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ON SOME PROBLEMS CONCERNING SUBORDINATION 
AND MAJORIZATION OF FUNCTIONS 

1. In t roduc t ion and n o t a t i o n s 
In t h i s note we dea l with some ex tens ions and g e n e r a l i z a -

t i o n s of the well - known problems In the theory of 
subord ina t ion and memorization of f u n c t i o n s . 

F i r s t we s h a l l give some n o t a t i o n s . 
Let S be the c l a s s of a l l f u n c t i o n s of the form 

(1) FU) = ζ + A2Z2 + 

holomorphic and un iva len t in the d i sk K^, where 

ΚΓ = { ζ : I ζ I < r , 0 < r é l } . 

By S*CS, 0 é o c ¿ 1 , (.S* = S*) we denote the c l a s s of 
a l l oc - s t a r l i k e f u n c t i o n s , i . e . the f u n c t i o n s s a t i s f y i n g the 
condi t ion 

12) Re g F' la) 
. FU) J > oc , z c K^ · 

s £ l b ) , 0 4 « < 1 , 0 4 b 4 1 , t>S*{b} = S{b}), s t ands f o r the 
c l a s s of a l l f unc t i ons of the form 

(3) FU) = ζ + 2M1-<*)z2 + . . . , 

holomorphic and un iva len t in K^ and s a t i s f y i n g there the 
condi t ion v2) . 
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2 A.Szynal, J.Szynal 

By s [ / 3 ) < b > , 0< O é b é l , (s*,,) <b> = S*{b}) we 
denote the class of a l l holomorphic funct ions in K̂  of the 
form 

PU) = 2 + 2bj5z2 + . . . , 

s a t i s f y i n g the condition 

| a r g S ^ r ^ l < / 3 f ' B£K1· 

This c lass has been considered in [ 3 ] and ¡Jioj. 
Let us observe that S* = U S*/b} and SÂ = U s!<b>. 

;/e can r e s t r i c t ourselves no loss general i ty to the case 
0 έ b 4 1 , because if F ( z ) £ S i ( s ! ) has the form (1) and 

1Θ — i9 * « θ i arg A3, then e F(e z)€.£k(SÄ) has nonnegative second 
c o e f f i c i e n t . 

j M 
By <9 , M>1 we denote the c lass so-ca l led q u a s i - s t a r l i -

ke funct ions , introduced by Dziubiáski [4], Namely, we say 
that a funct ion g i s quas i - s t a r l ike in K^, i f i t s a t i s f i e s 
the equation 

(4) Fíg(z)) = - g - p u ) , 0 « a 1 , 

where F i s an a r b i t r a r y s t a r l i k e funct ion in K̂  and M i s 
a f ixed number such that 

Let Í2 n , n ? 1 , denotes the c lass of a l l holomorphic 
func t ion l^ in K„ such that ·* 1 * 

$ U ) = oin2û"1 + a
n + i z I 1 + · · · » « n » 0 » | $ U ) | < 1 , 

and l e t ^ n { c } t l i e subclass of consis t ing of the 
funct ions with f ixed coe f f i c i en t a Q = ce [ 0 , 1 ) . 

Hn, stands fo r the c lass of a l l holomorphic 
funct ions in K^ of the form 

f U ) = a n z n + a ¿ + 1 z n + 1 + a n » 0, 
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Subordination and major iza t ion of func t ions 3 

and H n | c } the subclass of HQ cons is t ing of the func t ions 
with f i xed a,, = c > 0 . 

o a 
By H we denote such subclass of func t ions of H„ which η η 

in add i t ion s a t i s f y the condi t ion f ( z ) / z n / 0 in K̂  and 
aQ> 0 . 

We need a l so the c lass p j a , b(1-ot)] , n > 1 , 0 ί α < 1 , 
0 í b 4 1 , (PQ[o,bJ = PQ{b} , P ^ b } = P{b}) of a l l holomorphic 
func t ions in of the fona 

p(z) = 1 + 2 b ( l - a ) z n + P n + 1 z n + 1 + . . . , 

which s a t i s f y the condit ion 

Re p( ζ)>«, ζ e. K^j. 

