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ON SOME MEANS OF DOUBLE FOURIER SERIES 
OF CONTINUOUS FUNCTIONS 

1. Let C 2 n be the c l a s s of a l l r e a l f u n c t i o n s , 2J t -pe r io -
d i c in each v a r i a b l e , con t inuous everywhere . Let a^ b^ 
°k 1 ' 1 ' ^k ^e ^ e c o e f f i c i e n t s and the ( k , l ) - t h 
p a r t i a l sums of the double F o u r i e r s e r i e s of f e r e -
s p e c t i v e l y . 

Cons ider the f o l l o w i n g means of the F o u r i e r s e r i e s of f : 

m n 
(1) - m , n < x , y ; f , A ) - E H ^ i " Yk . i ( a k , i C 0 9 k x 0 0 3 * + 

k=0 1=0 

+ b1(. ^ s i n kx cos ly + c k ^ c o s k x s i n ^ + d k 1 E i n ^ s i i l 

where 

V k . i = • 

1/4 i f 
1/2 i f 
1 i f 

k = 1 = 0 , 
k=0, 1 > 0 or 
k > 0 , 1 ^ - 0 

0 , 1 = 0 , 

a r e the e lements of . r e a l m a t r i x A =|| A ^ 1 1 ^ ! (Osgkssm, 

0 sg 1 s = n ; m,n = 0 ,1 , . . . ; = 0 i f k > m or l > n ) , 

and the means of the Abel -Poisson type 
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2 L. Rempulska 

DO OO 

k=0 1=0 

where 

<pk(r,p) =< 

-1 1 k+1 
log(1 - r) k+1 r 

(1 - r)p+1 ( ' ; » ) * " 

if 

if 

p = -1, 

p = 0 , 1 , . . . , 

k = 0,1,...; p,q = -1,0,1,...; r,p e(0,l). 
We shall give the sufficient conditions for uniform con-

vergence of the sequence nCx,y;ftA)| to f(x,y) and 
we shall estimate the quantities 

A (m,n;A) = max II (x,y;f,A) - f(x,y)l , 

B (r,p;p,o) = max 
x,y 

(x,y;f) - f(x,y] 

These expressions will be estimated by E n(f J - the best 
approximation of the function f e C 2 n by the trigonometric 
polynomials of two variables of order (m,n) at most. 

Below, 1.1̂, i;î (a,b) will denote absolute constants and 
positive constants depending on a,b only. 

2. Let A A k j ' = A k J -A k + 1' f l - A k J + 1 + Ak+1»fl+l 

(0 sg k m, 0 1 ̂  n; m,n = 0,1,...). Let A , oc > 1 , de-
note the class of matrices A such that 

( 2 ) 

(m,n) _ 1 
n n ' 0,0 m.n 0 , 1 , . . . , 

lim A^-'^ = 1 for any (k,l), 
.m,n— oo ' 
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Means of doable Fourier series 3 

II N f 2 ^ 2v* oe (3) I I IZlAAk?inJl r =0(1) 

/i=0 v=0 L k=w' 1=V ' J 

uniformly in m,n, where Ivl = [log2(m+l)] , N = [log2(n+1 )] , 
¡x'= 2^-1 , v'= 2V-1. Clearly A^ C A e if 1 < oc < : . 

V.'e shall prove the following two theorems. 
T h e o r e m 1. If f e C 2 n, A e A a , 1 <c oc ̂  2, then 

v 4 y lim L (x,y;f,A) = f(x,y) 
m,n—-<» m , n 

uniformly in (x,y). 
P r o o f . The means (1) have the integral form 

i n ) S k f l(x f„f) -
k=0 1=0 

= fffU+a'7+v) K
m,n

U»vl du dv' 
-71 ~ft 

where 
m n Km >n(u,v) -YiH

A"àn) Di ( v )* 
k=0 1=0 

k 
Dk(t) = 1/2 + ̂  cos it. 

i = 1 

We shall prove that the condition (3) implies the ine-
quality 

0 9 
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4 L . fterapulska 

f o r m , n = 0 , 1 , . . . . 

e a s i l y s e e n , t h a t 

D e n o t e 1.5, N , ^ ' , v ' a s i n ( 3 ) . I t i s 

K. 
IS N 

l f n ( u . v ) = E E V v U ' v ) ' 
(1 = 0 v = 0 

w h e r e 

U 
P-

We h a v e 

2M\ 2v' 

k=u' W 

< 6 ) l . , n < 
f V ( u » v ) | d u dv = 

M N 4 

v = 0 T i l 
ft" 

We e s t i m a t e a n d I j ^ J . 

v<f sit: l>i:i"i 
0 0 \ k=/i' i U ? 

