(3 ) 

'V( t , t ' )\ip(t)-<p(t' )| 4 const . I t - t ' l h . 

The soace -A . Consider a l i n e a r snace A T . I t s roir . ts 

(4 ) U = [ f ] 

ere a l l continuous functions f : L —- C. i o r every f tiio 0 
following condition holds 

(5 ) sud n h - c n | < f + h | f ( t ) | < « > 
t e i 0 n=1 

The norm || U || of the point (4) i s given by the formula 

(6 ) | |u | | = sup n h - c j i + h | f ( t ) | 
o n= i 

Let B denote an a r b i t r a r y set of indices , rhe opace A = 

= n A a with the Tichonov tooolo°y such t h a t , f o r every 
liiB . . 

y3 e £ , A „ = A, . i s a l o c a l l y convex Housdorff space, |_2|. 

Let us consider the following problem. V.e want to prove 
that there e x i s t s a .system of holo.Tiorphic functions 

: L;+u b~ - * c j g e g with the boundary values in c l a s s JlJ} 
satisfying, the condition 



Hilber t -Haseman problem 

C [ ' V t j ] • y « V * ' + 

81«. ß ' 

/ [ < ( t ) ] 

F ^ F d r J Z^l •dr 
J 

where a^ , G^, , f o r / 3 e B , a r e g iven f u n c t i o n s . 

F u r t h e r , f o r the f u n c t i o n s t h e i n e q u a l i t i e s 

( 8 ) % ^ ^ const 
z - c Ier* nl 

1 , 2 , . . . p, ß C B 

must hold i n any s u f f i c i e n t l y sma l l neighbourhood of every 
po in t c 1 , c 2 » . . . , c p , where £ ( 0 ; 1 ) . 

The problem s t a t e d above i s a g e n e r a l i z a t i o n of some r e -
s u l t s p resen ted i n [ 9 ] , and i n the proof we employ the method 
•\'hich was f i r s t used i n [ 3 ] and [ 4 ] . 

We make the f o l l o w i n g a s sumpt ions : 
1. The f u n c t i o n s at^ : L—» L, f o r /3 e B a re o n e - o n t o -

- o n e . They p re se rve o r i e n t a t i o n and do not change the p o s i -
t i o n s of p o i n t s c 1 , c 2 > . . . , C p . These f u n c t i o n s have f i r s t 
d e r i v a t i v e s a ^ : L — L such t h a t the Holcer c o n d i t i o n 

(9) 

end i n e q u a l i t y 

( 1 0 ) 

« ¿ ( t ) - o £ ( t ' ) | é k j t - t ' | 

0 < m a é | o ; ( t ) | ^ 

h„ 

'.lold, where k a > 0 , h a £ ( 0 ; 1 ) , and k a , ma, LIa, h a a re 
come c o n s t a n t s . 
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4 G. Decewicz 

2. The f u n c t i o n s a | : L — L, f o r /3 e B a re one - to -one 
and o n t o . They p re se rve o r i e n t a t i o n and do not change the 
p o s i t i o n s of p o i n t s c-| .Cg»• • • ,c • For t he se f u n c t i o n s the 
i n e q u a l i t y 

( 1 1 ) 0 < m a é 
° g ( t ) - t ' ) 

t - t ' 

h o l d s , where ma and Ma a re the same c o n s t a n t s a s i n eq . 
( 1 0 ) . 

3. The f u n c t i o n s Gg : L— C, f o r every /S e. B such 
t h a t 

( 1 2 ) G f l ( t ) - G, ( f ) | 4 g | t - t ' | 2 h , 

(13) 0 < s 4 | G ^ ( t ) | é S 

on the curve L h o l d , where g , s and 5 a re some p o s i t i v e 
c o n s t a n t s and h £ ^ ; ^rj» Fu r the rmore , i t i s assumed t h a t 
t h e r e i s a n a t u r a l number nQ f o r which | X ^ l ^ n ^ where 

H = 2lr t ^ 6 GP ( * L f o r e 8 c h P e B ' 
4 . The f u n c t i o n s F ^ s f t — C f o r /3 £ B d e f i n e d on 

n = i t e L o , < oo <r± «• b , i = 1 , 2 , 3 , 4 } 

s a t i s f y the f o l l o w i n g i n e q u a l i t i e s 

(14) t , 
" U -ar^B > 2 ^2eB 1 J ' a y & 

4 u ar4 
346B 

kT 

„0,1 
• V S U D u. 