I t can be observed tha t LJ Ρ Γα,Μΐ-α)1 = P„ . 
n L J n ,<* 

Lewandowski [β] and Mac Gregor [8] has considered (among 
the others) the fol lowing problem: l e t f e H ^ , F t S * , and 
suppose tha t | f ( z ) | 4 | ? t z ) | holds f o r every z e K ^ , Find 
" the bes t number" r e . (0,1) such tha t f o r every ζ e Kr 

| f ' ( z ) | è I F'(z)| holds . The term "the best number" means 
tha t the l a s t inequa l i ty does not take place in any l a r g e r 
d i s k . 

In tt ifa note we allow the majorants with f i xed second 
c o e f f i c i e n t ( the c lasses S^{b} and S| < b > ) as well as 
the c lass of q u a s i - s t a r l i k ô func t ions 

Moreover, we solve somewhat general problem as in [6] and 
[ θ ] . Namely, we determine the func t ion 

(5) ?(Hq{C}, T h , r ) = 3 u p ( | - f { f } : f e E j c } , FeT^f 

| f (ζ) I < I F(z) I , j ζ j = r <1J , 

where T^ denote the c lass of a l l holomorphic func t ions in 
Z* of the form (1) such t h a t f o r any r e [ o , l ) 
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16) f ^ h U ) , I 2 I = r < 1 

holds (exact bound.) with h being continous, positive and 
decreasing function for r e [ o , l ) , h(0) = 1 . (Another prob-
lem of this kind in the theory of subordination has been 
considered in [ 2 J ) . 

We also find the largest disk in which the relation 
f(z) -3 F( e ) , feH¡J, F t S * { b } or S*fi cb> taking place in K,, 
implies the relation |f(z)|^ |F(zn)| (the sign -3 denotes 
that f is subordinate to F in K^). 

All obtained results are best possible and in special 
cases reduces to the results of [6] and [ 7 ] ι [ δ ] . Taking into 
account that in the case b=0 the extremal functions are odd, 
we see that our results solve the problems stated above »for 
subclasses consisting of odd functions. 

2 . Lemmas 
L e m m a 1. The region of variabil i ty of { pt z)} for 

f ixed ' ζεΚ^ and ρ ranging over Pn[<*» b(1-af)] is ( i f 
b i 1) the closed-disk 

(7) |p(z) - w J ^ R o» 

where 

(8) 

w o 
_ (1-b2|z |2 Hd-Z«) I ζ I2n( I s ι2*»2 ) + b(l-| ζ |2)[(ΐ-2οΛζη-Ζη] 

(l-b2|z|2) - |z|2n(|z|2-b2)-b(l-|z|2)(zn + zn) 

Η 2(l-o¿(l-b2)|zln+1 n+1 

o (1-b21 ζ I2 )-1 ζ |2 a( I ζ |2-b2 )-b(l-| ζ |2)(zn+zn ) ' 

Boundary.functions in (7) have the form 

(9) P 0 U) = [l + ( l -2* )bz P ] + ez[(1-2cQzn + b] 
( l -bz n ) - c z ( z n - b ) 
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I f b=1, than the doaain of v a r i a b i l i t y i s tue closed dis i : 

17', p u ) - i + l i - ^ t E I 2 0 1 4 i v i ^ M ^ 

1_| i l 2 1 1 I i ^ e ! 2 n 

and the boundary functions have the Jerm 
I ε I = Λ. 

