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ON THE PROPERTY W POR MODULAR GROUPS 

I n agreement w i th [ l ] ne assume t h a t 
a ) Κ,, = { g e G : o ( g ) = w , w e û } , 
b ) t h e group G has p r o p e r t y W i f f o r every w e Ω me 

have E ^ « G.1) 

I n t h i s no te we s h a l l i n v e s t i g a t e t h e q u e s t i o n whether t h e 
p r o p e r t y W h o l d s f o r modular g roups . 

L e m m a 1. I f G^ i s a p r o p e r subgroup of G, t h e n 
t h e s e t (G-G.J i s a subgroup of G. 

P r o o f . I f t h e t h e s i s d id no t h o l d , t h e n f o r some 
e l emen t s g,, , g 2 » g j » g 4 e G - G^ we would have g ^ g ^ e G^ and 

g 1 e 2 e G 1 o r g j g 4 e S r Let g ^ e G ^ t h e n ( g 1 g 2 ) " 1 g 1 g 2 g 3 e G 1 , 
whic|h c o n t r a d i c t s t he assumpt ion g ^ G ^ . 

We have t o show s t i l l t h a t t h e second c o n d i t i o n f o r sub -o 
group a l s o h o l d s , i . e . i f g / | . g 2 e G-G^ then g^g 2 e (G-G,,) — 

e (G-G,| ) 2 . I t t h i s were not t r u e , t h e n we would 
have 

ε 2~ΛζΛ~Λ i (G - G,,)2 g 2 " 1 < G - αΛ o r 
G - G^ φ G1 o r g G / | . 

S i n c e G^ i s a group by a s sumpt ion , we i n f e r t h a t g g t G^ 
o r g^ e G^. But t h i s c o n t r a d i c t s t h e assumpt ion t h a t 

T5 
' Here Ω d eno t e s t h e s e t of n a t u r a l numbers, o (g ) i s t h e 

o r d e r of g, À<G means t h a t A i s a subgroup of G. 
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2 E. Ambrosiewioz 

D e f i n i t i o n 1. A finite group G is called 
a Ρ - group if one of the following.conditions holds: 

1. G is an elementary abelian ρ - group. 
2. G is a group with generators a^.ag,...aQ,b and with 

the defining relations a^ = bq = 1, â a.. = a ^ , b a^tT1 = a£ 
where r / 1, rq = 1 (mod p) (see [2] p.28). 

D e f i n i t i o n 2. A finite group G is called 
PQ - group if it has a normal divisor Ν which is an abelian 
Ρ - group such that the quotient group G/N is a cyclic 
ρ - group and interior automorphisms induced by the elements r 
in G have for every a e Κ the following form a--*-a , where 
r does not depend on a and satisfies the conditions r ¿ 1, 
rq = 1 (mod p). 

L e m m a 2. A P Q - group has the property W. 
P r o o f . Let G be a P* - group. By definition, we 

heve 

G/N = N, Nb, Nb2,...tNbq,...,Nbqk~1 

where Ν is an abelian Ρ - group, and the cosets are k 
generated by an element b such that b<3 = 1. Hence an 
arbitrary element g e G has the form g = a b*. Since 

V V g a g"1 = ar', r ¿ 1, rq = 1 (mod p) 
gtG aeN 

we have 

rQi-1 
. η „(n-1)i ^ (n-2)i , i ,, . , 

(ab1) = ar + r + · ' · + r + 1 b Q i = a b n i 

Let us fix the order of the element ab1e G. 
a) if q I i, then o(abi) = q \ because 

(ab1)^ = a1' -1 b i q k = (aP)ri~1(bqk) = 1. 
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On the property W for modular groups 3 

t>) I f i = mqa, where 0 < m < q k - a , q / m , 
then o (ab*) = pqk~a , because 

rmqk _1 ( s p + D ^ - l 

(a = a ^ - 1 · 1 = ¿ Φ Ι ) * * * ' " 1 ' ' * = 

( B p ) m ^ - 1 + mqk-1 (sp)m <3k"1-2 + mq1"1 

jñf^"^ Λ CL—Λ 

s oL 

where the exponent of the power i s not divisible by ρ even 
when p|m. Hence the group G has the following complexes 

Κη,Κρ = [ a e N , Kgk-cx = l ^ 1 3 * 1 < m < 1 k " a . <3/fm}. 

_ a = |abmqCCf a i 1 , 1<m<q k " 0 C , qJfm, 0 < a < k-1 j , 

Κ k = (ab* , q / i , a / 1 V a = l j . 
q L J 

I t i s c l e a r that K ^ ^ G . We also have KpKp = Ν < G. 
The complex Κ consists of the elements of a cyc l ic 

group, hence by we have Κ Κ Since 
q q 

G- = Ν u*K jç. υ Κ k _ a f o r 0 « x < k - 1 i s a subgroup of G, 
q ~ pq ~ , ,2 

by Lemma 1 we have Κ k Κ k = (G - Ĝ  ) <G. 
q q 

I t remains to investigate whether Κ j ^ K i s a sub-
pq pq 

group of G. We have 

m<iQa m2qa m,qa m.q0 

a1 b ' a2b ¿ a^b p a^b ^ 

* k. pq 
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4 E. Ambrosiewicz 

Let us denote 

m^ qÄ (n̂  +m2 ) q a (m2+m2+m^ ) 
a5 = a2 azj. · 

Since for i such that g|i we have 

i 8 
r = (ar ) = a l p + 1 = a, it follows that ar 

(m.+BU+BU+m4)qa 
œ qa m6qa 

a^b ̂  â b when 

®5q_ mgq a^b agb where a^agsa^a^l.agjM when a ^ 

Hence we see that the lemma holds for all complexes of the 
group G. 

L e m m a 3· Every modular p-group has the property W. a 0 
Let G = G^ be a finite modular p-group. Let ρ 

denote the highest order of the elements of this group. Then 
by a corollary to Lemma 1.7 of [2] we have G* - Κ = 

Ρ ° = G2<G^. By Lemma 1 this implies Κ ̂  Κ < G^ . Using 

an analogous argument for modular subgroups of G in the 
sequence G 1 > G 2 > ... >E we obtain that Κ Κ α < G for 

Ρ 1 Ρ i 
every Κ „ being the complex of the elements of highest ai Ρ 
order of the group . 

T h e o r e m 1. Every finite modular group has the 
property W. 

P r o o f . The validity of this theorem follows from [2] 
th. 13» Lemmas 2 and 3 and from the fact that the direct 
product of groups having the property W, whose orders axe 
relatively prime, has the property W. 

T h e o r e m 2. Every modular group possessing ele-
ments of infinite order has the property W. 
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On the property tf x'or modular groups 5 

P r o o f . Let G^ denote the set of elements ox' finite 
order in the group G. By [2] (theorems 1.10 and 1.11), G^ 
is abelian. By [1J, for all w expressing the orders of 
abelian elements of G^, we have KwKm<G. Moreover, 
G - G/j = K«, , and from Lemma 1 we have K 0 oK e o<G. 

T h e o r e m 3· Every locally finite modular group G 
has the property W. 

P r o o f . Any four elements a^ of order w belonging 
to G generate a finite subgroup H = (â  ̂ .a^a^). 
By Theorem 1 we infer that the group H has the property W. 
Hence a^aga^a^ = a^a^, where o(a^) = o(a^) = w. 
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