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OF A CERTAIN INTEGRAL-FUNCTIONAL EQUATION 

1. I n t r o d u c t i o n 
Let C(X,Y) denote a c l a s s of continuous f u n c t i o n s 

def ined i n X with range i n Y, wheie X,Y "are given 
met r ic spaces . 

Let I = [ 0 f a ] , where a i s a f i x e d p o s i t i v e r e a l number. 
We cons ider t he i n t e g r a l - f u n c t i o n a l equat ion 

(1 ) x(|t) - t ^(t.a.xf»})^..., I tr(t,B,x(»)) ät,z(ß,(t)) ,...,z(f¡a(V)J . t e l . 

wäere f u n c t i o n s P i O ( l « (Rn)IM"m
t Η η ) , f ¿ e C( I 2 * Rn

f R n ) , 
j = 1 , . . . , r , oLj, ^ 6 0 ( 1 , 1 ) , j = 1 , . . . , r , . i = 1 t . . . ,m, are 
given. 

We s h a l l always assume t h a t 0 < < X j ( t ) ^ t , j = 1 f . . . , r , 
0 < ß i ( . t ) < t t i = 1 , . . . , m . 

In our paper we give s u f f i c i e n t cond i t i ons f o r the 
ex i s t ence a t l e a s t one s o l u t i o n x e C ( l , H t t ) of equat ion (1) . 

The ex i s t ence of s o l u t i o n s of equat ion (1) a n a l o g i c a l l y 
as f o r d i f f e r e n t i a l - f u n c t i o n a l equa t ions (see [7 ] , [ 8 ] , [10]) 
i s proved with using f i x e d po in t ' theorems i n t h e Banach 
space. 

Generally speaking these theorems f o r a app rop r i a t e ly 
def ined opera to r r e q u i r e a L i p s c h i t z cond i t ion (Banach f i x e d 
point theorem) or compactness of the opera to r (Schauder f i x e d 
point theorem). 

o 
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2 E. Howicka 

In the literature ne bave found some fixed point theorems 
which combine the results of Schauder and the contraction 
mapping principle (see [l] , [2], [7j). 

The existence and uniqueness of solution of equation of 
type (1) was proved in [6] by the USÓ of the method of 
successive approximations under rather strong conditions. 

The particular case of equation (1) is the equation con-
sidered in [5] (the case r = 1, m = 1). 

A differential-functional equation of neutral type can 
be reduced to the equation of the form (1) (see [j], [7] -
- [10]). 

It Is well known that: if the function Ft (t,tt̂ ,...,ur,v̂ ... 
. ..tv_)—RQ satisfes the Lipschitz condition with respect 
to the last m variables with constants λ,, i = 1,...,m 

m 1 
and ΣΣ, λ.* <1, (and other conditions which are not tied) 

i=1 
then there exists at least one solution of equation (1). 

Results of this type can be found in [2], [7] (i = 1), 
and [β] - [10] (for suitable differential equations). 

The result of this paper for ^(t) «ς/̂ 't i = 1,...m, 
m j 

ft e [0,1] gives the weaker condition ΣΖ. λ ^ ™ <1 for some 
Çj» 0 j = 1 . . ,r. 

In the present paper we use Schauder fixed-point theorem 
in a suoh way as it was done in the particular case discussed 
in [5]. 

It seems that our result oannot be obtained by the use 
of the notion of measure of noncompactness and k-set con-
traction theory (see [2] and [8]). 

2. Assumptions and Lemmas 
In analogy with the paper [6] we define the linear opera-

tors L : C(lfE+)—C(ltH+), Κ t C(I,H+)—C(I,R+), 

m 
(I«)(t) - ^(t)g(^(t)) , 

' i*1 
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On the existence of solutions 3 

r a^(t) 
o f c x t ) . ^ ; ν * ) / s ( s ) d s ' 

d=i o 

where X i t Κ^, α^, β ¿ are given and A i f K.. e C(I,R+), 
<Xjι ^ e c d . l ) , i = 1,...,m, á = 1,. . . , r . 