1 - tz 

P r o o f . Suppose that p U ) e P ß [ α , bl1-a)] . Then the 
funct ion 

(1D) Q U ) = ^ l = 5 i e p n { b } 

and ve can write 
( 1 1 ) b z û + · · · 3 

where o^o) = b and | ω ( ζ ) | < 1 fo r « e K ^ . 
Let us observe that the function 

< 1 2 , G U ) = - £ f $ e P n , t P n » P n f 0 ) f 

where 

(13) g U ) = z n - V . ) »ad wU) = ^ f e f f i t ) ' 

Subs t i tu t ing (13) into (12) aad (10) , we get 

f B t t - 1 ( i ¿ b E n ) + u n + b ) l GU) + ^ U + b ^ M ^ + b l 
Ι ζ * - \ Λ - * ζ α ) - ( z n -b) G( z) + ^ - - k i - b ^ M ^ - b ) ; 

I t can be observed that the formula 114) give us one-to-one 
correspondence between the c l a saea PQ and. F n { b | . 

Using the f a c t that the boundary functions f o r the 
funct iona l { G U ) } , where ζ i e f i x e d point from ^ and G 
ranging over the c l a s s PQ a r * given by 
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(15) G(z) = 1 * ε ζ Ι , U I = 1, 
1 - ε ζ" 

v/e obtain (after substituting (15) iato (14) and (-14) into" 
(10)),that the boundary functions respect to the functional 
{p(z ) } , ζ tK^, and ρ is ranging over PQ[«, b(1-a)j, have 
the form (9). 

The formulas (8) follow from the fact that function (9) 
naps the disk |z|4r<1 onto the disk (7). 

Putting in the Lemma 1 n=1, and taking into account 
fact that Pt%'{l)} f if and only if eP^jo^bd-oc)] , we 
obtain the following 

C o r o l l a r y 1. The region of variability of 
for fixed z e ^ and Ρ ranging over S*{b} is 

the closed disk (7) If b / 1 and (7') If b = 1. 
The geometric interpretation of (7) for n= 1, after using 

Corollary 1, implies 
L e m m a 2. Let F ε { b } . Then for fixed zeK^ 

( 1 6 ) 1-2abaez - (1-2qQ|z |2 ̂  Re zTJzJ_ ¿ 
1-2bRez + I ζ I 

4 (1-1 Ζ I2) [l-2atbRez-(l-2g) |z\2]+ 4(l-at) (1-b2)I ζ |2 

(1-| ζ l^) (l-2bRez +\z\¿) 

(λο\ 1+2«blzMl-2or)lzl2 j. zS'(z) / 1+2(l-«)b|zl + (l-2g) Iz I? 
( 1 7 ) 1+2b| z| + |z i ^ T R î T 1-1 ζ 

(16) ητ.„ ζΡ' (ζ) 
-ρΤζΓ 4 arc tg 

' O Η Rew„ + Ita w„V I w — R, o o ο» ι ο ι 

He wcVKI -®ο2-Κο Im wo 

hold. 
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P r o o f . The inequality (7) and Corollary 1 imply: 

(19) Rew0 - R 0 é He - f ^ ^ R e wQ + H Q f 

(20) K | - R o ^ zB' (z) 

zP' (Τ.) wr> (21) J arg 4 aro tg ReW + a r G tß 
ImwÄ R0 

Vf » 

where wQ and Rq are given by (8) for n=1. 
The inequality (16) follows from (19) by substituting. 
The right hand of the inequality (20) is as follows 

2 
(22) |»U, .{[*̂ l»l(l-l»)%«¥>] • ti.2(l-«)l«|2(l-l»|Z) »ln'J2 • 2(l̂ M)2)|i 

1 ol ° (i-M2)̂ *!«!2 - a|i|co»̂  

where ζ=\ζ\β1φ and A = (1- |z |2) [l-(l-2c*) | ζ |2] +2(l-a) (1-b2) | ζ |2. 
The function given by (22) (as function of ψ) attains its 

maximum for φ = 0 and this maximum is equal to the right hand 
of (17). In the same way we find that minimum of |w0|-RQ is 
attained for Φ= JT and its value is equal to the left hand of 
(17). 

The inequality (21) is obvious. From Lemma 1 follows that 
the inequalities (16) - (18) are sharp. 