ÎTT 
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Hilbert-jHaseman problem 

(15) V 
^ t B *2eB TjcB ?4e B-

~ Fa t , 
^ e B ar2tB Tf. B i4£B 

ult-t' l h „* V " i -i + K > sup - u» 
w(t,t' ) ar±eB h h 

on the domain i2 , where M, ¿1*, N and E* are some positive 
constants; h was defined in the assumption 3 and W(t,t' ) 
appears in (2). 

It is known (cf. e.g. [7]) that the homogeneous Hilbert-
-Haseman problem with the boundary condition 

(16) = OjitJfy-it) 

has a canonical solution X^ s C — C for every ji e B under 
the assumptions 1 and 3. This solution is nonzero on C. 

For the boundary values X^ : L—• C of the solution X^ 
the following inequalities 

(17) |x±(t) - X±(t' )| ^ K x | t - t'| \ 

(13) 1 1 

X Ä(t) X„(t') 
* Kx I * -

(19] X*(t) é K. 

hold on L, where k x and K x are some positive constants,[3], 
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6 G. Decewicz 

Let us denote 

( 2 0 ) 

and 

V t f r ) 
( t ) 

r - t " a ^ r J - O g U ) /seB 

(21) 

v K ^ K ^ 
2 j r i « I 1 * ! 

2 °2 

J^l 
J t -

L 

d t , 

dip, j-j e B, 

3*3 £ 3, 

+ x: < (?) L O4. . < 
- -

+ Xr, 
1 r 

h 

-/ tr-t 
cir, av«- 3 



Hilbert^Haseman problem 7 

Let as consider the system of integral equations 

(22) ^(t) _ J ^(x,r)<pfl{z)dz = P^t) + 
L 

/3 e B, 

.here j P̂  : c — "* c }p £3 is a system of entire functions for 
which 

(23) 

sup [sup I P ( t )|] , 
/3 £ B teL 

sup 
/3eB 

sup 
Lt.t'eL 

P^(t ) - P^it' ) 

I t - f I h 

are not greater than some specified positive number P. 
I f the system of equations (22) has a solution 

{ f y : ^o * C}/3eB i n c l a e 8 then (due to the re-
sults obtained in [9 ] ) the solution of the problem with con-
ditions (7) and (8) is given by the following formulae 

(24) 

Ä V z > / 
r ) ] 

t _z f o r z e S+ 

¿ J XyJ (z) f 4 ^ r à Z + V z , V z ) ' f o r z ' S" 

fie B. 

Now, basing on the Schauder-Tichonov theorem we shall 
prove that the system of integral equations (22) has at ' least 
one solution in the class Assume that for every ySeB, 
we have 
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G. Decewicz 

( 2 5 j ^ [ { i j j ^ j U B ] - ? / > ( t ) + { z ? [ v t , ] r 

t , 
.1 

1J 3*„€.B r 3 eB rAe.B 

•/here x"L f o r i = 1 , 2 , 3 , 4 i s g i v e n by t he f o r m u l a e ( 2 1 ) . 1 

m view of (25) t h e sys t em (22) can be w r i t t e n i n t h e 
¡."oilowing form 

(26) tp( t ) - f itfi ( t , r ) ^ ( r ) d r = T^ 
jieB-

, / 3 t 3 . 

I n [9] i t was shown t h a t t h e s y s t e m ( 2 6 ) i s e q u i v a l e n t t o 

(27) P / J ( t ) = A / 3 [ { ^ ( t ) } / 3 e B ] , M B , 

where 

( 2 8 ) 

+ j R / 5 ( t , r ) T ^ [ { i P / 3 ( r ) } / 3 e B ] d t 

and R ^ i t , r ) i s t he sum of t he i t e r a t e d k e r n e l s of l i y j ( t , f ) 
and of t h e r e s o l v e n t k e r n e l of t h e bounded k e r n e l ( o f . [ 9 ] ) . 

Let us c o n s i d e r 3 s e t deno ted by Z[g,k) i n t h e s p a -
ce A . I t s p o i n t s a r e s y s t e m s of f u n c t i o n s j f ^ : 
such t h a t on L t h e f o l l o w i n g i n e q u a l i t i e s ,0 

( 2 9 ) 

n j t - c / i v t i i 
n=1 

w ( t , t ' ; | f ^ ( t ) - f ^ ( t ' * | t - t * 
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Hi lbe r t -Haseman problem 

h o l d , where p and at a r e some p o s i t i v e c o n s t a n t s . The c e t 
Z ( g , x ) i s non-empty , convex and compact ( c f . [ 5 ] ^nd [ s ] ) . 

