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Wtodzimierz tenski 

ON THE NORM-STRONG APPROXIMATION OF 2*-PERIODIC 
FUNCTIONS 

1. Notation 
Let ( 1 < q < o o ) be the c l a s s of a l l 2jr-periodic, r e a l -

-valued func t ions f whose q-th power i s Lebesgue-integrable 
in the i n t e rva l <-JT, 3Γ> ; the norm of f € Lq i s defined by the 
formula 

J | f ( x ) | ' dx 

(1) 

Consider the Fourier s e r i e s 

a . 
S [ f ] = + (agcos vx + b v s i n -ίχ) 

of a func t ion f e L q . Denote by and 6^(x) the 
p a r t i a l sums and the Cesaro (C ti)-means of the s e r i e s (1) , 
r e spec t ive ly . Let us introduce the i n t eg ra l modulue of 
cont inui ty of f € 

co(ç) = a>(<?;f) = sup llf (x+h) - f (x)f . 

V/e s h a l l deal with a regula r summability method f o r r e a l 
sequence, determined by a t r i angu la r matrix |<X Q 1 E /A q |j (aQ j c>0 

and A„ = 
k=0 

ank^* *·8 ^ke condit ion w^—-w implies 
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2 W.Lenski 

as α oo · 

The aim of the present paper is to estimate the quantity 

Por convenience, the suitable positive constants 
independent of f ,n and r will be denoted by Ĉ  
(3 = 1,2,3,.. . ,20). 

2. Statement of results 
In this Section the theorems, relative to the norm-strong 

approximation, will be presented (c f . [4 ] , p.89). 
( T h e o r e m 1. Suppose that for a certain 

1 

Hg(f> i q = h ¿ « Q k Κ * " 1 - ρ > ° · 

L f i i «Γ 
(2) » 

artiere j satisfies the condition 
= min(2 l +1- 2,η), and 

2 á <a+1<2 d + \ α 1 =2 1 -1 

k 

if q > 1, 

and let ί>1/2 be such that ( l -5 )p<1 -
η = 0,1,2, . . . , 

Λ 
Τ · Then, for 
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Οα the norm-strong approximation 3 

(3) H P ( f ) L q < ] 

i f p > q or p < q < 2 , 

Under the assumptions of Theorem 1, the following more 
precise resul t holds. 

T h e o r e m 2. ( i ) I f (l-<5)ma2:(p,q) < 1 - % , then o 

(4) HP( f ) L q <C 4 & è (η = 0 , 1 , 2 , . . . ) . 

( i i ) Por 

Vir = 

1 1 
(k+l)P i f q>max(2,p), 

φ^ i f q=1 or q > 1 and ( p < q < 2 or p>q) 

sat is fying the condition (2) in place cp̂ , we have 

H i ( f ) i q < C 5 j ^ E f [ J ( n = 0 , 1 , 2 , . . . ) . (5) 

R e m a r k , I t can be easily observed that the condition 
(2) holds, for c t ^ = whenever j 3 > 1 - y (by definit ion, 

3 . Preliminary lemmas 
We s t a r t with the basic estimates of the Hardy-Littlewood 

type ( c f . [ 3 ] , p.78 and [6] , p.150). 
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L e m m a 1. Let u ( r t x ) , v ( r , x ) be the Boisson and 
the Poisson conjugate In tegra l s of a func t ion f e having 
the i n t eg ra l modulus of cont inui ty ω(ο) Write 

Lq 

(6) F(z) = u( r , i ) + I v(r,x) (z=re ix, 0 < r « | ) , 

where a^, b,, are the Fourier c o e f f i c i e n t s of f . Then, f o r 
r e (0 ,1 ) , we have 

(7) |p ' ( r e ^ ) ! 

ω θ - r ) , ] 
"6 1 - r i f q > 1 , 

C J ί Γ 2 ω(5) . dy if q=1. 
' 1 - r LH 

P r o o f . Clear ly , 

Evaluate f i r s t the quantity q 0 < q . ) . 
jr ^ 

P(r ,x)dx = 0, 

where P ( r ,x ) denote the Poisson kernel , we obtain 

Since 

<Su(r,x) = r ( l - r 2 ) f f f ( x ) , f ( x + 7 ) | § in_ j d y . 
Sx π J 1 J ( l - 2 r cos y + r ) 
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On the norm-strong approximation 5 

By the generalized Minkowski inequality ([93» Ρ·38)» 

