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ON THE PROPERTY W FOR MODULAR GROUPS

In agreement with [1] we assume that

a) K, = {ge G 3 0(g) = w, weQ},

b) the group G has property W if for every we £ we
have KX < 6.V

In this note we shall investigate the question whether the
property W holds for modular groups.

Lemmea 1. If G,l is a proper subgroup of G, then
the set (G-G1 )2 is a subgroup of G.

Proof, If the thesis did not hold, then for some
elements 51’32'53’84" G ~ G’l we would have 315253e G,I and
818, € G, or 838, € G,]. Let 8185 € G,y then (8182)_18182836 G,].
whidh contradicts the assumption 83 ¢ Gqe

We have to show still that the second condition for sub-
group also holds, i.e. if B4s8p€ GG, then 818 € (G-G1)2—>
-—>gz-1g1_1 € (G—-G,] )2. It this were not true, then we would
have
1

- 2 -1
32 gq'¢(G’-G1)->ga ¢G"'G1

or
gq-1¢ G~ G, = 32-1¢ G, or 31'1¢ Gy .

Since Gr,l is a group by assumption, we infer that By€ G,1

or g4 eG,l. But this contradicts the assumption that

BrBr€ G ~ G,‘.

o

Here K denotes the set of natural numbers, o(g) is the
order of g, A<G means that A is a subgroup of G. '
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2 E. Ambrosiewicsz

Definition 1. A finite group G is called
a P -~ group if one of the following conditions holdss

1. G 1is an elementary abelian p - group.

2. G is a group with generators a1,a2,...an,b and with
the defining relations af = b9 =1, a;8y = a8, b aib'ﬂ = af
where r # 1, r? = 1 (mod p) (see [2] p.28).

Definition 2, A finite group G 1is called
P; - group if it has a normal divisor N which is an abelian
P - group such that the gquotient group G/N is a cyclic
P - group and interior automorphisms induced by the elements
in G have for every a€N the following form au—ar, where
r does not depend on a and satisfies the conditions r ¥ 1,
r9 = 1 (mod p).

Lemma 2. A P; ~ group has the property W.

Proof. ILet G be a Pg ~ group. By definition, we
have

k
G/N = [N' Nb, Nba,.co'qu’o-o,qu —1} ')

where N is an abelian P - group, and the cosets are
generated by an element b such that b9 = 1, Hence an

arbitrary element ge¢ G has the form g = a bi. Since

V V ga g_1 =a¥, r#1, 29 =1 (mod p)

geG aeN
we have
rni—1
. . . 1
(abi)n - ar(n"')1 + r(n-2)14_'..+ i1 Nt ar =1 poi

Let us fix the order of the element abi

a) if q)fi, then o(abi)

GGI
qk, because

il

Kk
.1q_
i,g% ii -: 1q¥ ris-'l x !
(ab?)? = & b9 = (aP) (bq.) = 1.
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On the property W for modular groups 3

b) If i

i= mq;, where O<m<qk_a, qfua,
then -o(ab*) = pq --a, because
k-1
k
N (spe1)™¢ =1
(a bqu>q = armq L a(sP"'/' I =
k~1 k-1
(sp)™¢ 1'1 + md< (sp)?0 2 4...+ mgc]
Qo=
- aL(sp)mq 1 e + nd] ’

where the exponent of the power is not divisible by p even
when p|m. Hence the group G has the following complexes

K’I’Kp = {aeN, a # ’l}, qu_a: {bmqa' 1<m<qk-q' q/(m},

K yoq=

d‘ Cad
{abmq y 8 £ 1, 1<m<qk % gt m, O<0L.<k-’|} ,
Pq

Kk={abi, qfi, a;£1Va=1}.
q

It is clear that K,‘K,I <G, We also have I%Kp = NG,
The complex K, . consists of the elements of a cyclic

group, hence by (E’lj we have K _ K k—o <G Since
q q

Gy = Nu'Kq"k_auK k-q for O<a<k-1 1is a subgroup of G,
by Lemna 1 we have K, K = (G - G,)°<G.
q qQ

It remains to investigate whether X , K ,_ . is a sub-

o Pa
group of G. We have

m q%

m,q® m,q*  m,q% q
1 2 3 4
84 b aab a3b aqb =
n, 0% (m,+m,)q%* (m,+mom;)q* (m,+m,+my+m, Jd&
- a.a 1 a 1772 a 177273 b 1772 73
172 3 4
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4 E. Ambrosiewicz

Let us denote

m,]q"‘ (mq+my )g* . (11124-m2+m3)q"L

8.5 = 82 83 4

Since for i such that g|i we have

i N
o = (a¥°) =&l .4, 1t tollows tha

asb when a5#1 ’

o
()=aa b(m,l-0-1112-»1:;34-1114)<.1 _
=a,a; =
msq meq
b 7 ad where '5132=a1,'a"1#1.52;!'l when a5=’l

Hence we see that the lemma holds for all complexes of the
group G.
Lemma 3. bvery modular p-group has the property W.
Let G = G, be a finite modular p-group. Let pro
denote the highest order of the elements of this group. Then
by a corollary to Lemma 1.7 of [2] we have Gy -Kgy =

P0

= G2< G,]. By Lemma 1 this lmplies Kao Ka°< G,| . Using
P P
an analogous argument for modular subgroups of G in the
sequence G1>G2> «ss >E we obtain that K K <G for
. P
every K o being the complex of the elements of highest
i

order ofpthe group .Gi+1 .

Theorem 1. Every finlte modular group has the
property - W,

Proof. The validity of this theorem follows from [2]
th. 13, Lemmas 2 and 3 and from the fact that the direct
product of groups having the property W, whose orders are
relatively prime, has the property W.

Theoren 2. Every modular group possessing ele-
ments of infinite order has the property W.

- 382 -



On the property & ror wodular groups 5

Proof, ILet G1 denote the set of elements oif {inlte
order in the group G. By [2] (theorems 1.10 and 1.11), G,
is abelian., By [1], for all w expressing the orders of
abelian elements of G,, we have KWKW<G. Moreover,

G - G,‘ = Ko » and from Lemma 1 we have K, ,K_, <G.

Theoren 3. Every locally flinite modular group G
bas the property W.

Proof, Any four elements ay of order w belonging
to G generate a finite subgroup H = (a,l,aa,a;,aq_).

By Theorem 1 we infer that the group H has the property W.
Hence 848,838, = &8¢, where o(as) = o(a6) = W.
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