Now, the e e t Z(p,ae) i s s u b j e c t e d t o the f o l l o w i n g 
t r a n s f o r m a t i o n 

(30) = ^ [ { ^ U B ] ' fl^-

The s u . f f i c i . e n t c o n d i t i o n s f o r t h e p o i n t { V / s j ^ B t o ^e-
long t o t he e e t Z ( ç , a t ) w i l l be s e t up. Assuming t h a t t he 
p o i n t b e l o n g s t o t he s e t Z(ç>,ae) we i n v e s t i g a t e 
t he f o l l o w i n g i n t e g r a l s 

1 f * K { r ) ] 
( 3 1 ) - J t - a J ( t ) î i £ 

' L ®1 

r 9 t ( r ) 

( 3 2 ) % = J V - ci ( t ) 3-2 £ B . 
L r2 

, , , f % [ a r ] { v ) ] 
( 3 3 ) IJK = J - L - - ^ — d r , «r, C B, 

3 L t - « y 3 ( t ) 

( t ) 

"4 ^ - ^ ( t ) 

Prom ( 7 J , a s s u m p t i o n s 1 and 2 , and P o g o r z e l s k i ' s theorem 
[10] i t f o l l o w s t h a t t h e r e e x i s t p o s i t i v e c o n s t a n t s K 1 , K 2 , 
K^, K^ which a r e i n d e p e n d e n t of t h e p o i n t { 1 y3eB s u c i l t h a t 
t h e f o l l o w i n g f o r m u l a h o l d s 

(35) { i y ^ B
 e Z i ^ ç + K ^ . ^ p + K ^ ) i = 1 , 2 , 3 , 4 . 

- 6 2 1 -



10 0 . D e c e w i c z 

Due t o ( 2 1 ) a n d ( 1 7 ) - ( 1 9 ) , ( 3 1 ) ~ ( 3 5 ) f o r e v e r y 

3^1» T ^ t 7*4 6 B » r e s p e c t i v e l y , we g e t t h e f o l l o w i n g i n e -

q u a l i t i e s o n L q 

M I I h - c n l I 4 « ( t ) l « i V + i c K x ( K 1 ? + 

n = 1 ' 

( 3 7 ) W ( t f t ' ( t J - x 1 ^ ( f ( K x 9 + * K x K 5 I i ^ ) + 

+ " S i K x ( K 3 ? + K 4 a e ) K x V f i ( K i P + V l I l t " t ' | h ' £ 3 ' 

w h e r e K r = s u p — W ( t » t } 

3 t T. _ £ 

n = 1 1 n l 

P $ 

( 3 8 ) f l h - c j | x 2 . ( t ) | + ^ K X ( K 1 9 + K 2 a e ) + K 6 K X P , 
I r j i c. A. > „ P 

n = 1 2 m £ 

P ^ 

w i t h K g = s u p [ ~ | | t - c j ; 

n = 1 

(39) W(t,f )|4 (t) - 4 ( f )|<[1 ^ - ^ fey i -e^Kg iC^ 
2 2 m a mot 

.+ K ? K x P ( M ^ + P ) ] | t - t ' | \ £ B, 

w h e r e K 7 -- s u p W ( t , t ' ) ; 
' t . t ' e L 
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Hilbert-Haseman problem 11 

n=1 y 

n K f K ^ ) - w r , ( t " > M f e w £ ( K 1 ? + V ) 
n=i t 3 

(42) | 
n=1 

r /M \2(i+h)+h / u \2 -, 

^K x(K 3 ? + V)J|t-t'| h, r 3« B, 

«4 (t) 1 «• 1 

(43) W(t,t' )|v£ (t) - K j y g ^ f * K2x) + 

+ f (Kx i * + ̂  K
5 V f ?) + + 

+ h kx(k3p + k4x)] h* e B-

Taking into account (40)-(43) and applying once more Po-
gorzelski's theorem we infer that there exist positive con-
stants Kg, Kg, K 1 0, K ^ which are independent of the trans-
formed point and suoh that 

(44) {Xr.(t,}_ e ZiKgW^KgwT.K^w^K^wf), i = 1,2, 
TieB 

where the following notations are introduced 
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( 4 5 ) " 

w 0 = i K l l t ) 9 + k K x ( K 1 ? + V J > 

» , = o" 

, 2 { 6 + h ) + h 

M 
+ K M ' 

P 

x oc\ m, K 5 ? 