<5u(rtx) I ^ r(l-r ) 
(fx L q 3Γ 

f f f |f(x)-f(x+y)¡|y| Λ 

-»Υπ ^ " 2 r C 0 S y + r ) J 
dx < 

y í¿(y) 
< 

Ρ Γ ϊ ωΐ: 
2r(l-r ) 

' J ( ( l - r ) 2
+ 

-2 2,2 dy · 

If O < r < 1/2, then 

3Γ 
( 8 ) | M ^ X ) | L q < i r / + 1) ω(ΐ-Γ)^ 

< 32Γ3Γ n _ r
L 

In the case 1/2<r<1, the substitution 2 Vr y/(jr(l-r) ) = χ 
leads to (cf.[2], p.892) 

¿u(r,x) I ^ nr(1+r) J 
O 

2Λ£7(Ι-Γ) 

( 9 ) W ^ r l ^ - ^ 

2 ν ? / (? Γ )χω(πχ(ΐ- Γ)/ν^) 

(1 +x 2) 2 
dx < 

jr(1+r) ω θ - r ) Γ 
I (irx/Wrt 1 )x 

1 - r J O (1 + * )' 

td(1-r) 

Estimate now the quantity fl„ for q>1. We 
start with the identity 

v(r,x) = jJf(x+y)-P(r,y)dy , 
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6 W.Lenski 

vrtiere f is the conjugate function of f { whence 
if 

dv l ^x ) = f r ? ( x ) _ ? ( x + y ) J sin_y > 
i x or J i J M_2r cos y + r ) 

Using the generalized Minkowski inequality mentioned above, 
and the Riesz inequality ( [9]# p.404), we obtain 

| M r » x ) 
I i * 

2r( l - : 
y "(y??) 

ir J ( ( i - r ) 2 + A -nT^ 2 ) 2 

< c 9 

y " ( y ) 
± = o Γ " 
* J « h - r ) 2 + 

-2 2x2 d y 

Repeating the previous argument, we get 

<SV(r,x) 
i x 

<o(l-r) 

-q < C10r 1 - r 

To estimate the quantity q for q = 1 the 

following; generalized form of Theorem 2.30(11) of [9],p.411 
wi l l be needed. 

Let U(r,x) and V ( r f x ) be two conjugate harmonic 
functions in the dis,c | z : | z|< l j (z=re i x , 0 < r < 1 ) , and let 

||u(1-9,x)| , ,<* (<?) for <?e(0,1), 
L 

where the function * ( ç ) is continuous in (0,1). Then 

r,x)| , < 4 / y~1*(y/2) dy if 0 < r < 1 . 
L 1-r 
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On the norm-strong approximation 7 

_ Λ 
Put t ing *(y) = y w(y) „ and applying the i nequa l i t i e s 

I? 
(8) and (9) f o r 

II 9 x 
^ , we obtain 

9x | l 1 - r 

Since ω(ο) . i s a non-decreasing funct ion of o, we have 
L1 

ω(1-Γ) Λ C C 
r Λ _  L = ω( ΐ -ρ) , J y~2 dy < J y" 2 

L' 1 - r 
co(y) ,, dy. 

1 - r L1 

Collect ing the r e s u l t s v/e get (7) . 
Now two f u r t h e r lemmas are going to be proved. 
L e m m a 2. Suppose tha t d > 1 / 2 and ( l - 6 ) p < 1 . 

.Then 
1 

( 10 ) 
2n 

4.-1 4—-n+1 k=n 
<5"-1 ff IIP 

" 6 k » L q < C1 2 ψη ( 0 = 0 , 1 , 2 , . , . ) . 

P r o o f . Consider the power s é r i e s (6) with 
ziiçe1"* ( 0 < 9 < 1 ) . Denote by t ^ ( x ) the (C,í)-meatís of the 
s e r i e s P ie 1 *) . 

If p > q , then the generalized Minkowski inequali ty ([12], 
P.35) gives 

R_ = m k=o 
Í - 1 5 

r k " r k 
P kpl 

J h * 

As i t i s known ( [4 ] , p.241), 

a £ ¿VtT^to - t í w , . k 

k=o (1 - z) 
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where A ^ = ( ^ ^ ^ a n d z i r r e ^ ( 0 < r < 1 ) ; whence by the Haus-

d o r f f - Y o u n g i n e q u a l i t y ( [ 1 0 J , p . 1 5 3 ) , f o r 1 < p' < 2 , d p ' > 1 
a n d Ρ = ''ve y e t 

Rm < ° 1 3 
f k ( Γ β ^ + χ ) ) Γ dcp 1 

-π 
- . - r e 1 * ! 