Por the class S*{b} the estimate given by (18) takes a 
simpler form if we observe that in this case the right hand 
of (18) is increasing function of φ and attains its maximum 
for ψ = f- . 

Thus we have, the following corollary. 
C o r o l l a r y 2. If P€.S*{b}, then for fixed z t ^ 

the following sharp estimate 
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- β < - o tg gbl.ld-l.l2? 
F ( z ) 1 (l-|z|2)2 + 2(l-b2)|z| 

+ aro ala : Z i ^ l l Ά ? 2 

{[(1-| ζ |2)2
+2(l-b

2)| ζ I2] 2 +4b
2| ζ |2(1-| ζ I2)2 

1 
2 

takes place. 
Ια the case n= 1 , Lemma 1 gives ssaa result from [ 9 ] (see 

also [11]), and the estimates given by (16) - (18) aad (23) 
for b=0 are true for odd functions from S*. 

L e m m a 3« If φ then for every zeK^ 

(25) |$V=)|< \ζ\2η-Ζ+ίη-Λ)\ζ\*-2{Λ-\ζ\Ηό(ζ)\-\*ί*\\2 

' ' |z Ia"1(1-1 ζ|2) 

hold. The signs of the equality in (24) and (25) take place 
for the function 

(26) 

P r o o f . The inequality (24) is obvious and can be find 
in [ 5 ] . The inequality (25) can be deduced in the following 
way. Every function φ é Ω„ can be written in the for· φ(a) = 

η 1 A * ' 
= ζ φ(ζ), where Using the well-known Pick·s 

inequality for i.e. |φ'(ζ)| έ , w e get 
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|φ'(ζ)| = | ( ζ η " 1 φ ( ζ ) ) Ί = I ( n - 1 ) z D - 2 | ( z ) + z n - 1 | ' ( z ) | é 

- (η λ) ΙΦ(ζ)Ι , Ι ζ | 2 η - 2 - 1 φ ( ζ ) | 2 

- ( Q 1 ) Ι«Ι (1-|ζ|2)|ζ| 

_ ι ζ| 2 α ~ 2 + ( n - l ) ( i - | z l 2 ) | z | p - 2 |φ(ζ)1 - |φ(ζ)|2 

" ι « Μ ( ι - ι « ι ' ) 

Let v ( t ) , t £ [ 0 , 1 ] , be r e a l , tjon-decreasing lower semi-
continous and vanishing at t=0 function. Let us set 

(27) r (v) = sup |xs Ο έ χ έ ΐ , v(x) + 2 arc tg χ < y j . 

Let S y be the c lass of a l l functions F of the form (1) , 
holomorphie in and such that for any r t [ o , 1 ) 

(28) 

hold. 

«v(¡r) f I ζ I 4 r < 1. 

In [7 ] i t has been proved 
L e m m a 4. I f Fe S v and f€.H n ° , then the relat ion 

[ f ( z ) - i P ( z ) , z c k J implies |f(ζ)|έ | F(zn)| i n | z | é r ( v ) , 
where r (v) is given by (27). 

3. The main results 
F i rs t we are going to consider a particular canse 2"? the 

function φ. 
T h e o r e m 1 

(29) φ (IL ,S*{ b} ; r ) = 
1 for r e 

1 + ( | y ( r ) - 3 - " 1 ( r ) ) 2 for r e [ r o , 1 ) , 
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v/h er θ 

r = | ζ | < 1 , 

1 

(30) f ( r ) = A l - r 2 ) [ l + 2 a b r - ( l - 2 a ) r 2 A 2 

\ r(l+2br + r ) ..· / 

and r Q i s the unique root of the equation 

(31) ( 1 - 2 d ) r 4 - 2 ( l + a b ) r 3 - 2 [(l-ct)+2bj r 2 - 2(l-oib)r+1 -. 0. 

