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ON TOTALLY UMBILICAL SURFACES
IN SOME RIEMANNIAN MANIFOLDS

1. Preliminaries

let V, be an m-dimensional Biemannian manifold immersed
in ac n-dimensional Riemannian manifold V and let
u® = u“(w ) be the parametric representation of the submani-
fold V, in V,, where (u*) are local coordinates in v,

and (wl) are local coordinates in V . Iet B = CA
where i d/aw .

If G,, 1is the fundamental tensor of the manifold V
then gij defined by 513 = Bi BJ Gyo 18 the first fundamen-
tal tensor of the swbmanifold Vpe In the sequel Greek indi-
ces take values 1,...,n and Latin indices take values 1,...,m
(m<n).

let N/ (x,y,z = M+1,..440) be pairwise orthogonal unit
normals to Vpe Then we have the relations

] o, (x=y) .
N = o -
(2) gt 2 BJF‘ = g4 ";"x NenFf,

where e, is the indicator of the vector N;‘.

The Schouten curvature tensor Hia of the submanifold

v is defined by

m
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(3) Hyy* = VIBJ“ )

where Vi denotes covariant differentiation with respect to
the fundamental tensor Sij of Vm.
If we put
a _ o
(%) Hi;j ‘; °x Hijx Ny »
then the second fundamental tensor Hijx for N£1 is given
by
= o
(5) Higx = Hyg™ Nygo

- w
where N, = N ° G,

The Gauss and Codazzl equations for Vm can be written
in the form
(6) Ryest = Buegt *& O (Bygy Hygy = Hygy Bgy)
and
(7) Ryggx = Vaflgyx =~ Nidligx +;°y(l‘1yx Byegy - Digx Bigy)
respectively ([3], [2]), where I&xw is the third fundamen-~
tal tensor with respect to the normals Nif; given by

(8) Lixy = (VN Mgy (= =Dygy)

ledi' ﬁaﬂ’ﬁ'&re curvature tensor for Vm and Vn, respecti-
vely, and

(9) Fygyy = RogysBy B BB, Rypyy = RogpoBy B BINT

We have also the equations of Weilngarten

a _ _ngtT o a
(10) VN * = -H, " B +§eyLmNy ,

k rk
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2. A totally umbilical . submanifold
If Hy * Jdefined by (3) satisfies the relation

(11) Hida' = SidHa’

where the vector H“, called the mean curvature vector, is
given by

(12) g% =1gm *,

then Vm is called a totally umbilical submanifold.

From now on we assume that Vm is a totally umbilical
submanifold of Vng

Putting H, = H N, and using (5) and (11), we obtain

(13) Hyjx = 8430y

whence, in view of (4) and (12),

(14) B =Z;exﬂx)xx°‘ .
Therefore, using (1), we have
(15) " = e, (5,)°.

One can easily éhow (see [4]) +that

@ B

(16) V{E = - (HH )Bf +§,;exA1xNx°" .
where
(17) Ay = 04Hy +2 ogLyp .

Substituting (13) and (15) into (6) we see that

(18) le.’ji = ﬁlk;]i + (Haﬂa)(glisk:j - Eljski) ’

- 387 -



4 W. Grycak

and substituting (13) and (17) into (7) we get

(19) Begax = BiaBge = Ay -

But (19) by making use of (14), (15) and (8) yields

(20) Begtad = 2 V@B )y - 3 95 (H gy,

where

VL (BE") = e by -

LV

(21)

3. Main results
In the segquel we shall consider the condition

» L]
where éam defined by

» » 1 -
(23) Cupps= Ragpo~ 5=z (GraRus = g Rap+ GasRypy = Gapltys) +

R
* )62y (Cas Orp — CasGo6)

is the Weyl conformal curvature tensor of Vn. Ve denotes
here the covariant differentiation with respect to Gaﬂ, and
c].k;]i indicates the Weyl conformal curveture tensor of Vm.

Theorem 1. Let V“1 be a totally umbllical sur-
face in a manifold V, satisfying the condition (22). Then
for Vm the following relatlion holds

(24)  RpyCiigic * A1xCohkeg * AsxC1knt * ACrgin = 0
A _ & CnfnTnd
Proof, Let cri;]k = CugysBp By B;j B, denote the
projection of the conformal curvature temnsor onto the subma-

nifold V . Using (18) we have
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(25)  Tpygy = Rpgqp = BB (BpyByy ~ Br485,) +

1 - - = -
5-2 (B33Rpx = Byufry *+ Brfyy = BpRyy) +

R
@) (@27 (Brifij = EryBux) »

+

where Rrk = ﬁapBr Bk .
Since Gy B1°‘ pr = 0, we obtain, contracting (23) with
N2 B/ Bjﬂ B end using (19),

~ 1 - =
(26)  Cyygi = biyByy = AyxBix ~ o3 (Bg3Rpn = B3 Ryy)s

A - n ap B 6 B _ B e
where Tyjjy = Capgly By BB, Ry = RNy Bf.
But the condition (22) can be written in the form

» % “ ,‘ 1] Q" » lF -
CuppR’ sg ¥ CaursR” gugt Capps R g+ CoppRs00= 0,
which ylelds, after trangvecting with B/ By BSBIBPNY,

5. J 5 g 5 gk & 7. -
@7) iR mix * Cupgi® 11x * Chip® j1x * Chagp® ax = O

Msking now use of (2), (25), (26) and (19) we obtain
(@8) Ty R 1= Bnife® 15k = Anfuagi *
Ahx —
+ gz (Bygfyy - Byfyy) +
1 —
- 22 By (By A" Ry - Bk xRpg) +

