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ON TOTALLY UMBILICAL SURFACES 
IN SOME RIEMANNIAN MANIFOLDS 

1. P r e l i m i n a r i e s 
Let Vm be an m-dimensional Çiemannian mánifold immersed 

in an n-dimensional Riemannian maaifold V_, and l e t 
i 

u<t _ Ua-(W
J·) be the parametr ic r ep re sen ta t ion of the submani-

f o l d Vm i n V_, where (u a ) are l o c a l coordinates in V_ m η * η 
and (w*) eire l o c a l coordinates in Vm. Let B^* = S^if", 
where = ô/ôw*. 

I f i s the fundamental t e n s o r of the manifold VQ, 
then g i ; j def ined by g ^ j = B ^ B ^ G ^ i s the f i r s t fundamen-
t a l t enso r of the submanifold Vm. In the sequel Greek i n d i -
ces take va lues . 1 , n and Lat in ind ices take va lues 1 , . . . , m 
(ra < η). 

Let = m+1 η) be pairwise orthogonal uni t 
normals to Then we have the r e l a t i o n s m 

<1> = 

(2 ) g 1 J B« E,P = a»^ - Ε s , " s j , 

where β χ i s the i n d i c a t o r of the vec tor N ^ . 
The Schouten curvature tensor o f "the submanifold 

Vm i s def ined by 
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2 ff» Grycak 

(3) = 7 l B« , 

where denotes covariant differentiation with respect to 
Γ ι m the fundamental tensor g ^ of V_. 

If we put 

^ V -Ç-xHlix V . 

then the second fundamental tensor for Νχ
α is given 

by 

(5) H i d x = J^f Ν χ α, 

where Νχ<χ = Νχ
ω 0ωα. 

The Gauss and Codazzi equations for Vm can toe written 
in the form 

Rlk3i = filkji +Ç ex ( Hlix \¿x - Hljx Hkix> 

and 

(7) Rlkjx = V ^ - VfcH^ H k á y - H 1 3 y) 

respectively ([3]» Γ^])» where L^^ is the third fundamen-
tal tensor with respect to the normals Νχ

α, given by 

(8) Llxy = (νΑ«-)Ν7οΕ (= -Liyx), 

®lkji' ̂ o-ßfö a r e curvature tensor for Vm and VQ, respecti-
vely, and 

(9) S m i = W ^ V 3 / 3 / ' Slkjx = W ^ V 8 / 1 1 : 
We have also the equations of Weingarten 

do) ν / = v x B r * + Ç e ? v ; , 

d" ζ 

where H ^ = H i r x grk. 
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2. A t o t a l l y umbilical submanifold 
If H ^ * defined by (3) s a t i s f i e s the r e l a t i o n 

(11) Hid t t = S i / . 

where the vector H*. cal led the mean curvature vec tor , i s 
given by 

(12) H f t
s i g " i r ; , 

then Vm i s ca l led a t o t a l l y umbilical submanifold. 
Prom now on we assume tha t Vm i s a t o t a l l y umbilical 

submanifold of V n · 
Put t ing H^ = Ηα Ν χ α and using (5) and (11), we obtain 

M H i d* = 

whence, in view of (4) and (12), 

(14) B ^ Ç s M c * · 

Therefore, using (1) , we have 

(15) ΗλΗ* = Ç e x ( H x ) 2 . 

One can eas i ly show (see [4] ) t ha t 

(16) V iH* = - ( H ^ B * + £ ! θ χ Α ι Λ : " , 

where 

(17) A ^ - a A eyL i yxHy . 

Subs t i tu t ing (13) and (15) into (6) we see tha t 

(18) H l k 3 1 = fij^i + (H t tH a)(g l igk ; j - g l j 6 k l ) , 
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and s u b s t i t u t i n g (13) and (17) in to (7) we get 

\¿ix * - Adx8ki · 

But (19) by making use of (14), (15) and (8) y i e lds 

(20) H ^ H * = J Vk(HltHoc)gdi - J Vd (HaHa)gk i , 

«bere 

(21) î V ^ ^ Ç W i * · 

3. Main r e s u l t s 
In the sequel we s h a l l consider the condit ion 

( 2 2 ) CaTßS-% O , 
» 

where defined by 

(23) co.jßs= ^oLjßS" ^Tß^ad" GTSRafl * ~ G a ß ) + 

« 
+ (n-1 )(n-2) ( ( W G j r ; ~ ^<χβ^ιδ) 

i s the Weyl conformai curvature tensor of V . V¿ denotes 
here the covariant d i f f e r e n t i a t i o n with respect to and 
®lk_ji ind ica tes the Weyl conformai curvature tensor of Vm. 