C o r o l l a r y 3. I f J f € IL,, F e , and 

|f (z)| < |F(z)| .for ζ ε Κ Λ , then |f ' ι )| < | F' (z)| f o r 

z e K r , where 
α 

(32) 

1 
Ρ 2 

(2-α) + (α - 2 +3) 

- 1 

C o r o l l a r y 4. I f : f e Η,,, F ε S* [ b] , and 

Ijf (z)| < | f ( z ) | f o r z < L K v then |f" (z)| < |F' (z)| f o r 

ζ e K r , where 

b , ι 

(33) r b = J[(d+1) - V ( d - 1 ) ( d + 3 ) ] , d = (4b+3) . 

C o r o l l a r y 5. I f f e H,, and F i s odd s t a r l i k e 

f u n c t i o n , and i f |f (z)| < | F(z)| f o r z e K ^ f then 

|f 1 (z)I < IF' (ζ)I f o r ζ € Kj. , where 

(34) r,, = 2[(1+VJ) + V 2 ( 1 + \ ^ ) ] ~ \ 

P r o o f . The assumption | f ( z ) | < | F ( z ) | f o r ζ e K̂ , and 

f c I L , , FeS£{b} i s equivalent to the equality 

(35) f ( ζ ) = φ(z)F(z) , 

where φ e ¿2,,. 

D i f f e r e n t i a t i n g (35) and taking the absolute v a l u e , we get 

(36) I f (ζ)\<\φ'(ζ)\ |F(z)|+ |tf(z)| | F ' ( z ) | . 
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Using the i nequa l i t y (25) f o r n=1 and the l e f t hand of (17) , 
we obtain 

(37) |f'(i)|<|»'(i)| r(l+2br+r2)lj(»))21 (l-r2)[lt2abi-(l-2a)r2] U( z)| -w(l+2br+r2) 
(l-r2)[l+a«br - (l-2<j)rZ] 

where r = | ζ | < 1 . 

If we s e t |φ(ζ) | = x e [ 0 , 1 ] , and 

ψ(χ) = - r ( 1 + 2 b r + r 2 ) x 2 + ( l - r 2 ) [ ( l+2abr ) - ( l -2o t ) r 2 ]x+r ( l+2br+r 2 ) 

then from (37) 
—1 

(38) c p O i ^ f b } 5 r ) = ( d - r 2 ) [ l + 2 c ( b i w ( i - 2 a ) r 2 ] ) ^πιβχ^ψ(χ). 

But 

0<x<1 

(39) 

where 

(40) 

max u/(x) = 
0<x<1 

ψ(χ0) i f x 0 < 1 

1 i f Xq¿, 1, 

x_ = _ ( 1 - r 2 ) [l+2abr - ( l -2ct ) r 2 ] 
2 r ( l+2br+r ) 

Since x Q ^ 1 , i f and only i f r e [ r Q , 1 ) , where r Q i s t h e 
unique roo t of equat ion (3D» we get 

(41) max ψ (x) = 
0 < x d 

1 f o r r e [ 0 , r Q ) 

ψ(χ ο ) f o r r e [ r o , 1 ) . 

The s u b s t i t u t i n g (39) in to (40) g ives (29) . 
Now we s h a l l show t h a t obtained r e s u l t i s sha rp . 
Let c £ (0 ,1) be so chosen t h a t 
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(H2.) r+c _ (1-r2 ) il+2ctbr- (1-2cx)r2] 
1 + o r " 2r(1+2br+ r 2 ) 

holds, and le t as put 

(43) Φ 0 ( ζ ) = Τ ^ ί ' F o ( Z ) = z ( l +2bz + z 2 ) a " 1 . 