+ i r k X ( k 3 ? + V } + k K 5 K x : i ( K i ? + M • 

4 = i r K x ^ r k K x ( K i P + k 2 * ' + W > 
oc 

J - m 2 i f c h ) ¿ p V f r V ' - f e * x ( K 3 ? + K 4 * > + 

+ ^ K g ( K n P + K g X i K ^ + K 7 P K x ( M ^ + P ) . 

F u r t h e r m o r e , a c c o r d i n g t o ( 1 4 ) , ( 1 9 ) , ( 3 0 ) , ( 3 6 ) , ( 3 8 ) , 

( 4 4 ) o n L q we h a v e 

< « > n i t - c - i * i v t ) i ^ [ V ^ i ^ u < 
n=1 n=1 ™ 

< M R { f [ M + M ^ w 1 + w 2 + K 8 w 3 + K 9 W 3 + K 8 V K 9 W ^ J + K 6 P } 

f o r e v e r y yS e B , w h e r e 

W 1 = i K x P + f e K x ( K 1 ? + K 2 * } ' 

( 4 7 ) 1 W, = J K x ? 1 p + 4 s ( K l P + K 2 1 i ) + W > 

Llr, = 1 + SUD 
d £ e 3 

s u p n l " t - c 
t e L 0 n = 1 

f \ H < t , r ) | -

n 1 J p ^ 

- 624 -
D | r - c » ' 



Hilbert-Haseman problem 13 

Let us not ice (cf.C9U) that from (26) i t follows that 
the transformation (30) takes up the form 

(48) t ) = J N 3 ( t , r ) ^ ( r ) d T + T ^ p ^ i t ) ] 
y8e BJ 

From above and basing on ( 1 5 ) , ( 1 7 ) , (18) , ( 3 7 ) , (44) f o r 
every /3 e B we get the following est imations on LQ 

(49) V/(t , t ' ) | y t ) - ^ ( f ) | < 

< . u . t ' ) | T , [ K ( t ) } J - * , [ { * " • > } J 

+ v ; ( t , t ' ) < 

< 

j [ N p ( t , r ) - i : A ( t ' , r ) ] yfi(r)dr 
L 

1 - [U+N*(w* +w*+K1qw3+K11w*+K10w4+K11 w* )] + 

+ N^ KxKc [I jI+l7i *'W1 + w 2 + K S w 3 + K 9 w 3 + K 8 w 4 + K 9 w 4] + 

k 7 p J l t - t ' | h , + i: 
v; lie re 

(50) 

'i = i (V+?w£} + h kx(k39+k,x) + 
+ h k x K 5 ^ ( K i 9 + K 2 x ) , 

2 = \ K - 2 W £ * + f fc ^ ( F ^ + K ^ \ -T;cC ĉ / 

625 -



14. G. Decewicz 

(50) Nr = sup K 0eB 
flN^t.rj-^it' ,t 

sup f = 
t,t 6 L 0 £ h r-E-, , 

)|w(t,t' ) 

|t-t'| h r̂ l |t-c 
n=1 n 

-dr 

The existence of the Upper bounds M^ and NR defined by 
(47) and (50) is guaranteed by the assumptions 1,2,3 and the 
properties of the kernel N^(t,r) (cf. C9H). Prom the estima-
tions (46) and (49) we obtain the following sufficient con-
ditions for the transformation (30) to map the set Z(Ç,x) 
into itself 

(51) 
' C1 + C2M* + C3M*X + C4il*ç < 9 , 

C5+q6M*+C7N*+(C8M+C9N)x + (C10M+C11N*)9 , 

where the constants C^, i = 1,2,...,11, are independent of 
M*, N*, of the function P^ and of the point { ^ j ^ g g e 
6 Z(9,X). 

It is easy to prove that if the constants ¡»I * and U* 
are sufficiently small to satisfy the inequalities 

(52) 

« 1 
M ^ 2 max(C3 + C4> Cg + C 1 Q) ' 

N*< J_ 
2 masi(Cgf C11 ) ' 

then it is possible to choose p = <pQ and x = X Q such that 
(51) holds. It can be done for example by setting 9Q and 
xq as follows 

(53) " 

-C 3 M*(C 5 +C 6 M%C 7 N*)+(C 8IU*+C 9 I :* - I )ic^+c2 

cy^fc^M'+c^K* )+(i-c4i.:*)(cfc;v;*+c9ii*-i 

*o = 
- ( C ^ C G I I * ) (c10U*+c1 .,11* )+(C5+C6IV:*+C7ÎT* ) (C 4 : . :*- I 

Cy?* (cl0i.;%c1 ̂isr* )+ (1 - C 4 L * ) (C 8 ; . I*+C 9 E*-I ) 

- 6? G -



Hilbert-Haaesnan problem 15 

In this way we have prcved the following theorem. 
T h e o r e m 1. If for the constants in the assump-

tion 3 the conditions (52) hold, then the transformation (30) 
nans the set Z(p , X ) into the same set, where o and *„ ' 0 0 ' ' 0 c 
?re given by (53). 

