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ON SOME RELATIONS OF TANGENCY OF ARCS IN METRIC SPACES 

In t roduc t ion 
In t h i s paper we sha l l use the. no t ions given in the i n -

t roduc t ion to [23, analogous to [6 ] , Accordingly, we introduce 
the r e l a t i o n T ^ ( a , b , k t p ) defined as fo l lows 

(1) T ^ ( a , b , k , p ) = {(A,B); AUBCE and (A,B) i s ( a , b ) -

concentrated at the point p € E 

This r e l a t i o n w i l l be ca l l ed the r e l a t i o n of ( a , b ) -
tengency of s e t s of order k a t the point p . 

If (A,B) € T ^ ( a , b , k , p t h e n we sh&ll say tha t the set A 
i s l a , b ) - tangent of order k at the point p to the 
set B. 

There a r i s e s the fol lowing ques t ion: i f the s e t s A,B 6jS0 

are ( a ,b ) - tangent of order k a t the point p of the 
space (£ | l ) » then when these s e t s are (a", b') - tangent of 
order k a t the point p of t h i s space? 

In the present paper we consider t h i s problem in a metr ic 
space (E,p) f o r r e c t i f i a b l e a r c s having the Archimedean 
proper ty a t the point p and f o r r e a l f unc t ions def ined by 
the e q u a l i t i e s 

and - ^ l ( A ^ S ( p , r ) 
r 

( r ) , B ^ S , ( p f r ) t { r ) ) -
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2 J.Grochulaki, T.Konik, M.Tkacz 

? 0 ( A , B ) = sup { p(x,B); x 6 A ] , 

P . | U , B ) = max ( p0(A,B); po(B,A)J , 

P 2 ( A , B ) = min j p0(A,B); pQ(B,A)}, 

P 3 ( A , B ) = inf | diamf (jxj UB); xeA 

P 4 ( A , B ) = max | p3(A,B); ^(BfA)}» 

9 5 ( A , B ) = min | p3(A,B); p3(B,A)j, 

? 6 ( A , B ) = diam,(AUB), 

P 7 ( A , B ) = infjp(x,B); xe A| 

for A, B e E . By definition, o(x,B) = inf p(x,y) and 
0 y e B 

diam?A denotes the diameter of the set A in the metric 
space (E,p). The functions p ^ i = 0,1,...,7) are special 

cases of the function 1 Q considered in [6] such that 

(3) Pit{xMy}J = 1o ( x» y ) = f o r 6 E-

1. For any sets A,B,C the following inequalities hold 

(4) p(A,C)<p(A,B) + ^{AU B,C) + diam^B, 

(5) diamf(AU B) <diamfA + diam?B + f(A,B) 

where, by definition, ^(A.B) = ̂ (A,B) = ^in| p(x,y). 
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On some r e l a t i o n s of tangency 3 

Now we sha l l prove the fol lowing lemme, 
L e m m a 1. If 9(A,B) = 0, then 

(6) aup p(x ,C) < sup p(x ,C) + diam« B. 
xe(AUB) xeA ' 

P r o o f . Assume that y(A,B) = 0. For any se t s AtB,C 
the fol lowing equa l i t y holds 

sup p(x,C) = max 
xe(AUB j 

sup j>(x,C), sup p(x,C ) 
xeA xeB 

If max sup p(x ,C) , sup p(x,C) 
xeA ' x€B ' 

= sup p(x,C), 
x'e A 

then the equa l i t y (6 ) c l e a r l y holds. Hence assume that 

max sup o(x ,C) , sup p(x,C) 
xeA ' xeB ' 

= sup o(x,C), 
xeB 

Then we have 

(7 ) sup 9(x,C) = sup . p(x,C), 
xe(AUB) xeB 

Take an a r b i t r a r y £>0. By assumption, there ex i s t points 
y 'eA, x ' e B such that f>(x',y' )<-|-. Let x be an a rb i t r a r y 
point of the set B. ihen we have 

p (x ,C)<p(y ' ,C) + f>(x,y')<sup p(y,C) + p (x , y ' ) 
yeA ' r 

«s sup p(y ,C) + p (x ,x ' ) + o ( x ' , y ' ) < 
yeA 

sup p(y ,C) + diam-B + o(x ' ,y ' ) < 
yeA ' 1 

sup p(y,C) + diaimfB + , 
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Hence 

sap o(x,C)s£sup o(y,C) + diamyB + 4- < 
xeB 1 yeA ^ 

<sup o(y»C) + diamfB + 
ye A 

Since t ia a r b i t r a r y , we in fe r that 

(8) sup p(x,C)«s sup P(y,C) + diam-B. 
X€B 1 yeA 

From (7) and (8) we obtain the inequal i ty (6) , which concludes 
the proof of the lemma. 