^ 1 ) 
V (Ic + 1 ) ( 1 + 1 ) a u d v 

< 4 

2u' 2v 
2 ( a + V ) (oc -1 J \ ^ | A A : 

oc 

- 594 -



Means of double Fourier series 

-v 

J I D^(v)|dv Jdu 

2 y / k I 2M 

E / 
W \ I k=vtt' 

n) sin ku 
t g f 

du + 

cos ku du 

Applying the Holder and the Hausdorff-Young inequalities, 
we obtain 

i ( 3 U M 9 A.V 2 sin leu 
cc^T 

du 
1- oc 

1=7 1 k=/A' 

m3(«) 
2/t-' 2 v' 

aCttoOfr-i} J ] 2 Z I A xk?i n )r 
± oc 
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6 L . R e m p u l s k a 

A s i m i l a r e s t i m a t e ¡ 1 0 I d s f o r I , { 2 J a n d I . ' A j . B y ( 5 ) /Utv (U, v 
a n d ( 3 ) w e o b t a i n ( 5 ) . I t i s k n o w n ( [ 4 j ) t h a t t h e c o n d i t i o n s 

( 2 ) a n d ( 5 ) i m p l y ( 4 ) f o r a n y f e C£ • H e n c e t h e t h e ox-em 

h a s b e e n p r o v e d . 

T h e o r e m 2 . b u p p o s e t h a t f e 0 2 ^ , t h e m i t r i x A 

s a t i s f i e s t h e c o n d i t i o n s ( 2 ) a n d 

( 7 ) K Y ^ M , ( k + ] f s ( 1 + , 
' k ' 1 ' 3 U + 1 ( n + 1 ) 1 + ( 5 

/ 
( O s f i k s s m , 0 < 1 « S n ; m , n = 0 , 1 , . . . ) , w h e r e yS , 6 

s o m e n o n - n e g a t i v e n u m b e r s . T h e n 

a r e 

m n_ 

( 8 ) A ( m , n , A ) 1+(5 y y (k+i f d+i . ( f , 
(m+1 ) ^ ( n + 1 ) k ' X 

f o r m , n = 0 , 1 , . . . . 

P r o o f . B y ( 2 ) a n d ( 7 ) w e h a v e 

l L m , n ( x ' y ; f ' A ) " = 

_m n 

k=0 1=0 

„ s\ M N 2M' 2V* 

(m+1) p ( n + l ) ^ ^ o 1 fe? 

w h e r e M,N,/i,'f2>' a r e a s i n ( 3 ) . 

A p p l y i n g ( 3 ) o f [ 3 ] w e g e t 

A U . n . A X ( f 

(m+1 ) ^ ( n + U 1 + d 
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Means of double Fourier series 7 

and, by the monotony of |Em n(f)}» the estimate (8) fol-
lows. 

H e m a i4 k . If the matrix À satisfies the Fomin con-
ditions (2) and 

m n 
(9) ((m+D(n+l))-1+0C^]2l|AA^i

n,|0C = 0(1), 
k=0 1=0 

(m,n = 0,1,... ), for some oc > 1 , ( [1] , [2] ), then A e A^ . 
There exist matrices 
does not hold, e.g. 
There exist matrices A e A œ for which the condition (9) 

,(m,n) h(k) h(l) Ak,l = I1 - h(m+1 J / V " h(n+1 ) 

(0 sS k m, 0 sg 1 s£ n; m,n =0,1,...), where 

h(s ) = 
0 

s-1 

\ ¡u=0 

\ e 

1+1 

if s = 0, 

if s = 1,2,... , 6 
v=0 

3. V7e shall estimate the quantity B(r,g;p,q). V/e shall 
need the following lemma. 

L e m m a . Let f e and D = max |f(x,y)|. Then 

oo oo 
(10) J^?>k(r,p) ̂ (ç.q) |bkfl(x,j;f)|< K7(p,q) D, 

k=0 1=0 
m-1 00 

k=0 1=0 
for all (x,y); r,p e (0,1); p,q = 0,1,... , m = 1,2,... . 



e L. Rempulska 

For p = q = 0 these i n e q u a l i t i e s are given i n [3D (lepi-
ma 2 ) . The proof of our lemma i s analogous. 