Put 

i a = 1 t...,m, η = 0,1,..., 

XÍ(t ) = λ,ΟΟ, ¿ T ^ í t ) = Ai ( t ) . ^ l n (β, (t)j-, 
Ί ι n+1 Q+1 a 1

Q +1 

i , i Q = 1,...,m, η = 0,1,..., t e l , 

we have for . g C(I,R+) and η = 1,2,..., 

(LQg)(t) (t)) , 
t,=1 v i 

where L n L»L Q ~ 1 , η = 1,2,..., L° = J - operator identity. 
Put 

oo 
Mg = Lag 

n=0 

with pointwise convergence of the series in I . 
In further considerations we need.the following lemma. 
L e m m a 1. I f h, K j£C( l ,R + ) , oUj, /3^εθ(ΐ,Ι) 

CLj(t), fait) is [0,tJ , t e l , J = 1,... ,r, i = 1,... ,m, and 

m ·= Uh < + oo , 

m = Mk < + oo , 
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4 Κ. Nowioka 

where k ( t ) = ) ' K ^ t j a ^ t ) , and i f m,meC(I ,R + ) , 
d = 1. 

sap l ( t ) / t < + oo , t e l , then 
t e l 

(a) there ex i s t s gQe C(I ,R + ) being the unique solution 
of the equation 

g = MKg + Mh , 

in the c lass of bounded, non-negative and measurable functions 
defined in I . (This c lass wi l l be denoted by M(I,R ) ) , 

(b) the function gQ i s the unique solution of the 
equation 

g = Kg + Lg + h 

in the c lass M(I,H + fg 0) d / {g ί g e M ( l , R + ) , ||g ||0 < + 0 0 } , 
where ||g||0 inf (c : O < g < o < g 0 , c s E + } , 

(c) the function g = 0 i s the unique solution of the 
inequality 

g C Kg + Lg 

in the c lass M( l ,R + ,g 0 ) . 
The proof of t h i s Lemma appears in the paper [6] . 
In th i s paragraph we shal l make the following assumption!. 
A s s u m p t i o n H^. 1. There ex is t functions 

V T j i h , H 0 e C ( I , R + ) , i = 1 , . . . , m , j = 1 , . . . , r , such 
that 

(a) j F ( t , u 1 f . . . , u r , v 1 , . . . , v m ) - P ( t , u 1 f . . . , u r , v 1 t . . . 

< ñ V t ) Κ - v.||, 

(b) | p ( t l u 1 , . . M a r ) v 1 , . . . , v m ) | < C r d ( t ) ||u.|j + 

+ llv^l + H 0 ( t ) , 
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On the existence of solutions 5 

(c) |fj(tfefu)| < ld(t) |tt| + hj(t), á = 1 
df 

for t el, ||u||, ||vi||, ||vi|| < R0 = maxg0(t), i=1,...,m, 
tel 

(where S0(t) - defined in Lemma 1), =0 

,ud||<H. t'a E max lj(t) + max h.(t) 
. t e l 3 tel 3 ι d = i,...,r. 

2. The assumptions of Lemma 1 are fulfilled for 
r 

h, K. eC(I,R ) defined Tay h(t) = Η (t) + Σ1 í-¡ (t )a, (t )h . (t ) 
<j + ¿=1 J j j 

Kj(t) = yd(t)l3(t) j = 1,...,r, tel. 

Let W d= [y : yeC(l,RQ), |y(t)|< g0(t), tel] with so 
defined in Lemma 1. 

We can now prove the first result. 
L e m m a 2. If Assumption H^ is fulfilled, then for 

any yeW there exists the unique x(· ,y)e W toeing a solu-
tion of the equation 

<t,(t) ar(t) 
(2) x(t)«il·t, J ̂ (t.s,/(«)) de,... J fr(t,e,y(.)) di,x(̂(t)) .... x(ßa (t))j , tel. 

o o / 

P r o o f . We define the sequences j^J» puttings 
â t) ar(t) 

Vi(t) J'/Wi·))«« j fr(t...,f,)) d». *è(/^M) .... \(ßuM)j . 
x0(t) = 0, η =0,1,..., tel, 
and 

s ñ + 1 » (U£)Xt) 
= Sq^). n • 0,1,..., tel, 

with gQ defined in Lemma 1. 
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6 Κ. Nowicka 

We prove by induction that 

(a) ||xn(t)|| < eo ( t )' ii = 0,1,..., tel. 