L e m m a 2. I f 

(9.) A q = A 1 U A 2 U A 3 , 

(9 ' ) B q - B 1 U B 2 U B 3 

are aeta such that 

(10) 9 ? (A 1 ,A i ) = 0 
i = 2,3 

(10') p 7 ( B 1 t B l ) = 0 

then the fo l lowing inequa l i t ies hold 
(11) f fU - ] ) < 9 j ( A 0 , B 0 ) + diampAg + diam^A^ + diam^Bg + d i a m f , 

(12) j>g(A0 ,B0)^ ^ ( A 1 ) +diamyA2 + diamf A^ + diam?B2 + diamyB^, 

(13) f ^ t - A - ) » J J
0 + diamf A2 + diamjA^T diamyBg + d iaa ? £ v 

(14) p0(A0 ,B1 )<p0(A-] >E0 ) + diamfA2 + diaiiipA^ +diamf H0 + d i a i ^ . ^ . 
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On some r e l a t i o n s of tangency 5 

- • r o o f . Proia v4), (9 ) and (10) we o b t a i n 

9 7 CA1 ) < p 7 U . | U A2 , / ;1 ) +"p 7 (A 1 ( A 2 ) -t- diam?A2 = 

= U ig»- J i ) + diaffip-Ag < 

< p 7 (A ^ U A g U A _ ) + py (A^ U A2 ,A^) ai£mpA2 + diacipA^ = 

= ^ ( A p , ? ^ ) + diaciyAp + diamyA^, 

i . e . 

(11 .1 ) p 7 ( A 1 , 3 1 ) ^ p 7 ( A 0 , B 1 ) + diam fA2 + diampA^ . 

S i m i l a r l y , from ( 4 ) , (9*) and (101) we o b t a i n 

(11 .2 ) p 7 ( A 0 , B 1 ) < 9 7 ( a
0 » 3

0 ) + diam p3 2 + diampB^. 

.From ( 1 1 . 1 ) and (11 .2 ) we o b t a i n the i n e q u a l i t y ( 1 1 ) . 
Prom ( 5 ) , (9 ) , ( 9 ' ) , (10) and (101) we o b t a i n 

9 6 ( A 0 f 3 0 ) = diampCA^ AgU A^U B^U B2U B-j) < 

s£ diamp(A^ U B̂  ) + diampA2 f dianipA^ + diampB2 + diampB^ 

which y i e l d s the i n e q u a l i t y ( 1 2 ) . 

To prove the i n e q u a l i t y (13) l e t ua observe t h a t 

diam?B1 + d i a m p ( j x j U 3 1 ) < 2 d i a m p ( j x j U B 1 ) . 

This i m p l i e s 

( 1 3 . 1 ) d iam ? B 1 + in f d i a m p ( { x j U B 1 ) < 2 i n f d iam f ({x}U B 1 ) . 

Prom ( 5 ) , ( 9 ) , ( 9 ' ) , (10) , (101) , ( 1 1 . 1 ) and ( 1 3 . 1 ) we o b t a i n 
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9 3 ( A 1 , B 0 ) = i n f diam ?({x) U B 0 ) < 
X€A| 