* 8135 DiyRonae ~ 81k PyyRynix + Paginix s
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where
5 - ap BnfTy 6
Rynix = BappsNy By By Ny
Py = 2B (8B - 8 Ky - 2l (A By - A Bp)
ijkhlx = o=2 ‘Budiy ~ B13R4k) ~ a7 BBy - Aixfix

R
* =13 (=27 801 AiaBiy ~ AyxBi) +

Ra
- BX_  (g,844 - ) +
(o=1)(n=2) ‘B1kBij ~ &138ik

+ (HaHa)Ahx(glkgij = gljgik) -
~ (BE) (Aiy8p185 5 = AgeBpiBaic)s
D = e (A - —tsR_.).
ky = °y M T -2 By
It is easy to verify that

(29) Py jknix * Phkjilx * Prnijix * Fjinkix = O

Using (28) end (29) we may express (22) as
S 8
(30) En1dex® 13k = Anfiigk * Bi1fax® hkj ~ Aifinkg *
8 S
+ 831868 xni ~ A3xf1knt * Bfex® jin T Aafijin t
A ‘
hx = = 1 rs r
+ 50{81 3R~ B3Py 3) = 5oz By (85 54 (R~ Byph 5Rpg) +
+ Aix(s Ry:-8g. R ) - A g:1(g AT R . ~g AT R.) +
-2 ‘8hk™1j ~ Bhjtix/ T u=2 Bil'‘Bpk® x™rj ~Eni® x“rk

A
X = 1 r s T =
+ 52548 Rr g ~ Bafhp) ~ 5o 831 (Exnd 3 Bri ~Exsh 2Rpn) *
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Mg, B, -8 Rye) - o g (8 A ) +
+* 52831 h~ 8jhM11/ T n-2 Bx1'‘Bjift x Ren gah <Bri

+ 8135 5Dy Rynix = 81y PyyRynix + By PiyRysix ¢

" 83 3 PyRysax * 8515 PryRyiax - Bkt 5 PnyRygux ¢

* Ben %> DiyRyjix ~ Byndy DiyRynax = O

r _ sr
where A x = Asxg

Contracting (26) with gij we obtain

1 - - -
(31) - g5 (Apfyy + AgRyy - A R, — AT, Fp8)) +
§3 (PyRynix + PnyRyrax) + m-,_ 57 Epky DryRyrlx =

r r
= 5oz (Bpfye + AoRip = A g RuBpy = A R8s )

which, after a contraction with ghk, yields
-1) 2-pf =
(32) 2(m=1) &D" Ry gy

r sr
where D y = Dshg .

In view of (32) the equation (31) takes the form
1 5 5 r5 b
(33) 5o (ApafRyp + MRy ~ ARy — A g RppByy) +
+Z( eyRyhix * PhyRyrix) =

= g (B Ry + MgRyp = ApR 8py = ApR 8y )
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Hence, in view of (3%), the relation (30) can be written
as

r I Ir r
(34) Bp1hr® 14k * B11%0x® nkj * B51Ar® khi * BatrdR jin *

ARi1gk ~ Aifinkg ~ APt~ Aofijin t

A

+

+

g/ T r
7=2 813 AnP1r * Acfin ~ A kBl T AR b8kl

-+

1 r r
a2 Bk (Apf1s * A5l ~ An® 3B1n ~ ApgR n1y)

-+

1 T r
+ 52 Bap(AgRyg * Agfys — AR 5813 — AR 4813)

1
e

1 r r
=2 8nj ARk + ARy - AR By — AR 4By =

hl

Contracting pnow this with g we get

, 1
(35) ArgRrijk i) (gijAriRrk - gikAerrj) =

= m3 ARy~ ARax) = a7 )qu-:z) (MB35 = A yxBi1c)e

Applying the last relation to (34) we conclude our asser-
tion.

In an analogous manner as above we may prove

Theorem 2, If Vn satisfies the condition ob-

tained from (22) by replacing Eaﬁ,g by §a£15, and V_ 1is
totally umbilical, then (24) holds.

Corollary 1. If both Vn and Vm are analytic
and V, 1s connected, then either

(1) Cpysx = O oOF

- (11) Ayy = 0, and the vectors ViHOL (1=14¢..,m) are

tangent to Vm.

The proof follows immediately from Lemma 4 of ([S]) and
(16).
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Remark 1. Adati and Miyazawa introduced [1] the
coiicept of a conformally recurrent space. It is defined as an
n-dimensionel (n>3%) Riemannian manifold whose Weyl'’s
conformal curvature temnsor Cpjx satisfies the conditions

(111) V1%13x = #1%h15x

for some vector ¢,. Differentiating (11i) covariantly and
using (iii) again, we obtain

Chijk,1n ~ Chijk,ml = ¥1,m = %m,1)Ch1 gk »

which, in view of Theorem 1, leads immediately to

Corollary 2. Let Vm be a totally umbilical
surface in a conformally recurrent space Vn. If the recur-
rence vector ¢. of Vn is locally & gradient, then for V
the condition (24) is satisfied.

Remark 2. wannw proved [6] the following remerk-
able theorem: Let M be a Rlemannlan manifold with positive
definite matric. If for some integer p>1 +the equation

m

(iv) V --.V C . - O
k,] )% hijk

holds, then
Combining Tanno's theorem with Theorem 1, we have
Corollary 3. Let Vm be a totally umbilical
surface in a Riemannian manifold Vn' If the matric of Vn

is positive definite and the Weyl’s conformal curvature
tensor satisfies (iv), then (24) holds.
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