We have ||*0(t)|| = 0<go(t) and if we suppose that 
|xn(t)| < g0(t) then 

H*n+1(t) II = J* ft. J to J fr(t,8,y(B)) de,xa (̂ (t)) 

f' ( w c ,HI+&(t) +Ho(t)< • 0 1=1 

<£>y«JΙΉΙ* + 1 y*> Ä3(t) + XVHKŴ II+ 
J=1 0 J=1 1=1 

* E°(t) < r v ^ J >¿ñ) ** * Σ > > g° +h(t) ° e»(t)· * e 1 · J-1 0 1-1 

From here and by induction we have (a). 
Prom the definition of the sequence we have 

g;(t) = (lq g0)(t). 
It follows that g*(t) = 0 as n —o», tel (see [ß]), 

where denotes the uniform convergence in I. 
Further by induction we get ||*n+p('fc-' - ̂ ( O f <βη(Ό» 

tel, ρ,η = 0,1,2,..., . 
The proof this fact is very simple because we have 

||xp(t)|| <g 0(t) = g0(t), ρ = 0,1,2,..., . 
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Qn the existence of solutions 7 

Suppose that Jaĉ  ("t ) - xQ(t) J, < g*(t ), then 

1 wi(tl • ν ι ω I - ¡ ' Η fi(t""y(e))48 J fr(t,e'y(B)) ""v, W t ]) -'Vp ( w m 

ait) cL(t) 1 Γ 
. J (̂t.1.7 (e))iB,...J fr(t,.,j(s)) d>, < xn(̂ 1(t)) \(ßtW)J 
' η η / 

'»It, 
"o 

• • 

lei 1*1 

Prom this estimation and according to g^(t)=tO, tel, we 
have that the sequence {^j converges in I uniformly 
to χ being the continuous solution of equation (2) in the 
subset W. 

We must prove that the solution χ of (2) is unique. 
Suppose that X,S are solutions of (2) and xfxeW we-have 
then 

a/t) o.r(t) 
-x(t)| « I »Ít.jf̂t.e.rí«))«!·,..., J (̂».«.yWjí.̂ ĉt)) χ (yJB(t))j -

, ot1(t) ctr(t) , J rjt^ae)) d· J fp(t,.,y(e)) 4»,x (fl,(t)) ,...,f (ßa(t))\|< 
0 0 ' 

·» t 

• 

^ J T v ^ k w - W « ) I · < 6 1 · 

Put u(t) = |f(t) - f(t)| we have u(t) <.(Lu)(t). 
This implies that u(t) < (Ln u)(t). On the other hand since 
x,xe W, then u(t) < 2 (Ln gj(t)=0 for n-<*>, tel. 
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8 Κ. Nowicka 

Finally u(t) β o and we conclude |x(t) - x(t)|| = 0. 

Thus the proof of Lemma is complete. 

Consider thè operator U : W — W 

U y Ì f χ(· ,y) , 

where x(*,y) is the unique solution of equation (2) for 

a given y e W. % 
Under some additional conditions we shall prove that the 

operator U has a fixed point in the subset W. 