The mentioned choise of c is motivated by the fact that fo r 
φ0 in (25) and F0 in the l e f t of (17) are occured the signs 
of equality. We have f Q ( z ) = φ 0 ( ζ ) Ι " 0 ( ζ ) , and af ter simple 
calculations, we get 

(44) 
f ' 0 ( z ) 
F ; (Z ) 

? 2 (1-e )z(l+2bz+z ) z+c 
(1+cz)2 [l+2abz-(l-2a)z'¿] 

Using (42) and putting in (44) z=r, we see that 

f ' o » 
F^TrT 

2 2 
_ 4r (l+2br+r2) + (1-r 2 ) [l+2abr-(l-2ct)r2] 

4r ( l - r 2 ) ( l+2br+r 2 ) Ll+2abr-(l-2a)r2J 

which is equal to φίΕ^, s£{b} ; r ) , given by (29). 
Corollary 3 follows from Theorem 1 by puuting cps1 and 

b=1. Let us observe that putting α = O in (32), we get the 
result f o r starl ike functions [6] and putting at = 1/2, we 
get the result f o r 1/2-starlike functions which is also exact 
f o r convex functions [β] , 

• Corollary 4 is obvious and the statment in Corollare 5 
which is true fo r S* { o ] is exact f o r odd starl ike functions 
as extremal function PQ given by (43) is odd i f b=0. 

Of course a l l radi i (32) - (34) are exact, which is con-
sequence of sharpeness of Theorem 1. 
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T h e o r e m 2 . 

r n - 1 {r( l -c 2 )+(r*c)( l+cr) [ (n-1 )+h(r)]} 

(4-5) <p(Hn(c}fTh;r)= 
(l+cr ) h(r) 

i -n~2Kr2
+(1-r2)2[(n-1 )+h(r)]2} 

4(l-r )h(r ) 

for r t [ 0 , r j 

for r e [ r o , 1 ), 

where r Q i s t h e unique r o o t of the equa t ion 

(46) 

R e m a r k . Theorem 2 i s more u s e f u l and g i r e t he exac t 
r e s u l t s f o r s e v e r a l s u b c l a s s e s of s t a r l i k e f u n c t i o n s de f ined 
by s u b o r d i n a t i o n 

wheie Η i s f i x e d holomorphic and u n i v a l e n t f u n c t i o n s wi th 
p o s i t i v e r e a l p a r t in K^ and such t h a t H ( o ) = 1 . 

P r o o f . Suppose t h a t | f ( z ) | < | F ( z ) | , ζ e K^ where 
f E Hn(o] and Ρ e T h . This f a c t impl i e s t h a t t h e r e e x i s t s such 
f u n c t i o n | < j £ ^ n ( c ) t h a t 

(47) 

h o l d s . 
Prom (4-7) we ge t 

f ( z ) = φ ( z ) F ( z ) . 

(48) I f (z)l c |φ · ( ζ ) | | p ( z ) | + I φ(ζ)I If' («J!. 

Using t h e i n e q u a l i t y (6) and ( 2 5 ) · we ge t (x= | ψ ( ζ ) | ) 

(49) [ f ' ( z ) i « | P ' ( z ) | . £ + χ _ 1 ¿ I 
(1-rZ)h(r) h i r ) r n - 2 ( l - r 2 )h (r ) J 
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14 Subordinat ion and major ina t ion of f u n c t i o n s 

But , i t i s obvious t h a t 

(50) c p d y c } , T h ; r ) = 

0<x<r 
max 

n-l' r+c 
+ r(n~l)+h(r)l3 C _ 

(1 - r )h ( r ) M r ) r n ~ 2 ( ^ r 2 ) h ( r ) 
χ 2 

1+cr 

v/hore r = | z | < 1 . 
The simple c a l c u l a t i o n s show t h a t maximum of the f u n c t i o n 

Civen by (50) i s determined by (45) . 
The formula given by (45) i s exact f o r r e [ ° |Γ 0 ] . Namely, 

l e t h ( r ) be t h e f u n c t i o n corresponding to the f u n c t i o n F 
such t h a t 

min 
|z|< r<1 

Γ Ρ ° ( Γ ) h f r i ΤΓΓ\ = F^ ( r ) = η (^) · 
zF 
"TTzT 

and l e t φο be given by (26) . Fu r the r on, l e t us put 
f 0 ( ζ ) = $ o ( z )F Q ( z ) . Then f o r z=r v/e have 

f ' ( z ) 
VQ(z) 