< in f diamf( j x j U B 1 ) + diam fB2 + d iam ? B,< 

s£ inf (diamPB1 + ptx.B. , )) + diam?B2 + diampB, = 

= pU-pB.j) + dianiyB^ + diam fB2 + diam^B^^ 

< ^ (A0 , B 1 ) + diampA2 + diamfA^+ diampB1 + diampB2 + d iamyB^ 

< inf diamf)(|xJuB.|)+ dianipB.j + diam?A2 + diampA2 + diampB2 + diam?B^ 
xeAo 

< 2 in f diam f( jxJuB 1) + diampA2 + diamyA^ + diam^Bg + diamyB^ = 
xeA0 

«= 2j>j(A0 ,B^) + diampA2 + diamyA^ + diampB2 + diamyB^, 

that i s 

»Bq )s£ 29^(A0 ,B^) + diamyA2 + diam^A^ + diamyB2 + diam9B^ 

which gives the inequality (13 ) . 
From Lemma 1 and from (9) we have 

9 0 ( A 0 » B l ) = sup q (x,B 1 ) ^sup q ( x , B 1 ) + diamyA2 + diamyA^ 

= 9 0 ( A 1 ) + diampA2 + diam^A^. 

Consequently 

(14 .1 ) y 0(A 0 ,B 1 ) ^ 0 ( A 1 ,B1 ) + diamyA2 + diam?A.j. 
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Taking into account (11.2) we obtain 

(14.2) p 0(A 1,B l)<9 0(A 1,B 0) + diam,B2 + diam^B-j. 

Prom (14.1) and (14.2) we obtain the inequality (14). Taking 
into account the definitions of the functions 90»93»9g»97 
the inequalities (11) - (14) we obtain the following inequa-
lities 

(15) 93(Ai»Bj + diampA2 + diam^A^ + diamyB2 + diam^B^, 

(15') Pa(Ai»Bj + d i a m ? A 2 + d i a my A3 + diamyB2 + diam^B^, 

where i,5,k,l = 0,1; s = 0,6,7. 

2. Assume that in the metric space (£»9) we are given 
real, non-negative functions a^,i =1,2, defined in a right-
-hand neighbourhood of 0, which satisfy the following condition 

(16) a. (r) -0. 

1 r — 0 + 

Let us put 

(17) a(r) = maxja^(r), a2(r)j , 
(17 ) a(r) = minja-j (r), a2(r)] , 
(18) A(r) = AflS(p,r)v(rj - Ans(p,r)g ( rj for A Cii. 

'He shall prove the following l-emrna. 
L e m m a 3. If there exists q=»0 such that for every 

r,u e(0,q) 
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(19) S ( p , r ) a = j x e ,;; r - u <<^>(p,x) < r + u J * 

then we have 

(20) A (r ) = A1 (r ) U A 2 ( r J, 

wnere 

(21) A 1 ( r ) = [ x 6 A 5 r - S ( r ) < y (p ,x ) < r - a ( r ) j , 

(211) i p ( r ) = | x e A ; r + a ( r ) < p(p ,:<) < r + a ( r ) 

r o o f . Let r , a j (r ) e (0, q) f o r q > 0, i = ' ¡ ,2. 

* ( r ) Let x e A ( r ) . iisnco x e A ?nd x e o ( ; ; , r j y u l and 
L'G x ^ . j ( - , r ^. i'Tom (IS) vje i n f e r th? 

r - a ( r ) < ^ » ( p , x ) < r + ) 

and 

9 ( p , x ) < r - £ ( r ) or - a ( r ) . 

•mis iLi-clien 

r - a ( r ) < £ ( p , : : )<sr - & ( r ) or r + a (r ) ^ £ ( ? , x ) < r + a ( r ) . 

Hence wc hove 

z e A1 (r ) or x e j i 2 ( r ), i . e . 

x e ( . ^ ( r j U A ^ r ) ) . 

s i m i l a r l y we can ebow t h a t i f x «(A^ ( r ) U A 2 ( r J ) , t hen x e A ( r ) . 
tic nee t h e e q u a l i t y (20) h o l d s , 
•ilrom (18) and (20) we o b t a i n 

(22) A n s ( p » r ) £ ( r } - A n i C p . r J g ^ j U A ^ r J U A g i r ) . 

- 574 -
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from (21) , (21') taking into account the formula 

A n s ( p , r ) g ( r ) = { x e A ; r - a ( r ) < 9(p ,x ) <r + a ( r ) J 

we obtain the following e q u a l i t i e s 

(23) p U n s i ? , r ) A ( r j , A^(r ) ) = 0 for i = 1 ,2 . 