T h e o r e m 1. Let Vm be a t o t a l l y umbilical su r -
face in a manifold VQ s a t i s f y i n g the condit ion (22). Then 
f o r Vm the following r e l a t i o n holds 

(2*) W l i d k + AixCHhkd + A j x C l kh i + W l j J i h = 0 ' 

P r o o f . Let C ^ ^ = C^jgB* B^ bJ Β£ denote the 
p ro jec t ion of the confoimal curvature tensor onto the subna-
n i fo ld V . Using (18) we have 
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(25) 5 r i á k = H r i J k - (HetHa-)(grkg i J - 6 r . g l k ) + 

- ¿2 ( 8 i j S r k - S i l & d + « r Á j - + 

» 

+ (11-1 ) (n-2 ) ( g rk 8 i ; j ~ s r j 6 i k ) ' 

where R r k = V " 
Since G ^ B ^ N ^ = 0, we obtain, contracting (23) with 

a n d u s i C L g 

(26) C x i d k = A ^ - A d x g i k - ( g ^ R ^ - g ^ ) , 

where C ^ = Οα/1ϊ5Νχα β / Β / b / , R ^ = V x V · 
But the condition (22) can be written in the form 

* *M I Ä/1 * Ν «Η 

C^jtfR (KJÇ α̂>9+ |·ω9+ Ccjíi¡H® ίω<ρ= ^ , 

which y ie ld s , a f t e r t r a n s e c t i n g with Β £ Bj* β£ Β" Νχ9 , 

( 2 7 ) V ^ A l x + ^h/ i jk^ i lx + Öhi^ikSMjlx + ^hi j / i^klx = ° · 

Making now use of (2) , (25), (26) and (19) we obtain 

(28) BtoKJPlSk . * ^ A i j k + 

A. 

+ 5=2" ( e i J R l k - SÍ JAJJ) + 

- ά ß h i t e i / ' A k - « « Λ ν + 

+ 8 i d Ç D k y S y h L r ~ e i k Ç ^ j ^ y h l x + P i j k h l x » 
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where 

P i¿ jkhlx = ñ = l ( g l k ® i ; j " ~ ¿ 2 ( A k x S i o ~ + 

* 

+ ( n - l f ( n - 2 ) g H l ( A k x s i d ~ A ¡ x * t k ) + 

+ ( ^ j A ^ t g ^ g ^ - S 1 ; j S i k ) -

Dky = e y ( A k y ~ ΈΞ2 ^ k ^ ' 

I t i s easy to v e r i f y that 

P i j k h l x + P h k j i l x + P k h i j l x + P j i h k l x = 

Using (28) and (29) we may express (22) as 

(30) g h l A s x H S
i ; j k - A h x R i i j k + e i ^ A s X ^ h k j " ^ A h k J + 

+ ^ s x ^ k h i - ^ A k h i + ß k ^ s ^ ^ i h - A k x ® l j i h + 

+ ïï^siàRlk-sikRlà) - ¿ z g h i ( s i d A r
x R r k - g i k A r

x S r J ) + 

+ E^ f ( g h k S l j ~ g h j S l k ) ~ ¿ h g i l ( g h k A r x S r J ' ^ h ^ Ä ^ + 
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Ou tota l ly umbilical surfaces 7 

+ CT(ediRih-edhSii) - ¿s e k i ( 8 j i A r x S r h - e á h A r x S r i ) + 

+ ß i j ^ ^ / ^ y h l x - s i k Ç D o A h l x + 6 h k Ç D i A i l x + 

" ^ à Ç V l y i l x + ^ i Ç ^ h y ^ W x ~ g k i Ç D h y E y j l x + 

+ « k h ^ V W ~ ^ h Ç V W * = ° · 

Γ SI? where A χ = ¿.¡^fi · 

Contracting (26) with g*^ we obtain 

(31) ¿ g ( W i k + AkxElh * ^ r k S l h - ^ ^ x i f i l k ) + 

+ ψ ( Dky^hlx + Dtay®ykix5 + Ä ehkÇ- ^ y ^ r l x = 

= ¡¿Σ (AhxRlk + AkxElh " ^x^rk^hl ~ ^ A t P t t ) · 
hk which, af ter a contraction with g , y ie lds 

(32) 2(m-1 ) ^ D r y R y r l x = Ό , 

where Dry = D shg s r . 