IIow, we shall prove the following theorem. 
T h e o r e m 2. The transformation (30) is conti-

nuous on the set Z ( P ,x ). ' o * o 
P r o o f : A. is a metric space. Assuming 

V£>03m 0eDV/36BVm€DAm^-m 0 iup 
tfiL0 

n i«-, |d + h «fim)(t)-

it is sufficient to Drove that 

Vf>03m eDVpeBVmeDAm>-m ¿up 
teL0 

J-

<60t 

holds, where D is an directed set and 5 is a positive con-c 
stant. 

Due to (10), (11), (17), (18) for every T-) e B and for 
every m >- mQ we have 

¡54) su? n |t-cn|i+h 
o n=1 

x1iB)(t) - xl(t) I1 »1 < 

f 
.<J+h 

o n=1 
J r-ce-.OO dT 

L 1 

We want to estimate the integral in the formula (54). 
Let us rewrite it in the following form 

- 627 -



16 G. Decewicz 

(55) f < K ( r ) ] -
J r-oc (t) -dr = 

•f 
1 J 
» 

. '1 
p < r

B ) (t) 
r T C T t y -dr + 

<er (t)-«pT *i '1 . '1 . 
* -<*r (t) '1 

dr 
[ - ̂  

+ J r - c c ( t ) 
L -1 '1 o 

X '1 
-1 '(t) 

-dr , 

where the arc L is a part of an arc c ^ o ^ , n = 1 , p , 
containing the point oc r (t). V.'e assume that the length of 
the arc 1 is riot greater than the half of the length of 
the shortest arc . In the special case, when any 
end-point of the arc 1 coincides with an:.' end-point of the 
arc c^>'cri+-) » vve assume that the length of the arc connecting 
the point oC.p.(t) "to 'the common end-point of arcs I and 

is no greater than the length of the remainder of 
the 1. 

The set Z(9o,xq) is a cartesian product of e collection 
of closed sets, hence it is also closed. Let the point 

: L o — l - ' - ' ' 1 1 - ' - ' ' ' a several sequence 

{«pjj^j^gB» m 6 D , of points of the set Z(90,x0.). It follows 
that the coordinates of the point ^p^ : L ~ — s a t i s f y 
conditions (29) with the constants and jtQ (given by 
(53)), for every £>eB. Let us denote the terms on the -j O O A 
right-side of the formula (55) by ' I~ , I~ , I™ , snd I„ , 

r 1 T 1 T 1 r1 
respectively. Then for every ^ e 3 and for every :n e D 
we obtain 

- 6 2 8 -



Hilber t -Hase.uan problem 17 

(56) sup 
teL 

t -c 16 +h 
i l ( t ) + 4 ( t ) 

o n=1 

2X. 

p(tf+h)+h oc sup 
teL o n=1 

|<* r ( t ) -I '1 
i6+h f -J, ;•/[ 

dl. 

' V i l 1 
- a r ( t . 

1 
11-h <e . 

(57) sup 
t«L o n=1 

l ' - ° „ l i * h | I r 1 < t ) | < 

or o n=1 I 1 
( t ) <e , 

i f the l e n g t h of the a r c 1 i s s u f f i c i e n c y s m a l l , [ i j . Let 
the l e n g t h of 1 be f i x e d to s a t i s f y i n e q u a l i t i e s (56) and 
( 5 7 ) . Then i s a r e g u l a r i n t e g r a l . I f m >- m and 

r1 0 

"H e B, then f o r the a r c 1 l y i n g w i t h i n the a rc 1 t 
' £ n n+i 

the i n t e g r a l I ^ can be e s t ima ted as f o l l o w s 
'1 

(53] sup 
teL 

r n 
o n=1 

t - c . 16 +h C, .M 6+h 
f t i i < 1 r ? e , 

but in the c a s e , when the a r c 1 has the comaon end_poin t 
c n w i t h the a r c c ^ > c n + 1 , t hen can be e s t i m a t e d as 
f o l l o w s 1 