Let A be a r e c t i f i a b l e arc with the Archimedean property at 
a point p 6 ; i , def inea in the in t e rva l by means of a 
honeomorphism ep. 

Let us r e c a l l that an arc A has the Archimedean property 
at a point peA whenever 

where s (p , x ) denotes the length of the arc with ends at p 
and x. 

Let us consider the sets defined by the e q u a l i t i e s (21) 
and U' l ' ) ." 

L e in m a 4. If the funct ions a i t i = 1,2, s a t i s f y the 
condition 

(24) a i ' r ) < r for r e (0 ,d ) , ¿>0, 

a (P ix ) , 
Ç>(p,x) A3X -P 

then 

j - d iam f A i ( r ) y . p^O, 1 = 1 ,2 . 

¿ ' r o o f . Consider the set 

(26) r -
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Since A ^ ( r ) C A ^ ( r ) we have 

(27) Y diamfA1 ( r ) < diamf,A1 ( r ) . 

Now we s h a l l prove tha t 

(28) j- diamyA^'r) 0. 

Let us put 

*>(t'r) = 
(29) 

. / J." \ II <p ( t r ) = x r 

where 

t ' r = inf | t ; 0 < t < 1 and <p(t ) e (A n S ( p , r - a ( r ))) J , 
(29') 

t" r =, aup | t ; 0 ^ t < 1 and <p(t ) g (Afl S ( p , r - â ( r ) ) ) J . 

Por the po in ta p, x ' r , x " r the fo l lowing i nequa l i t y hold 

(30) a ( x ' r , x " r ) ^ a ( p , x " r ) , 

where a ( P ) x " r ) , a ( x ' r , x " r ) denote tha length of area with 
enda a t p ,x" r and x ' r , x " r , r a a p e c t i v a l y . The i n e q u a l i t y (30) 
i a équivalant t o the fo l lowing one: 

(30') K - ï ï 

Prom the Archimedean proper ty f o r tha arc a t the point p 
i t fo l lows t h a t 

. . a ( o , x " r ) 
( 3 1 ; p(p,x" ) 
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On some relations of tangency 11 

from (30) ar.d (31) we obtain 

r 

Hence by definition we have 

ptp,x'r) + at»' , x"r) 
f > ( p , x " ) r — 0+ 1 

Consequently, 

r - S(r) + s(x'r>x"r) 
r - a(r) 

1 - + 
? ^ 1. 

- iJri r — 0 + 
r 

a'hia implies 

sU' r,x" r) /a(r) ^ ( r ) 3(r)j 
(32) £ — i -r_fl3. 

r 

By (24) we have 

0 < 1 -

Hence by (32) we obtain 

, , 8lx' , x " ) - ( X u ) - fi(r)) 
( 3 3 ) 2 L — H ? x t ^ T 

Prom (25) and (33) it follows that 

(34) r : r 0. 
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Prom (29) , (29*) and from the equality (26) we obtain 

A 1 ( r ) C ( x ' r , x " r ) , 

where (x1 ,x" ) i s the arc with ends x ' r , x " r . 
Hence we have 

sup p (x ,y )< sup p(x,y )s£ s (x ' J . 
x .yeA^ iy x.y 6(x' r,xNr/ r r 

Consequently, we in fer that 

Y diamf s ( x ' r , x " r ) . 

Hence by (34) we have 

(35) Y d i a m ? A 1 ( r ) r—— 

From (27) ana (35) we obtain 

(36) 1 d i a i ! l p A l | ( r ) 0. 