F u r t h e r , a p p l y i n g the f i r s t mean v a l u e theorem f o r i n t e g r a l s , 

o r t h e g e n e r a l i z e d Minkowski i n e q u a l i t y i f q ^ p ' , we o b t a i n 

«m < 0 1 3 * p' ( r e i { t f ° + x ) ) • I d - r e " ) 

v/here cj> £ <-JT,îr>. Prom Lemma 1 i t f o l l o w s t h a t 

c o ( l - r ) 

V 

C 6 ° 1 3 r - T ^ r - F 

1 

| | ( l - r e i x ) 
- d 

Cr,C 
7 1 3 Λ J V 

1 - r 

ν i f q > i . 

iXs~(5 0>(y) n d y · f ( l - r e ) w I , i f q=1 
L 

which, t o g e t h e r w i t h 

d - r e * * ) " 0 ^ , < C 1 4 ( l - r ) c f o r <5p'> 1 ( c f . [ j ] , p . 6 5 ) , 
k·* 

T? 

shows t h a t 

-<5-1 
r C 6 0 1 5 C 1 4 u ( l - r ) _ n ( 1 - r ) p i f q > 1 , 

° 7 C 1 3 G 1 4 ( l " r ) 

1 
J V 

-<5-

1 - r 
ω ( ? ) d y · ( 1 - r ) Ρ i f q=1. 

L q 
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On the norm-strong approximation 

Setting 1-r = 1/(m+l) (m>1) and using the inequality 

>k ι \m+/1 1 
> ( 1 -ñpr ) > θ f o r k<m+1f 

we obtain 

t - 4 6+^r 
< \ < 0 1 ^ · ( π ι + 1 ) P ( s e e [5]tP.239>. 

Final ly , 

2n 
- ^ - Σ Ι C - <ΙΓ p k kLq 

2n 
J L C 

far 

<5"-1 tf f - τ l k k 

A ^ - r í 

1 

< (n+1) P S 2 n < 
p - f f -1 

<2 Ρ 0 1 5 φ 2 η i f P > 2 ' (1-<S")P<1» 

and so, because 

ifk<cpfc> for k>k' , 

we have (10)under the restr ic t ions above. 
Since the left-hand side of (10) i s a non-decreasing 

function of p, the estimation (10) i s also true for any p^q 
such that (1-5)p<1. 

In the case q>p, 1<q<2, taking p̂  such that 
q<p^<2 ( (l-(S")p^ < 1 ) and reasoning as before we get (10) 
for P=P/p Now, by the previous observation, the inequality 
(10) remains valid for p<p^, as required. 

Tie have s t i l l to examine the case q>max(2,p). Here 
applying the following inequality of Toyaiaa-type ([7]» p.285, 
3.6.47) 
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10 W.Lenski 

m t \t 

i ^ W 
I dx < {m+1 f " ^ I J j Z l s ^ C x ) 1 8 V d x } t » 0<s<t<oo, 

for g^eL (/ι =0,1,2,... ,m) m=0,1,2,..., we obtain 

1 
<(m+1) 

1 l.f ,p"<I 
k=o ' k 

1 
Ρ kp Ρ r 

Consequently, arguing similarly as in the first case, we have 
the last part of (10). 

It e m m a 3. Suppose that ¿>.1/2 and (l-6)max(p,q) <1. 
Then 

1 

(11) 
2n 

j l y~ n+1 *•—' k=n 
ff-1 

- 6, klx.q °16*a (n=0,1,2,.., ), 

P r o o f . Confine our attention to the case q>max(2,p), 
because for p>q and q>p,1<q<2 the inequality (11) is 
a consequence of (10). In view of HSlder's inequality, we have 

1 

(12) 

m 
r : Λ δ ~ Λ - A v r k p 

1 
m+1 ¿ k M 

k=o « 

¿-1 
rk k|ll<l 

1 q 

m 
1 

m+1 
iq S-Λ s q kq 

- rk Γ 

1 q| 

rq = 
.1 'q 

To the last expression we apply the Hausdorff-Young inequality, 
the generalized Minkowski inequality and Lemma 1t successively 
Then for q* e(l,2>such that £q'>1 and q (q/q'^1). 
the argument similar to that of Lemma 2 gives 
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On the norm-strong approximation 11 

Q m < r C h ? 
[ h 1 ( re ^ LI h"re i(tp+x))| q' 

I(f |<5q' dtp < 

< r C . 17 η r e 1 ^ ) 
q' 

r e ϊφ óq' άφ 
- ί - 1 

< σ 1 8 ω ( ΐ - Γ ) q . ( l - r ) 1 

F u r t h e r , f o r 1-r=(m+l) ( m > 1 ) , we ob ta in 

1 
2 a w Χ Λ 

fern* 
- 6, 

1 . . tfqfl Í - 1 s f 
(n + 1) 1 + d < l E o k flrk - r J T q 

><Wq 

(2n+l) .q» 

whenever ( l - 6 ) q < 1 . F i n a l l y , by (12) the es t imate (11) 
fo l lov /s . 