Let ,ω. ,ÖL ,£L ,2. £ C(R .R ), j = 1,...,r be subaddi-. O J J J J + + 
tive and non-decreasing functions and ^ o(0) = co^(O) = 

= öXj (Ò) = CL. (θ) = (O) = 0, J = 1,...,r, such that 

1. ¡I^t,^,... ,ur,v1,...,vm)- P(t',u'1t...,u'rfv1f... , v m | < 

r 

< w 0 ( | t - f | ) + - u'.ll) 

d=1 

for t.t'el, ||v|| < E 0 , |udJ, |u'd|< E d , ¿j=1,...,r, 

2. Ifjít.s.vJ-fjjdí.e.v' ) ||<c5d(|t-f |)+âj(||v-v'||), d=1f...,r, 

for t,t'e I, 0 < s < min(t,t' ) , ||v||, ||v'|| < R Q , 

5. |oUj(t) - aj(V)| < cSjdt -t'| ), J = 1,...,r, t.t'el. 

Note that such functions always exist, in fact, they are 
the moduli of continuity of suitable functions. 

A s s u m p t i o n Hg. Assume that the following 
series are convergent 

1. (t,,...,d r ) = (MpJCt,«^ ,. ..,^) < + «= , 

r 

where pit,^,..., <5"Γ) = ΣΖ, ω^ (ί^α^ (t)), j = 1,...,r, 
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On the ex i s t ence of s o l u t i o n s 9 

2 · ·2(ν*2) · Y^YL-'È l k w 
k . 0 1 »1 1 >1 1 k 

where t 1 t t 2 e I , u ( s ) = ω0 (a) + ^ cJj(s ω^(β) + R^ £>.j(s)) . 
J=1 

3 . The f u n c t i o n s m^, nig axe continuous. 
L e m m a 3· I f Assumption H^ and condi t ion 1 

of Assumption H2 are f u l f i l l e d , then the opera to r U i s 
cont inuous i n W. 

P r o o f . Let y 1 ,y 2 € W and x 1
 d=? x ( - , y 1 ) = Uy,! 

df x 2 = χ ( · , y 2 ) = Uy2 a r e s0111"1-*®1113 o f equat ion (2) . 

(max 
t e l 

Put u ( t ) = | | x 1 ( t ) - x 2
( t ) | | » ¿J = |j y-! Ct: ) - y 2 (-t ) [J ) , 

Ó = 1 , . . . , r , by our assumptions we get 

^(t) oc/t) 

= ¡x/t) - x2(t)|| - Lit , J ί,Ο.β.^β)) de J f^t.e.j^s)) da.̂  ^(t)) (/3,(t,))j -

.it) ct.(t) 
" » ( C J 1» J tr(t,e.y2(s)) is.x2 (/¡¿ti) 

««jit) 

< 
j = 1 0 1 .1 

r 
< 1 

J = 1 i « 1 

r « 
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10 Κ. Nowicka 

Finally, we get 

u(t)<p(t,6'1 Sx) + (Lu)(t), 

Q-1 
u ( t ) < ^ (L^pKt,^,...,^) + (Lnu)(t). 

k=0 

But u(t) < 2 gQ(t), consequently we have 

n-1 
u(t) Λ ) ( T , < $ · . , Sr) + 2 ( L Q g0)(t) . 

k=0 

Letting n-»oo and from g0 ) (t ) =t 0 for Q — « we obtain 
u(t) < MpCt,^,... ,δΣ) = m^ (t,^ ..,(5"r). By the continuity 
of the function m^ we conclude the.assertion of Lemma 3. 

L e m m a 4. If Assumptions Hg , are fulfilled and 

m in ί j j ι j 

Y1"'YZ λη'"" n ( t 2 ) g o ( ^ n 1 " " ' n ( t l j ) = t 0 a s " » - o . , W 1 

i1=1 in=1 

then the set U(W) is compact. 
P r o o f . The set U(W) is a subset of C(I,RQ)> hence 

this Lemma is an easy consequence of the Ascoli-Arzela 
theorem. Indeed with the following calculation we havet 

Let y e W and χ = Uy 

«••Λ) 

il* M - « M I - ||Γ ( ν / f i ( V ' " ( , ) ) / f r ( v · · ' ^ (M\) ) )) -
0 0 

. α ΐ ( Μ « Λ ) 

- » ( y J J y v , f e ) ) « • · » . · · · . 
\ o o 
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O n t h e e x i s t e n c e o f s o l u t i o n s 11 

