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ON SOME MEANS OF DOUBLE FOURIER SERIES
OF CONTINUOUS FUNCTIONS

1. Let C27r be the class of 8ll real functions, 2r-perio-
dic in each veriaeble, continuous everywhere, Let ak,l’ bk,l’
Sy, 10 dk,l’ Sk,l(x,y;f) be the coefficients and the (k,l)-th
pertial sums of the double Fourier series of f € C2n, re-
spectively,

Consider the following means of the Fourier series of f:

(1) Lm’n(x,y;f,x) = 2 E ALTin) Vi, 1 (ak,l cos kx cos 1y+

k=0 1=0
+ bk,l sin kx cos ly+—ck’l cos kx sin ly-+dk,l zin kx sin 1y},

where

1/4 if k =1=0,
Yi,1 ={1/2 if k=0, 1>0 or k>0, 1=0,
1 if k>0, 1 >0

A(m,n) are the elements of real matrix J\:I'A(m’n)“(Osgks;m
k,1 k,1 ’

Oglsn;mm:Oﬂ““;A&f)=o if k>m or 1>n),
bl
und the means of the Abel-Poisson type
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p]gi”;)q’ (x,3;f) = ichk(r,p) Pa(psa) Sy (%3380,
k=0 1=0

where

=1 1 k+1
Tog(1 =) k1 T if

k+p
(1 - )P*] ( p )rk if p

p = -1,

¢k(r,p)'=
0,1,15- ’

i

k = 0,1y0005 Pbg = =1,0,1,4..5 7,9 €(0,1).

We shall give the sufficient conditions for uniform con-
vergence of the sequence {Lm,n(x,y;f,A)} to flx,y) and
we shall estimate the guantities

A (myn;A) = max 'Lm’n(x,y;f,l) - £(x,3)| ,
X,y

it

(p,q) .
max | PP (x,y;f) - £lx,3)] .
x,§ | r, o X,y '

B (r’Q;psQ)

These expressions will be estimated by Em,n(f) - the best
approximation of the function f € 027t by the trigonometric
polynomials of two veriables of order (m,n} at wost.

Below, L, Mi(a,b) will denote 2bsolute constants and
positive constants depending on a,b only.

{m,n) _ ,(a,n) {m,n) {m,n) (m,n)
2. Let DA = AT = AT T A, et At 14
(0=sk=<m O=<1ls=<n; mn=0,1,..s). Let /\oc,oc>1, de-
note the class of matrices A such that

A(().",lén) =1’ m,n=0,1,.so,

(2]
lim A8 L4 for any (x,1),

m,n—e=oo
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I 24 2y o
(3) plusv)la-1) i Z]A/\f{“"in)| = 0(1)

- u=0 v=0 k=p' 1=p'

R~

uniformly in m,n, where I = [logz(m+1{], N = [logz(n+1ﬂ .
a'= 28-1,  y'= 2V-1, Clearly AgC A, if 1<oc<f.

we shall prove the following two theorems,

Theorem 1. If feczn,ke/\x,1<oc<2, then

lim L sT,A) = £
il m,n (%3352 = £(x,3)

—
S
~—

uniformly in (x,y).
Proof . The means (1) have the integral form

Lm’n(x,y;f,)\) = AAl({‘:lin) Sk’l(x,y;f) =
k=0 1=0
. F
=2 ff(x+u,y+v) Km,n(u"V) du dv,
=7t -JC
where
m_ _n (mn]
m,n
Kp,nlwv) = A 177 Dyla) Dylvl,
k=0 1=0
k
Dk(t) =1/2 + E cos 1it.

1=1

We shall prove thet the condition (3) implies the ine-
quality

I
_4
(5) Lo,n -?flgﬁ.;{m’n(u,vﬂ du dv < M,
¢
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for m,n = 0,1,.s. . Denote i, N, u',v' as in (3), It is
easily seen, that

JE I
K n(u,V) = lJ(u.,v(u’v)’
#:O V'—'—'O
where
24’ 29 ( )
m,n
U#’V(u,V) - E ars Dy (u) Dy(v).
k=u' =Y '
We have
MW [ Chig
(6) L, < ff"f +ff *j(f [S (2o 2w av =
4=0 y=0\0 0 0 2P 2 a2y
M N 4 (1)
1
IBIR-
A4=0 v=0 1=1
We estimate 1.4(4,11)) and I‘("}v) .
2—,0. 2-17 2 I 22):
1) < f(i: [ang™] e s ”) s
0 0 k=u' 1=v
i / l
m m
<o ot 8 8 o),
Sy
k=p’ 1=p
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2-V

f | Dy (v) ]dv)du <

0

(3) e )
DA\ =y =u'

Lpplying the HGlder and the Hausdorff-Young inequalities,
we obtain

24 & 1%
I(3)<M (OC)Z [] t™% at [f iA/\l({Tin) sin ku du] +

0 lk=u'

4
=

2u T
+ AAIET]’.n) cos ku du <

0 k:,a.’