4 . P r o o f of Theorem 1. We "begin with the obvious 
i nequa l i t y 

HP(f) * 2 P ( r B £ 

1 α 

nk||5k * f 

-tf-1 
>k - ^ 

Ρ 
= 2 (A + B) . 

I t can be e a s i l y observed t h a t 

^C.Qfft f o r ¿>>0. -q 19 k 

(see [1] , p. 546 i f 0<<5<1,q > 1 ; [8] ,p .424 i f tf>1,q>1 and 
[ l l ] f P . 5 3 i f d > 0 , q = 1 ) . Hence and from the cond i t ion (2) i t 

- 295 -



12 W . L e n s k i 

f o l l o w s t h a t 

α h 
Ί V ' p 

< C 
2 0 A, 

α l = o 
έ - 4 «ι* 
K=C£i 

1 
(Γ 
< 

<0 20 A, ς : 
η 1=ο 

Ί α ' - α " , φ Ρ 
V — nk ^ k 

Ε ζ ( i » i ) w 
Γ < C 1 ° 2 0 Η ΐ ϊ £ «Pk · 

F u r t h e r i f 1/fl + 1 / y = 1 ; H ö l d e r ' s i n e q u a l i t y g i v e s 

I 

α ΐ=δ « ί Σ 1 

ft. ii - 1 ί" J Ρ 
- 6. I 

k k I L q 

^ Γ Σ Ζ A n l = o 

-1U tf-1 «Î 

i 6 . 

| P f λ ?• 

v ? , ¿ k - 1 - « c t k | L q 

S i n c e (1—(5) y ' p < 1 , Lemma 2 l e a d s t o 

f / ^ 1 _T 

A < C P 1 Γ 
12 A, η l = o 

a p k y „ p 

I t i s c l e a r t h a t 
1 1+1 

W , < 2 ψ. f o r 2 - 1 < k < 2 - 2 . 
2 - 1 K 
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This and the above Inequality for A Imply 

i 
A<(2C12) ¿ TZ 

% l=o 

ß l «Κ V? 
nk Tk 

W csd-L (k+1) 

1 
7 

Now, by the condition (2), we obtain 
η 

A<C/|(2C12) if P>q or p<q<2, 
k=o 

and 

A<(2C/,2)P(n+1)'~<l¿- Σ Ι 
1 - Í 1 Q 

r 
η l=o £=α·, 

Li 
c^ (k + 1) 

1 
7 

" q > p aQd q > 2 · 
Collecting the results , we get the desired assertion. 

5. P r o o f of Theorem 2» The argument runs along the 
l ines of the proof of Theorem 1, namely 

<2P(A + B), 

where A, Β are as before. 
To prove case ( i ) we apply the same calculation as in the 

previous proof and thus 

1 Ρ Β < C1C20 ^ tpk . 

Consequently, by Lemma 3 and condition (2) we obtain 
1 i 

A < ( 2 C 1 6 ) P ^ C 
η l=o 

r ^ l αΤ «ÍP 
y— nk ^ k 
k=ot·̂  (k+1) 

Τ η 
<CI (2C16>P ¿ ϊ Σ Ζ φ ϊ ' . k=o 
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14 W.Iienski 

vidiere f and ff' are as before. These estimates Imply (4), and 
thus Theorem 2 ( i ) is proved. 

In the case ( i i ) , Lemma 2 and condition (2) with ψ^ 
instead of (f^ leads to 

A<(2C 2 ) P A Σ Ζ 
η l=o 

Λ Λ ΨΓ \ nk yk 

1 
τ Q 

and 

Β < C, 
2 0 A, c 

η l=o 

ßl ï îP 
Γ Ζ 
k=CLL (k+1)1"7 

< c 
2 0 A, ς : 

η 1=ο 

Γ h „T TP 
g nk«k 

k=a1 (k+1)'l"T 

1 
TS 

i 
Τ η 

1 ^ ρ 
°1°20 ñ+ϊ feo ^k ' 

which gives tue estimate (5). 
I am indebted to Professor R. Taberski for his kind cr i t i -

oism and valuable suggestions. 
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