?n-
r r 

F n ( z ) 
* o ( z ) F % y + i f l W 

r 2 n - 2
+ ( n-1 ) ( l - r 2 ) r n - 2 10O (ζ) | - \φο (ζ) | 

|Φ 0 ( ζ ) | 

v/hich ends the p roo f . 
One can observe t h a t t he inequa l i ty 

?
n - 1 { r ( l - c 2 ) + ( r + c ) ( l + c r ) [(n-1 )+h(r)]j 

(1+cr) h ( r ) 

i s equiva lent to 

(51) h ( r ) > r 1 1 - 1 [ r ( l - c 2 ) + ( n - 1 ) (r+c) ( 1+cr)] 
(1+cr) f ( l+cr ) - r Q ~ ' 1 (r+c)] 
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and the right hand of (51) is increasing function of r. This 
yields 

C o r o l l a r y 6. If f e HQ{c] and F 6 and 
|f(z)|tf|F(z)| for z e L , then |f (z)| < | P' (z)| for zeK , 

c 
where r c is the unique root of the equation 

re?) _ r a " 1 [ r ( l - c 2 ) + (n-1)(r+c) (1+cr)] 
( 5 ; h ( P ' " (1+cr) [ ( l+cr) -r (r+c)] 

and this result Is best possible. 
C o r o l l a r y 7. If feHQ (o ] and = S or 

S*(h(r) = , then the relation |f(z)|< |P(z)| , ζ e K̂  
implies the relation | f ' (z)| < |P'(z)| for ζ e K^,^ c j , where 
r(n fc) is the unique root of the equation 

(53) (n-2)cra+2 + [(n-3)c2 + nc + (n-l) ]ra+/ l + 

+ [(n-1)c2+ (n-2)c + (n+1)]rn +cnrn~1 + c 2 r 3 -c (c -2 ) r 2 · 

+ (1-2C)r-1 = 0, 

and this result is exact. 
Putting α=Λ in (53), we obtain a result from [7], 
As an application of Theorem 2, we have the following 
T h e o r e m 3. 

' Γ ( 1 - Ο 2 ) ( 1 + 2 Ϊ > Γ + Γ 2 / » (r+c ) ( L+o r ) ( L - r 2 / 
( 1 +cr )2 ( 1 +2br+r̂  ) ̂  

1 + (at(r) - ± x - \ r ) f 

for re[0,r(/J)j 

for re 

where 

* ( r ) = r(l+2br+r ) 
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and v ( ß ) unique root of the equation 

(1+ΟΓ) (1-Γ2 )Ρ + 1 = 2 r ( r +c ) ( l +2b r + r 2 / . 

P r o o f . I f T^ = SjjCb>, then from the re la t ion that 

ï 6 S ^ j < ï > , i f and onl^ i f = P * ( z ) . where p ( z ) e P ( b ] 
and from (17) we f ind that 

( 1-: 
\1+2br+r2 

(55) h ( r ) = ' - r 

Theorem 2 implies that 

(56) ( p O ^ M , T h ; r ) = 

r ( l - o ) + ( r + c ) ( l + c r ) h ( r ) 
(1+cr ) 2 h ( r ) 

2 \ß 

f o r r e [ 0 , r 0 ] 

K V ^ - ^ ^ for Γ6[ν1)· 
where rQ i s the unique root of the equation 

A M and 

"<*> - · 

The formulas (55) and (56) itnply (54·). 
T h e o r e m 4. I f ί ε ^ and G e 

| f ( z )| < I G(z)| · f o r ζ e then | f ' ( z ) ¡ < |g'(Z)| f o r a e X j , 
where r M is the unique root of the equation ® 

(57) 2r { (1+2r ) - M ( l+ r ) [ ( 1+ r ) - \ / ( l + r ) 2 - ^ = 

= ( l - r ) 2 f ( l - 2 r ) + M ( l + r ) [ ( 1 + r ) - Y ( l + r ) 2 - , 
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A M 
and ® denotes the normalized family of q u as i - s ta r l i ke 
functions in K̂  i . e . such family of functions G, that 
G(z) = Mg(z), and g(z) i s defined by ( 4 ) . 