In view of (32) the equation (31) takes the form 

ώ (Ahx5lk + A k Ä h - A rx Srk g lh " ^ A h ^ + 

+ Ç ( D k y W + DhySyklx ) = 

= ¿ 2 ^ h A k + W l h - V V h l - ArxR rh«kl )-
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Hence, in view of (33), the r e l a t i o n (30) can be wr i t t en 
as 

(34) g h l A r X R r
i j k + g n A ^ R ^ j + g d i A r x P r

k h i + g k i A r X R r
J i h + 

~ Ahx^li;jk " ^ ix^ lhk j ~ ^ A k h i " f lcx^l j ih + 

• i S i ó ^ l k + ^ I h " A r x R r
k g h l " A rx R r h s kl^ 

1 
" m-2 ß i k ^ h ^ l j + Adx»ih - W V l h 

^ h k ^ i x ^ l j + V u - W ^ S l i - ^ Λ ^ ) 

1 
- m-2 

A k A i - A rX^k®!! - W V l k ^ 

Contracting now t h i s with g h l we get 

(35) A r x R r
i d k - ¿ ( s i á A r s P r

k - g i k A r x B r
á ) = 

Ί R 
= ^ k a ^ i j " ^ x ^ i k ^ " Tm-1)(|m-2) (Akx®ij " ^ ^ i k 5 . 

Applying the l a s t r e l a t i o n to (34) we conclude our a s se r -
t i o n . 

In an analogous manner as above we may prove 
T h e o r e m 2. If V s a t i s f i e s the condit ion ob-n 

. * * 

t a ined from (22) by replacing Οα.βιδ by R^ya, and Vm i s 
t o t a l l y umbil ical , then (24) holds. 

C o r o l l a r y 1. If both VQ and Vm are ana ly t i c 
and Vffl i s connected, then e i t h e r 

M C h i d k = ° o r 

( i i ) A ix = and the vec tors VjH ( i = 1 , . . . , m ) are 
tangent to Vm· 

The proof fol lows immediately from Lemma 4 of ( [5 ] ) and 
(16). 
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R e m a r k 1. Adati and Miyazawa Introduced [l] the 
concept of a conformally recurrent space. I t I s defined as an 
n-dlmensional ( n > 3 ) Riemannian manifold whose Veyl 's 
conformai curvature tensor Cnijk s a t i s f i e s the condit ions 

t 1 1 1 * V h i j k = * l C h i 3 k 

f o r some vector D i f f e r e n t i a t i n g ( i l i ) covariant ly and 
using ( i i i ) again, we obtain 

C hi jk , lm ~ C hi jk ,ml = ~ ^ m . l ^ h l j k ' 

which, in view of Theorem 1, leads immediately to 
C o r o l l a r y 2. Let Vm be a t o t a l l y umbilical 

surface i n a conformally recurrent space VQ. I f the recur -
rence vector φj of VQ i s loca l ly a g rad ien t , then f o r Vm 

the condition (24) i s s a t i s f i e d . 
R e m a r k 2. iannu proved [β] the following remark-

able theorem: Let M be a Riemannian manifold with pos i t ive 
d e f i n i t e matric . If f o r some in teger p > 1 the equation 

( i v > V v * ' \ C h i á k = 0 

holds, then 

Vk Chi¿jk = 

Combining Tanno's theorem with Theorem 1, we have 
C o r o l l a r y 3. Let Vm be a t o t a l l y umbilical 

surface in a Riemannian manifold V_. If the matric of V η η 
i s pos i t ive d e f i n i t e and the Weyl*s conformai curvature 
tensor s a t i s f i e s ( i v ) , then (24) holds. 
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