Similarly we can prove that 

(37) ^ d i a m ? A 2 ( r ) r — 0 + 

3. In the metric space (3 ,p ) l e t us consider r e c t i f i a b l e 
arcs A,B with the or ig in at a point p, having the Archi-
medean property. Making use of Lemma 3 and (22) we obtain the 
fo l lowing equa l i t i e s 

(38) A n s ( p , r ) v ( r ) = A n s ( p , r ) A ( r ) U A 1 ( r ) U A 2 ( r ) , 
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(38 ' ) B n s ( p , r ) ^ ( r ) = B n s ( p , r ) ^ r ) U 3 1 ( r ) U 3 2 ( r ) , 

where and A 2 ( r ) a r e d e f i n e d by (21) and (21 ' ) , and 

3 1 ( r ) = | x e B; r - b ( r ) < 9 ( p , x ) < r - b ( r ) } , 

B 2 ( r ) = | x e B; r + b ( r ) ^ 9 ( p , x ) < r + b ( r ) } , 

where 

b ( r ) = max | b 1 ( r ) , b 2 ( r ) J , 

b ( r ) = min j b ^ r ) , b 2 ( r ) J . 

The f u n c t i o n s b 1 , b 2 s a t i s f y the same assumpt ions a s the 
f u n c t i n s a^ and a 2 . 

From (23 ) , (15) and (15 ' ) we o b t a i n the f o l l o w i n g i n e q u a l i -
t i e s 

(39) 

^ diamyA^(r) + diam^A^r) + diamyB^r^ + diam¥B2(r), 

(40) P 3 ( ^ S ( p , r ) a 2 ( r ) , B n s ( p f r ) b 2 ( r ) ) < 2 9 3 ( A n s ( p , r ) a ^ r ) , B n s ( p , r ) b ^ r ) ) + 

+ dlam^A^(r) + diaa fA2(r) + d i a m ^ i r ) + diam9B2(r}, 

(401) 9 3 ( A n S ( p , r ) a ^ ( r ) , B n s ( p , r ) b i ( r ) ) < 2 9 3 ( A n s ( p , r ) a 2 ( r ) , B n s ( p , r ) ^ ( r ) ) + 

+ diamyA^r) + diamyA2(r) + diam^B^(r) +'diam?B2(r). 
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x b e o r e ui. I f tbs funct ions a^, b^, i = 1 ,2 , s a t i s f y 
the c o n d i t i o n s 

a i ( r ) < r , b i ( r ) < r for r e ( 0 , J ) , < f> 0, 

| a 2 ( r ) - e.,(r)| |b2(r ) - b 1 ( r )| 

r r — - 0 + r r——0+ 0 

and tbere e x i s t s such that for any r , u e ( 0 , q ) 

S ( p , r ) u = | z e 3 ; r - u < ç ( p , x ) < r + u j 

then f o r any r a c t i f i a b l e a r c s A, B vjith the o r i g i n at p e J , 
hav ing the Archimedean property at p we have 

( A , B ) e T p i ( a 1 , b 1 , 1 , p ) < ^ > ( A , B ) e ? ç i ( a 2 , b 2 , 1 , p ) , i = 0 , 1 , . . . , 7 . 

P r o o f . For the funct ions ç^» Çg, <fy t h i s 
theorem f o l l o w s d i r e c t l y from ( 3 S ) , (40) , (401) and from 
Lemma 4. Hence l e t us assume that ( A , 3 ) e 7ie 
s h a l l show 
I f 

max { ? 0 ( A , B ) , 9 0 ( B , A ) ) = ç 0 U , I ) 

then we have 

(41) ftU.B) = 9 0 ( A , B ) . 

T h i s i m p l i e s 

(42) ( A , B ) e T p 1 ( a 1 , b 1 , 1 , p ) < s = ^ > ( A , B ) e T 0 ( a 1 , b 1 , 1 , p ) . 

S ince- the theorem holds f o r the f u n c t i o n from (41) and 
(42) we obta in 

(43) ( A , B ) e T p 1 ( a 1 , b 1 , 1 , p ) < ^ ( A , B ) e T ^ ( a 2 , b 2 , 1 , p ) . 
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Nov.' l e t as assume that 

max | 90 (A fB) t ? 0 (B,A) } = p0(B,A) 

then we have 

(44) ftU.B) = &(B,A). ' 

Consequently, we in fer that 

(45) (A,B) ,p )<s=>(B,A) eTyQ (b1 ,a1 ,1 , p ) . 

Prom (44) and (45) , taking into account that the theorem holds 
f o r we obtain (43) . 

Similarly we prove the theorem fo r the functions P2P?4»P5* 
Hence the theorem holds f o r a l l the functions 
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