- 629 -



18 G. Decewicz 

JP 
(53) sup 

teL 
t-c„ i6+h 

o n=1 
i l ( t ) 

'1 

< C ^ I L I ^ " ,iä+h f 

I l l — — ^ | - c n | ^ ( | r - c n | + n j _ 

where 1* e L i s an arc of the length |l|. This. arc has 
only one common point c with the arc 1. The constants 

C ^ , C^g are dependent only on LQ. Cosibifling the r e -
sults (54) , ( 5o ) - (59 ) we deduce that there i s a constant 

d i *-r-+ w \z+aax 
'1A 1 K 

T I T 

dl„ 

„ i- i-.6+h 

l l l 1 + ô + h 

such that 

(60) sup 
teL 

t -o . id+hI 1(m) 

o n=1 
xL}ili'(t) - X1T ( t ) I < <S,e 

' 1 T 1 1 1 

f o r every m >- mo and f o r every ^ 6 

The same arguments lead to the proof of the existence of 
pos i t i ve constants and such that 

f 

(61) sup I I I t —c 
teL 1 1 n 

o n=1 

JL 

l 6 + h X 2 ( m ) ( t ) - x ! . ( t j 
'2 '2 

(62) sup 
teL 

t -c 
o n=1 

|d+n ,„i(.Ti), + , ... i t ,. . 
W— 111 - ( o I 

i i 

< <M» 

< , i=3,4, 

f o r every m y m and f o r every e B, s=2,3,4. 
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Lue to r e s u l t s (40 J - (45) we see that there ex i s t con-
atorts 1 = max [ w 3 ( p 0 ' V ' w 4 ( V V ] a n d V 1 

= K ( 90 ' V ] ( *o >*0 J ] f o r w h i c h i w r { r a , l r i . B 6 Z (9, , V . 
i = 3, 4 holds for every m e D. Since the set 

u c losed, i t contains the l imi t s ] w r i r e B t J i e 6 e n e ~ 
i(n)l j B , where i = 3 ,4 , n e D. From rol ized sequences 

(21) we have 
T i 

(C-3) x ^ » ) ( t ) - x3 ( t ) 
3 l3 

J-i ( m ) (T) " W3 (T) 
T - t dr = 

I-3 r ( , ) ( t ) - 4 W ( t ) 
_3 3 dr • f ' 

( t ) ( r ) 
3 

T - t dT + 

w3 |m )(t) - w3 ( t ) L r3 T3 ]/äJ -? m ) ( T ) - w3 (r) 

r - t d-r, 
L -1-o 1 

where L1 i s an arc containing the point t and of ana-
logous properties as the arc 1 considered above. How, fo r 
the in tegra l s (63) we can find the estimations s imi lar to 
(57)- (60) . Hence there exists a pos i t ive constant 
that 

$2 such 

( J 4 ) SUD 
teL 

f n o n=1 
t -c . i<5+h .3 (m) ( t ) 4 ( t ) 

3 
c* < 53£ 

ho Ids 
:e cc 
that 

fox- every m ¡> diq and for every e B. Analogously, 
i etete that there e x i s t s a. posi t ive constant <5* such 
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J L 
(65) sup 

teL 0 n= 
h - c n 

|i+hl 4(a) x^ ( t ) - x i ( t )| < 5,£ 

holds f o r every m X mQ and for every e B. 
Due to (15 ) , (30 ) , (59 ) , ( 60 ) , ( 64 ) , (65) for every (5 e B 

and f o r every m y aQ we obtain 

( 6 6 ) sup 
teL n 

0 n= 
t - o J + h \ ^ H t ) - f / J( t ) | < 

+ 5* + S*)6 

where 

(67) M = sup 
0 /3eB 

1 +sup 
teL 

F m n=1 
t - c . 16+h / liäßit.T)'! 

h 
n=1 

T -C„ 16+h. 
dl-, 

which was to be proved. 
Hence a l l the assumptions of Schauder-Tichonov theorem 

are f u l f i l l e d . How we can formulate the following theorem. 
T h e o r e m 3. I f the assumptions 1-4 are f u l f i l l e d 

and for the constants appearing in the assumption 3 the con-
di t ions (52) hold, then the system of in tegra l equations (22) 
has at l e a s t one solut ion 

_ h 
of functions 

.<PjB ßeB in the c l a s s 

Theorem 3 and e a r l i e r considerations show that there i s 
at l e a s t one solution which can be expressed by the formulae 
(24) and which s a t i s f i e s the conditions (8) and ( 9 ) . 
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