P r o o f , Let us observe that from (56) follows that 

tfCH^c], T h ; r ) < 1 , 

i f and only i f 

(58) h ( r ) > ' 

The r ight hand of (56) i s an increasing function of c e [ 0 , 1 ) , 
which implies that the root of the equation 

r ( l + c ) 
h ( r ) = ( 1 - r ) ( l + c r ) 

i s decreasing function of c f e [ 0 , 1 ) . 
This f a c t in turn gives that the r e l a t i o n (c — 1) 

[|f(z)| < |P(z)| , z e K v f € H 1 # P e T h ] implies 

[ jf ' (z)|< |f' (z)| , ζ e KAj , v/here r i s the unique root of 
the equation Γ 

(59) h ( r ) = 2 r 1 - r 

For the c l a s s δ"*, we have [ l ] 

(60) 
1 - r <1-2r )+M(l+r) (1+r) -Vd+r) 2 -

4r 
Κ 

1 + r ( 1 + 2 r ) - M ( l + r ) (1+r) 4r 
Η . 

which implies (57 ) . 
F inal ly we can observe that from Theorem 3, by putting 

β = 1 and b = 1, follows Corollary 7» and from Theorem 4 in 
the l imi t case Μ w e get once again the resu l t of 
s t a r l i k e majorants. 
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Nov;, we use Letama 4- to obtain à theorem concerning 
najorization-subordination theory. Namely, using the re la t ion 
between classes Sß <b> and P{b} as well as (23), we get 
that for every .Fe Qß < b > the exact estimate 

(61) zF' (ζ) <β (arc 2 b r ( l - r 2 ) 
( 1 - r 2 ) 2 + 2 ( l - b 2 ) « r 2 

+ arc sin 2 ( l - b 2 ) r 2 

j [ ( l - r 2 ) 2 + 2 ( l - b 2 ) r 2 ] 2 + 4 b 2 r 2 ( l - r 2 ) 2 
T ' 
2 

valere r=|z|<1, takes place. 
Lemma 4- and (61) impl^ the following result 
T h e o r e m 5. Let f e H° and Fe Sys <b> , then the 

reliât ion [ f ( z ) - 5 F ( z | ζ e K^ implies |f(z)| < |f(z)| for 
ζ e Κ ρ where r i s the unique root of the equation 

(62) âfarc tg 2 b r ( l - r 2 ) V 
r V ( 1 - r 2 ) 2 + 2 ( l - b ) r / 

+ arc sin ρ + 

{ [ ( 1 - r 2 ) 2 + 2(1—b2)r2] + 4 b 2 r 2 ( l - r 2 ) 2 } * 

+ 2arc tg r = I 

and t h i s result is exact. 
Putting n=1t β=1 and b=1, we obtain the well-known 

resul t [ 7 ] . 
C o r o l l a r y 8. I f f i z ^ a ^ z + a y ) >0 i s holo-

morphic in K̂  and f ( z ) ^ 0 for z t K ^ f o ] and F e S * , then 
f (z) -Ò F(z)t z c K 1 t implies |f (z)| < |P(z)| for | z | < V 2 - 1 . 

Putting n=1, β=1 and b=o we get 
C o r o l l a r y 9 . I f f(z)=a,j«z + . . . , a ^ o i s 

holomorphio in K. and f ( z ) ¿ 0 for z€K/ -\{o} and Ρ i s 
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Subordination and rnajorlnation of functions 19 

arbitrary odd starl ike function, then f ( z ) F ( z ) , ζ e K̂  
implies |f (z )|< IP(z)| fo r |z| < r , where r is the unique 
root of the equation 

(63) r 5 + r 2 + r - 1 = 0. 
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