Aj(*i) α Λ ) 

1 • 1 ^ o o 

• 

•]Γ\(*2) Ih (M)·*) - 1 Η**)' t)\<uO (I s -si)· 
1 » 1 

r • 

j • 1 1-1 

m 

«o |tl-t2| ̂ H W I - C W )||· 
1 • 1 

L e t ^ ( t 1 f t 2 ) = j | x ( t 1 f y ) - x ( t 2 , y ) | | , n e h a v e 

m 
^ ( t ^ t g ) < ^ ( t 2 ) O C ^ C t , , ) , ^ ^ ) ) + ω ( - t 2 | ) 

i = 1 
a n d c o n s e q u e n t l y 

k=0 i1=1 ik=1 

+ Σ1·"Σ1 λη1 1η(*2>*Ρη S), ßn V*) · i 1 = 1 i n = 1 

f o r η = 0 , 1 , . . . , t 1 f t 2 e I . 
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12 Κ. Nowicka 

But tf(t1ft2) < + g 0 ( t 2 ) , thus 

Γ2- i, i /t« 1 i \ 
L - Σ λ n ( t 2 ) )< i„»1 i »1 1 D 

<t-t ¿ '>>> '>•)) t-t ¿ ν («: - (,)) · 
1 »1 1 »1 i «1 1 

1 η 1 η 

By assumptions of the Lemma we get 

(Ln g 0 ) ( t 2 ) = 0 f o r n — o o . 

F ina l ly , l e t t i n g n—»-<=>o by (3) we obtain the est imation 

r 2 , r ^ sr^ S ^ / 1ι,····ιν S *k \ 
í s a κ e s ) - κ (ν) · 

k=0 1 «1 1=1 1 k 

By the cont inui ty of the func t ion m2 we i n f e r the 
equicont inui ty of a l l x(» ,y) and now by the Ascoli-Arzela 
theorem we a r r ive a t the a s se r t ion of the lemma. 

4. Theorem on the existence 
T h e o r e m 1. I f Assumptions H^, Ep are f u l f i l l e d 

and r e l a t i o n (3) holds, then equation (1) has at l e a s t one 
so lu t ion xeW. 

P r o o f . In view of Lemmas 2 ,3 ,4 and the Schauder 
f ixed-po in t theorem the as se r t ion of the theorem i s obvious. 
In f a c t , we see tha t the continuous operator U maps the 
bounded, closed and convex set WeC(I,Rn) in to i t s compact 
subset U(W), thus i t has at l e a s t one f ixed poin t . 

This f ixed point of the operator U i s the so lu t ion of the 
equation (1); 
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Ou the existence of solutions 13 

Now we can give some effective =conditions under wüich the 
assertion of Theorem 1 holds true. 

T h e o r e m 2. If condition 1 of Assumption üj is 
satisfed and if 

Κ. (t ) < K. = const, j = 1,...,r, tel, <J J 

aj(t) < äj't, ßi(t)<ßi^t, äyß^e [0,1] , i = 1,...,r, 

i = 1 . . ,m 

h ( t ) < H t p for ρ > O, Η > O, 

A}(t) < Xí = const, i = 1,...,m 

q . 

ω0(s) = 00*SX, = Qj'S q.. = const, J = 1,...,r, 

Ω0» Qj e E+, J = 1,...,r, 
¿Jj (s) sQ^-s^, ^ = const, cdj (s) 

= const, i = 1,...,r, Q^, Qj e R +, 

df 

Çj = min (p,q.j,Â .j*q.j,̂ j-q.j), d = 1,...,r, 

and 

m 
(Ό H ^ f ^ l , d = 1 »· ·. »r, 

i=1 
then equation (1) has at least one solution χ e W. 

P r o o f . To prove this theorem it remains to observe 
that under conditions assumed Assumptions H2, condition 2 
of E^ and relation (3) are fulfilled. 
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14 Κ. Nowicka 

The results form the following estimations! 