={tN

2V

<n @) Zeﬂ(q-w[i |are]”

1=v k=’

2 2
m){zow)(a-ﬂ) i |2l n>|

k:,u.' 1=y

N
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)

_\4)
v L]
[ J) that tae conditions

& similar ectimete holds for I and By (%)

(2
A,
and (3) we obtein (5), It is known (
(2) and (5) imply (4) for any f e Co,+ Hence the theoisa
has been proved.
Theorem 2. suppose that f e Czﬂ, the ratrix A
satisfies the conditions (2) and

+

(1) IAA

men)| <y, e x 17 19

(m
k, 3 m+ 1) (a4 1)1+6 '

/
(0<kx=<m 0<1l=n; mn = 0,1,...), where 8 ,d are
some non-negative numbers, Then

hd (/3 ,6)
, 4 d .
(8) Alm,n,A)< (o1 7 (pet ) 170 E E (k+1)° (141) 5, l(f)

fOI‘ m,n = 0,1,000 3
Proof. By (2)and (7) we have
Il
™ ™ s, 1 (xeyst) - £x,y) ‘

ILm'n(er3va) - f(x|Y)I =
k=0 1=0 |

1

M_(3,d) M N 2
= 1)12/3 (ne1)1+0 ZZ o#B* V0 [8ic, 1 (i ®) - 2Gray)]
n+ n+
A4=0 v=0

k=zu' 1=V

where M,N,u,?» are as in (3).
Applying (3) of [3] we get

- i N
‘ lig(8,9) S al1+B)+v(1+4) -
A(m’nyl)g(m+1)1+p (n+1)1+d' :(i-——O'VZO 2 E#l'vl(‘{.)

1
Ul
O
o

)
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and, by the monotony of {Em,n(f)}’ the estimate (8) fol-
lows.

Remark, If the matrix A satisfies the Fomin con-
ditions (2) and

m n
(90 {((me1)(ne1)) Mo ZZIA.’\l(c?in”m = o(1),
k=0 10

(myn = 0,1,.04), for some o« >1, ([11, [2]), then A e A,
There exist matrices A € A, for which the condition (9)
does not hold, e.g.

e = (3 - ek ) (s - 42)

(0sk=m, 0<<1 =<n; myn = 0,1,e4s), wWhere

if s =0,
his) =
g-1 P G
] v—11 +1> If 8 = 1,2,000, 6 == ~1.

»=0 u=0

3. We shall estimate the quantity B(r,g;p,q). We shall
need the following lemma,

Lemma., Let £ & C Then

d U = max |f(x
o R
Xy

o0 OO

{10) ZZcpk(r,p) qol(g,q) |bk l(x,y;f)l< M7(p,q) D,
k=0 T=0 ’
m-1 oo
(11) Zztplpq) l kl(x’:”f)l Nig (g) v m
k=0 1=0

for all (x,y); r,p € (0,1), Ds8 = Oy 0ee 3 M= 1,2,000

’
7

\O
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For p = g = O these inequalities are given in [3] (lem~
ma 2)., The proof of our lemma is analogous.
*heorem 3. If f €C,,, then we have

M =l &=
1
(12) B(r,p;=1,-1 )g[log(’l-r')lgllog(‘l-P)] Zz (k+1)(1+1) l:':k,l(f)

for r e <ro,1), P € <9°,1)

-p)1+9 = 1
(13) B(rs93-1,0) < M,0(8) Toazfdzy i:%ﬁ?— B 1 (f)
k=0 1=0

for g = 0,1,000 s I € <r°,1)’ 9 € (0,1),

New
(14) B(r.?ap.q)s”qq(p.q)(‘l-r)“p (1-9) %4 (k1 )P (141 )qu.l(f)
=0 1=0

for p,g = 041,600 3 Ty 9 e (0,1), where m = [1/7(1-2)],

= [1/01-9)], o<z , ¢ <1.

Proof. We prove the inequality (12). Let n =
= [1/(1-2)], n = [1/(1—9)] Clearly, for any (x,y) we have

m-1 n-1 m-‘l
| » ;"q)(x.y.f)-f(x.v)'\ 1og(1-r)Hlos(1 ?)l Z—-Zii

=0 1=0 k=m l=n k=0 l=n

= k 1 :
* ii) (k:’1 Y(14+1) |Sk'1(x,y;f) - f(xo.‘l)l = i W (r,0).

k=m 1=0 i=1
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Let T;{ l(x,y) denote the best approximation polynomial
3
of function f € Czﬂ by trigonometric polynomials of order
non superior to (k,1). We have

- k 1
we(r,g))si log(1-r)| |log(j-§>)l (m+1 )(n+1) i Z Te Isk'l(x,y;f-'l‘;'“)l«r
k=m 1=n

o OO

DSTY e |t - T;’n(x,y)l> .

k=m 1l=n

By {(10),

M,, E_ _(f)
_ 12 “n,
Wylr,p) < [Tog(1-r)[ [Log(1-¢]] ?ﬁf1)(n+1)(1-r)(1—9)

and, for r € <r°,1), 9 e:<90,1), we get

'u‘|12(r,9)<P¢I13 (f).

:
m,n

Using (11), we obtain

M oo
1 z y z 1 ,
w3(1"9)<Tlog(‘l-r)] Ilog(1-9)|(n+1) 2 g (1Sk.l(x'y;f_‘1;.',n)|+

+ |1 aGov) -t <
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M
M1h
< TTog(1=r)] [Tog(1= )] (a+1)(1-9) ; B un(f) =<

M

Mg
= Tog(1-1)[110g(1= )] ; B ,u'.n(f)’

where M = [log2 m], w= 2% -1,
Analogously we obtain the following inequality

log2 m
; < el
Wylry0l< [1og(1-r)]10g(1-¢)| 5 Em 2v~1(f).
Y= 1

Proceeding as in the proof of Theorem 2 and applying the
properties of the best approximation E n(f), we obtain
1

M

17 ' Sk E)
Wi(ryo) < Toog(ror)] |1og(1-9]] S

{k+1)(1+1)

(i =1,2,3,4) and we have (12). The proof of inequalities
(13), (14) is similar,
From {12} - (14) we obtain the following corollary.
Corollary. If f e Czn; Py = ~1,0,1,40s
then

lim B(r,¢;p,q) = O.
ot
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