T h e o r e m 3. I f f eCgjji then we have 

M 
(12) B ( r I ? M , - 1 ) < | l o g ( w ) | ] l o g ( l . p ) | (k+lKl+1) E k . l ( f ) 

f o r r e < r Q , 1 } , p e <p Q ,1), 

k=0 T=0 

f o r q = 0 , 1 , . . . , r e <r , 1 ) , p e ( 0 , 1 ) , 

m-1 n-1 
(14) B ( r f P i p l q ) < M 1 1 ( p f q ) ( l - r ) 1 + p ( l - P ) 1 + q ( k + l ) P ( l + l ) \ t l ( f ) 

k=0 1=0 

f o r p,q = 0 , 1 , . . . ; r , p e ( 0 , 1 ) , where m = [ l / ( l - r ) ] , 

n = [ 1 / ( 1 - 9 ) ] , 0 < r
0 ' 9o < 1 * 

P r o o f . We prove the inequal ity (12) . Let m = 
= £ l / ( l - r ) ] , n = [ 1 / ( 1 - 9 ) ] . C l e a r l y , for any (x,y) we have 

tM-1 n - 1 DO 0 0 M-1 0 0 

H H+Z! H+H H+ 
k=0 1=0 k=m l=n k=0 l=n 

+ ( ¿ ( u i ) l s M f x j i f ) - f ( x ' y ) l = t l w i ( r ' 9 ) -
k=m 1=0/ i=1 
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Means of double Fourier series 9 

Let T^ ^(xjy) denote the best approximation polynomial 

of function f e C2it by trigonometric polynomials of order 

non superior to (k,l). We have 

( oq . °°. 

k=m l=n 

+ E Z r k p l | f ( X ' y ) - ^ n ( X ' y ) l ) * 
fc=m l=n / 

By (10), 

M 1 g B m (f) 
W 2 ( r ' ? ) ^ |log(l-r)[ |1OS(1-9)| (m+1 ) (n+1 ) ( 1 -r)(1-ç ) 

and, for r e < r ,1), y e<^ o,l), we get 

W 2 ( r t ? J < M 1 3 a m f n(f). 

Using (11), we obtain 

M DO 

fi~0 k=fi' l=n 

+ l T V . n ( x , y ) " f ( x , y )l) 
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10 L.Rempulaka 

^ r ^ 

| l o g ( l - r ) | [ l o B ( l - p ) l (n+1 E ^ ' , n ( f ) 
(L=0 

15-
I l o g ( l - r ) | | l o g ( l - f ) | 

(1=0 

where M = [I0&2 m]» M-'= ~ 1. 
Analogously we ob ta in the fo l lowing i n e q u a l i t y 

M„ 
| l o g ( l - r ) | | l o g ( l - 9 ) | 

[log 2 m] 

v =0 m,2v-1 
( f ) . 

Proceeding as in the proof of Theorem 2 and applying the 
p r o p e r t i e s of the best approximation Em n ( f ) i w e ob ta in 

m-1 n-Mjjr ^ S k i ( f ) 
I log (1 —r) | | l o g ( l - p ) | 2 _ Z _ (k+1 ) (1+1 ) 

k=o r=o 

( i = 1 , 2 , 3 , 4 ) and we have (12) . The proof of i n e q u a l i t i e s 
(13) , (14) i s s i m i l a r . 

Prom (12) - (14) we obta in the fo l lowing c o r o l l a r y . 
C o r o l l a r y . I f f e C 2 n ; p,q = - 1 , 0 , 1 

then 

lim B( r ,o ;D,q) = 0. 
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