V Î È - L ^ 1 ω̂ tl^ñi^^^h 
k=0 i1=1 iks1 j=1 v 

oo m m k r k 

k=0 1̂ =1 lk=1 le=1 1 j=1 1=1 

Î E ^ v ^ V È - È Π -
k=0 j=1 ik=1 1=1

 1 ν 

Ä - — / J n q.\ k . -, q. 

k=0 j=1 xl=1 ' 

and 

*2(vv ^ φ ί i1 lk(*2>D< 
k=0 i1=1 ik=1 

co m m k j- k k 

^ C L - L Π \ ω(Γΐ fi h'*; 
k=0 1„=1 i, =1 1=1 AL \1=1 ' xl=1 1 k 

oo m m k / k . 

<ΕΣΖ·· ·ΣΙΠν2ω(Πν*)· 
k=0 i1=1 ik=1 1=1 \1=1 / 

where t = max (t^tg). 
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Oil the existence of solutions 15 

F inal ly , we get 

k 
m 2 ( t 1 f t 2 ) < 2 ^ YJT^h 

k=0 j=1 \ir1 

^ - q . S). . q . j j . ·q . 
t X Q 0 + Ω-»a 3 J α Ω. + (E Q t Γ 3 3 

J J J J 
< + oo . 

I t i s clear that m̂  and n^ are continuous. 
Relation (3) of Lemma 4 , is implied toy 

in=1 i 1 =1 in=l\l=1 V 

cH-t^ f y ~ \ fifj = S 0 as n - o , . 

Now we find that Assumptions H^, Hg and re la t ion (3) 
a r e ' f u l f i l l e d i f (4) holds. 

5. Some remarks 
The following i n i t i a l problem for functional d i f f e r e n t i a l 

equation of neutral type of the form 

( 5 ) x t n )(t) = ι (t^d)) ,*'(a2(t)) x(°"1)(aaCt)). i ( n ) ^ ( t ) ) ...Ja) (fljx)jj , 

for t e l and 

(6) χ(0) = x* (0) = . . . = x ( n - 1 ) ( 0 ) = 0 , 

(the general i n i t i a l condition x ( t Q ) = cQ , x' ( t Q ) = 
= c 1 f . . . = cn_^ by the substitution y( t - V = 
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16 Κ. Nowicka 

I . · 
= x(t_) - > ! Vr (t - t )d reduces to the condition consi-

0 1=0 Ζ' 0 

dered here), can be reduced to the integral-functional 
equation of the form (1). 

If we want to investigate whether there exists 
χ e Cn ([0,a]) (Cn( [0,a] ) consider the Banach space of η tines 
continuously differentiable functions χ from [0,a] to R) 
which satisfies equation (5) with conditions |6). We can reduco 
by the substitution x ^ ( t ) = y (t),...„,t) = / y(s)ds 
the initial problem (5) - (6) to the equivalent equation 

/ i (a tt)^' % \ 
(7) ytt) - » it. I y(s)ds,..., I y(e)dB,y (tyt)) , ...,y (t))j . 

Now it easy to formulate the sufficient conditions for 
the existence of solution of the problem (5) - (6). 

In this way we can obtain the result more general than 
that one stated by Nussbaum [a]. 

This fact can be motivated by the simple functional-diffe-
rential equation 

(8) χ' (t) = k-x' (m.t) + g(t), 0 < t < H, x(0) = 0 . 

In this equation k and m are constant, 0 < m < 1 and g 
is a Ca~'' function. 

The result of Nussbaum can be applied to this equation, 
it yields the answers If Ik m11-11 < 1, η >2 and k m^ 4 1 
for 0<£j^n-2, -there exists a unique solution of (8) in 
Cn ([O.H]). 

The results of this paper used to this equation give the 
answer: If lkm a|<1, n>2 and k m^ i 1 for 0«ij<n-2, 
there exists a unique solution of (8) in CQ ([o,h]). 

I wish to thank M. Kwapisz for introducing me to this 
field, and for his valuable help and advice during the prepa-
ration of this paper. 
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